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1 Introduction 



The proposed thesis is a theoretical study of the 6-dimensional Riemannian space 
geometry devoted to some questions related to this geometry 

The study of some 6-dimensional Riemannian spaces is done using the corre- 
sponding 6-dimensional spinor formalism [3], [40] . [4"5] and the Norden-Neifeld nor- 
malization theory [ID]- [IS], [L7]-[22] that simplifies the important relations written 
down in the tensor form and that leads to the original results. 

The subject choice is caused by the increased interest to such the spaces in these 
latter days. These spaces naturally appear in the Penrose spinor-twistor formalism 
[23]- [26], [H]-[l8]. Here the pseudo- Euclidean space R( 2 4)> wnose an isotropic cone 
allows to define the conformal pseudo-Euclidean Minkowski space, plays an impor- 
tant role. Moreover, twistors in the Penrose theory will be represented by spinors 
coordinated with the space M( 2 4)- However, if in the monography [23], twistors 
form the 4-dimensional complex vector bundle with the 4-dimensional real manifold 
as the base, in these thesis, the 6-dimensional complex analytic Riemannian space 
CV e serves as the base. This leads to new results in the twistor theory. At the 
same time, a conformal pseudo-Euclidean space is associated with a complex an- 
alytic quadric CQq [36], [37] that leads to the studying of properties of the group 
50(8, C) [39], [13], and hence the Cartan triality principle [3jj. In this case, the 
specified complex- Euclidean geometry appears as the intrinsic geometry of this nor- 
malized quadric. Writing out the derivational equations for this quadric [13], it is 
possible to define the invariant equation under conformal transformations and hence 
the normalization replacement. This equation we call bitwistor equation by analogy 
to the Penrose twistor equation. Solutions of this equation form pairs which can 
be interpreted as Rosenfeld null-pairs [32] that leads to the 6-dimensional quadric 
and the Cartan triality principle. It is expedient to consider the following three 
manifolds, diffeomorphic to each other: 

1. the manifold of all points of the quadric CQq, 

2. the manifold of I-family maximal planar generators CP3 of the quadric CQq\ 

3. the manifold of Il-family maximal planar generators CP3 of the quadric CQe- 

A normalization of one of such the manifolds allows on this one to consider confor- 
mal (pseudo-) Euclidean connections which will be Weyl connections. This leads to 
a generalization of the triality principle to B-spaces in the Norden terminology. 

Thus, the 6-dimensional spinor formalism is based on the Cartan's [3] and 
Brauer's [10] works. The 4-dimensional spinor-twistor formalism and the twistor 
algebra are described in [23]- [2E], [1S]-[1E]- The Lie group's and Lie algebra's iso- 
morphisms, associated with these formalisms, are considered in pQ, [2S], [30], [49J. 
In addition, a piece of the information on the Clifford algebras and the octaves is 
taken from [30J and [23]. A piece of the information on quadrics and planar gen- 
erators is given in [36] and [37]. A normalization of a maximal planar generator 
manifold is also described in [T3]- [TS], [IE], [20], [22]- Connections in bundles is 
induced according to [T5], [T9], [21], [22]- A real space inclusion in a complex space 
is considered in pi)]. The complex and real representations of (pseudo-) Riemannian 
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spaces are carried out according to pE], [5] and [7]. Rosenfeld null-pairs were taken 
from [32]. The Klein correspondence is given in [52] and [53J. Physical applications 
of twistors can be found in [23] , [50] and [51] . 

The basic content, divided in four sections, will be considered below. For this 
purpose, some definitions is necessary to make preliminary. 



1.1 Basic definitions 

These definitions are made according to [10j-[16j. Note, that all functions, 
involved in constructions, are assumed to be sufficiently smooth; all definitions, 
statements, constructions are a local. Complex analytic Riemannian space CV n is 
a complex analytic manifold, in which each tangent space is equipped with an an- 
alytical quadratic metric. Such the metric is defined by means of a nondegenerate 
symmetric tensor g a p whose the coordinates are analytic functions of the point coor- 
dinates. This tensor corresponds to the torsion-free complex Riemannian connection 
whose the coefficients are determined by the Christoffel symbols, and therefore these 
coefficients are analytic functions. 

The tangent bundle T C (CV n ) to the manifold has fibers = CR n , i.e., each 
fiber will be isomorphic to the complex n-dimensional Euclidean space whose the 
metric is determined by the value of the Euclidean metric tensor at the given point 
x. Let n=6. By A 2 C 4 , we denote the bivector space of C 4 , and by A, we denote the 
corresponding bundle with the base CV 6 . Each fiber of this bundle is isomorphic 
to CM 6 (OR 6 = A 2 C 4 ). It follows that in the six- dimensional case, the complex 
Riemannian space Cl^ 6 will be the base of the bundle A c = C 4 (Cl^ 6 ). Then the 
canonical projection p : C 4 i — > x G C^ 6 maps the fiber C 4 to the point x of the 
base. 

A real (pseudo-) Riemannian space VP q \ is regarded as a real n-dimension sur- 
face in the space CV n . In a neighborhood U, this is an inclusion which is locally 
determined by the parametric equations 



z a = z a (u l ) (a,p,...,i,j,g,h= l,n), (1) 

where z a are the complex coordinates of the base point x; the parameters u % are 
the local coordinates of the space VP y By t^(VP = I" p ^, we denote the real 
tangent space to the surface ([I]) at the point x. The partial derivatives (diZ a =: Hi a ) 
define inclusion H of the real tangent space rf in the complex tangent space t% 

H '■ i — > r x c , (2) 

z a = z a {u i {t)), V a :=^£ = Hi a ^ =: HjV, 

(3) 

dt ^ x f dt fc x ) 

where the differentiation is carried out along the real curve j(t) of the surface ([!]). 
Since, the matrix || Hi a || is a nonsingular Jacobian matrix then the operator H l a 
such that 

H 1 HP = S 

Til tj a ; i V^J 

n a-tlj — Oj 
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exists. It follows that in the complex space, the operator Hi a defines involution 

S/ = H\H/, (5) 

where the coordinates H^' are conjugated to the coordinates pU]. Therefor, 

u* = W a V a = H\V a Sj'V a = V pl . (6) 

This is a necessary and sufficient condition for the vector V a 6 to be real. At 
the same time, 

S/S^ = V- (7) 
The metric of T^(VP q s) is defined with the help of the relation 

9apV a V fi = g aP V a VP, W p ' = S/V a . (8) 

This is means that a real tensor of the space r ^(^(p 9 )) is determined as a tensor 
conjugated under the action of the specified Hermitian involution 

gap = Sa 1 S/3 6 (jys>- (9) 

Therefor, the tensor 

9ij := H t a H/g a p = HfHfg^ (10) 

is the metric tensor of T *(X(p ? )) C T^(CV n ). A metric form significantly depends 
on a structure of the operator Hi a and hence the involution S^' . The complex 
Riemannian connection on the space CV n induces a connection 

V, := H«V a (11) 

on the real space such that 

V t Hj a = i b ij g H g a , Vig jg = 2ib i{jg) , b ijg : = bij h g hg . (12) 
Demand that the induced connection was the Riemannian one then 

bijh = bjih, hjh = —hhj => hjh = 0, (13) 

and hence 

WiS/ = V 7 S/' = 0. (14) 

For n = 6, the restriction of the base CV 6 i — > V^ q \ allows to determine the bundle 
A C (S) = C 4 (S')(V^ q s) whose fibers should be supplied with an additional structure 
s. It will be shown that in the case of the even metric index (i.e., the number of 
minuses is even), this structure is determined by a Hermitian symmetric tensor, 
and in the case of the odd metric index, this structure is determined by a Hermitian 
involution. For a pseudo- Riemannian space of the even index, equal to 4, the bundle 
A (S) is called twistor bundle because its each fiber will be isomorphic to the vector 
space T [23J. 
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1.2 Second chapter 

The main results of this chapter are based on the works [23]- [26], where the 4- 
dimensional spinor formalism is developed. The connection operators are introduced 
in [TTJ . A piece of the information on Lie groups is taken from [TJ, [21], [30] • The 
6-dimensional spinor formalism, constructed in this chapter, are based on the three 
following isomorphisms: 

1. the isomorphism between the spaces OR 6 = A 2 C 4 ; 

2. the isomorphism between the groups £0(6, C) = SL(4, C)/{±1}; 

3. the isomorphism between the Lie algebras so(6,C) = s/(4, C). 
Explicitly, these isomorphisms are described as 

1. r a = 7jr] a a bR ab , where r a are the coordinates of a vector of CM 6 , R ab are the 
coordinates of a bivector of A 2 C 4 , Vj a ab are the coordinates of the connecting 
Norden operators; 

2. KcP = \rf a hr\a d ■ 2S c a Sd b , where KcP is the coordinates of a transformation 
from the group £0(6, C), S a b is the coordinates of a transformation from the 
group £L(4,C); 

3. T afi = A afib T h a , where T afi are the coordinates of a bivector of A 2 CM 6 , T b is 
the coordinates of a traceless operator in C 4 . 

At the same time, connecting Norden operators are defined with the help of the 
following relations 

g a P = 1/4 . v a aa y bh£ aa lbbli £ aa lbbl = g a^ (15) 

where (a, /?,... = 1,2,3,4,5,6; a%, bi, a, b, e, f, k, l,m, n, ... = 1,2,3,4; i,j,g,h = 
1, 2, 3, 4, 5, 6). From this, it follows that the connecting Norden operators will satisfy 
the Clifford equation, and therefor they will define the full Clifford algebra which 
can be realized with the help of the matrix algebra of dimension 8x8. 

Considering the inclusion K( P9 ) C CM 6 in the case of the even metric index q, 
the decomposition 

and in the case of the odd metric index q, the decomposition 

Saa/"' 1 = 2 S[a b ' Sai] b '\ S ab ,S b , C = ±6 a C (17) 

can be obtained. The tensor s aa b ' btl is defined by means of the tensor Hermitian 
involution S a ^ (= \r\o^ ai ff b' b ' 1 s aa 1 b bl )- As an indicative example, in the special 
basis, the inclusion IR 6 2 ^ C C1R 6 is considered. 

In the conclusion of the given chapter, generalized connecting Norden operators 
are entered as analytical functions of the coordinates of a point z 1 so that the 
equality 

tf#{z>) = 1/4 • V a aa 1 (^)V b h(^ aaibh (z' y ) (18) 
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is executed. This completes the construction of the required spinor formalism for 
the space CV 6 . 

It should be noted that the spinor formalism is largely similar to the 4-dimensional 
Penrose spinor formalism in which the pseudo-Riemannian space V, 4 3 % is the base 
of the bundles C 2 (V^ 3 ^) and C 4 (V, 4 3 s). At Penrose, a vector in C 2 (V^ 3 ^) is called 
spinor, and a vector in C 4 (V, 4 3 )) is called twistor. The main feature of twistors 
of this thesis is that twistor is a vector of the bundle C 4 (V^ 4 )) that gives new re- 
sults. This can lead to a new interpretation of the twistor physical exegesis which 
is described in the monography |23j . 

1.3 Third chapter 

The third chapter is devoted to the introduction of connections in the bundles 
with the complex base CV 6 . This procedure is carried out according to [T5] , [T9"] . 
[23] . The real and complex representations are taken from |3], [7j. As the base, the 
complex analytic Riemannian space CV 6 is considered. To carry out this procedure, 
we consider a complex analytic quadric CQq embedded in the projective space CP7 

G AB X A X B = 0, (19) 

where (A,B,... = 1,8). A manifold of maximal planar generators CP3 of one of 
the two families is a complex six-dimensional manifold. Next, we consider harmonic 
normalization which in local coordinates has the form 

X a = X a {u% Y b = Y b (u A ), (20) 

where u A are twelve real parameters (A, ... = 1, 12). The first derivation equation 
of this normalized family has the form 

V A X a = Y b M Aab} M Aab = -M Aba . (21) 

For the transfer of binary indices, we use quadrivector e abc d which is skew-symmetric 
in all its indices 

M A ab = l -M Acd e abcd . (22) 

In addition, by means of the operators M A ab , a bivector of A 2 C 4 is associated with 
a vector of the tangent bandle 

V ab = M A ab V A . (23) 

This defines the metric tensor 

G A * = l -{M A ab M,, cd e abcd + M A a ' b 'M^' d 'e aWd ,) (24) 

in the tangent bandle. Thus, the base will become the 12-dimensional pseudo- 
Riemannian space V^ 2 6 ) (the real representation of the manifold of the maximal 
planar generators) with the metric tensor G A $, and the complex structure / A * sat- 
isfying the following relation 

A A * = l(6 A * + if A 9 ) = l -M Aab M^ b (25) 
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and denned on this manifold. As a fiber of A c , we consider the space C 4 defined by 
the four basic points X a of a planar generator. The complex representation of the 
space V(g 2 6 ) is the space CV 6 so that a mapping between the tangent spaces is done 
with the help of Neifeld operators m a A . In this case, the connection coefficients are 
determined by the equation 

V a m a A = 0, V Q ,rrv A = 0. (26) 

Then as the complex covariant derivative, we can take 

V a = m a A V A , V Q / = m Q ' A V A . (27) 

Then in this chapter, the properties of the torsion-free Riemannian connection, 
prolonged on fibers of A c , are established. It turns out, this prolongation is uniquely 
given by the requirement of the covariant constancy of the quadrivector e a bcd- Then 
using the inclusion operators, we can come to the real connection, but it is necessary 
to require the covariant constancy of the Hermitian involution. 

This allows us to consider the conformally invariant bitwistor equation 

V c(d x a) = q ( 2 g) 

Its solutions are associated with Rosenfeld null-pairs which play an important role 
in further studies. 



1.4 Fourth chapter 

The fourth chapter is devoted to the classification of Riemann curvature tensor 
of the 6-dimensional (pseudo-) Riemannian spaces. In addition, the properties of 
bivectors of this spaces are investigated in this chapter. 

We will show how to simplify the tensor record of the basic identities for the 
curvature tensor using the spinor formalism specified in the first chapter. In addition, 
it is shown that the classification of such a tensor can be reduced to the classification 
of curvature spin-tensor of the space C 4 such that 

RafS-yS = A a pa ' AySc° Rb" d '■ (29) 

In this case, the curvature tensor satisfies the Bianchi identity 

+ RaS/3-y + RafS/3 — (30) 

which have the spinor representation 

RfJ = -\r8*. (31) 



As we can see, instead of the 105 equations from (30), in (31) the 16 ones only can 
be considered, 15 of which are significant. In the same way, we can construct the 
spinor analogue of the Weyl tensor 

C a /3ys = A a p a AySc Cb d ■ (32) 
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As a corollary from this theorem, the following fact is very interesting. An 
arbitrary simple isotropic bivector of the space A 2 C 6 defines a vector of the space 
C 4 up to a factor. This will allow to construct the geometric interpretation of 
isotropic twistor in the space H£( 2 4)- This interpretation in many respects similar to 
the exegesis of a spinor in the space Kl 3 ^: flag consisted of flagpole and flag-plane. 

Finally, it is argued that in the space M.® p ^ of the even index q, any bivector can 
be reduced to canonical form in some basis 

-R a/3 X a YP = R m X [1 Y 6] + R 23 X [2 Y 3] + R 45 X [4 Y 5] . (33) 

1.5 Fifth chapter 

In the last chapter, the 8-dimensional complex space T 2 constructs as the direct 
sum C 4 © C* 4 using a vector X a and a covector Yj, from fibers of the bundles A c 
and A c * respectively 

X A :=(X a ,Y b ) (34) 
and X A G T 2 . In this case, X a and Y b satisfy the following system 

X a = X a -ir ab Y b , 

v — v { ' 

lb — *b, 

where r ab are the coordinates of a bivector of A 2 C1R 6 , and X a , Yj, are the values of 



X a , Yb at the point O. In fact, the system (35) can be regarded as bitwistor equation 



solutions, and X a , Y b will be its particular solutions. Considering the locus of points, 
for which X a = 0, we can come to Rosenfeld null-pairs and then we can formulate 
the following assertion. 

Theorem 1. (The triality principle for two B-cylinders). 

In the projective space CP 7 , there are two quadrics (two B-cylinders) with the fol- 
lowing main properties: 

1. The planar generator CP3 of a one quadric will uniquely define the point R on 
the other quadric, and this mapping will be bijective. 

2. The planar generator CP 2 of a one quadric will uniquely define the point R on 
the other quadric. But the point R of the second quadric can be associated to 
the manifold of planar generators CP 2 belonging to the same planar generator 
CP3 of the first quadric. 

3. The rectilinear generator CPi of a one quadric will uniquely define the rectilin- 
ear generator CPj of the other quadric, and this mapping will be bijective. And 
all the rectilinear generators belonging to the same planar generator CP3 of the 
first quadric define the beam centered at R belonging to the second quadric. 

This allows us to introduce connecting operators tj A kl such that 

r A = \ V A KL R KL , (36) 
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where r A are the coordinates of a vector of CM 8 , and R KL are the coordinates of 
a spin-tensor of CM 8 . Therefor, the operators t\ a kl define the full Clifford algebra 
since this operators will satisfy the Clifford equation 

G A bSk L = Vak R Vb L r + Vbk R Va L r- (37) 
In this case, we will have the two metric tensors 

£klmn = f] A klVamn, Gab = -£}A KLr \B MN £km£ln, £(kl)(mn) — ^kl^mn- 

(38) 

With the first tensor we can raise and lower a pair of indices, and with the second 
we can make the specified operation with a single index. This imposes some severe 
constraints on the connecting operators such as 

V A (mn) = gV A KL£ KL £MN- (39) 

Such the connecting operators will determine structural constants of the octonion al- 
gebra. Later on, this will lead to the double covering Spin(8, C) / {±1} — 5*0(8, C). 
Therefore, the operators t\ A kl will be very similar to the connecting Norden opera- 
tors i] a ki in their properties. 



1.6 Conclusion 

It should be noted that at the end of the thesis, Appendix is available in which 
all the necessary algebraic calculations are presented. 

The main results of the dissertation were published in the press: 

1. "O 6uBeKTopax 6-Mepmsrx piiMaHOBBix npocTpaHCTB " [O bivektorakh 6-mernykh 
rimanovykh prostranstv] . YTHC [UTIS], Ycpa [Ufa], 1996, c. 59-61 [pp. 59-61]; 

2. "O CTpyKType TeH3opa kphbh3hbi 6-MepHBix pnMaHOBBix npocTpaHCTB 1 ' [O 
structure tenzora krivizny 6-mernyx rimanovykh prostranstv]. BecTHHK BITY 
[Vestnik BGU], Ycpa [Ufa], N2(I), 1996, c. 44-47 [pp. 44-47]; 

3. "O TBHCTopHBix paccjioeHHHX c 6-MepHoil 6a3ofi" [O tvistornykh rassloeniyakh 
s 6-mernoi basoi]. MrC [MGS], KasaHB [Kazan'], 1997, c. 13 [p. 13]; 

4. "O reoMeTpnn Ghtbhctopob" [O geometrii bitvistorov] . PKCA [RKSA], Ycpa 
[Ufa], 1997, c. 85-87 [pp. 85-87], 

and reported at conferences: 

1. "JlemiHCKHe ropBi - 95" [Leninskie gory - 95], r. MocKBa [Moskva]; 

2. "He6BimeBCKne UTemia - 96" [Chebyshevskie chteniya - 96] , r. MocKBa [Moskva] ; 

3. "JIo6aueBCKne uTemra - 97" [Lobachevskie chteniya - 97], r. Ka3aHB [Kazan']; 

4. many conferences and seminars in Ufa and seminars, held in Kazan (KSU, 
Department of Geometry). 

The author is grateful for the help in the preparation of the thesis to his su- 
pervisor Assoc. Prof. E. G. Neifel'd and the chair of geometry at KSU (Head of 
Department Professor B. N. Shapukov). 
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1.7 Introduction for the English edition 

The Ph.D. thesis defence has taken place at 14:00, on December, 25th, 1997 at 
Kazan State University at the session of Dissertation Council (K 053.29.05) at Kazan 
State University located to the address: 18 Kremlevskaya str., Kazan, 420008, Rus- 
sia. The Russian edition (on the pp. 90-210) contains the original variant of the Ph. 
D. thesis with the corrected typing errors and the original numbering of the pages 
(pp. 1-121). Besides, two figures which have been lost at the thesis printing are 
included in the English edition. English translation of the Ph. D. thesis was exe- 
cuted in 2012. Transliteration on Cyrillic is given according to the scheme MR(new). 

Note that the constructed formalism for n=8 is initial induction step for the 
construction of alternative- elastic group algebras for n mod 8 =0 [3J. The spinor 
formalism for n=8 gives the opportunity to construct Lie operator analogues for the 
spinor (and pair-spin) bundle with the base: the space-time manifold and to transfer 
the metric into pair-spin fibers with the same base PQ, [2]. In addition, the spinor 
formalism allows us to construct hypercomplex Cayley-Dickson algebra generator in 
the explicit form [3]. Moreover, the spinor formalism for even n can be constructed 
with the help of the particular solutions of the reduced Clifford equation [TJ, [2J. 
Physical applications of this theory for n=6 can be found in jl]. 
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BHHHTH - 298-B-ll [VINITI-298-V-11], hk>hb 2011 [km' 2011]. [in Russian: On the spinor 
formalism for the base space of even dimension] 
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[4] K. Scharnhorst and J.-W. van Holten: Nonlinear Bogolyubov-Valatin transformations: 2 
modes. Annals of Physics (N ew York ), 326(2011)2868-2933 |ar Xiv:1002.2737v3| l NIKHEF 
preprint NIKHEF/2010-005] ( |DOI: 10.1016/j.aop.2011.05.001| ). 
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2 Basic identities and formulas 



This chapter is devoted to the study of algebraic properties of the double covering 

5(9(6, C) S SX(4,C)/{±1}. 

On the basis of this isomorphism the elementary algebraic framework necessary for 
further investigations is constructed. To do this, various vector bundles with the base 
CF 6 (CIR 6 ) discuss. The tangent bundle r c (CV 6 ) which contains fibers isomorphic to 
CM 6 is isomorphic to A with fibers isomorphic to A 2 C 4 that follows from the existence 
of the connecting Norden operators 

r a _ _„a nnai 

' — 2 ' aa i ' 

where (a, (3, ... — 1, 2, 3, 4, 5, 6; a\,b\, a, b. ... = 1, 2, 3, 4). In addition, we consider the 
bundle A c with fibers isomorphic to C 4 and the base CV 6 (CM 6 ). From this, the 
existence of the operators A a p a b 

Tl A Crji d rr> a r\ rrt rji 

a/3 — A a pd l c , ± a = U, 1 a f} — — 1 a p 

will imply. As follows from the results of the penultimate subsection of this chapter 
considering infinitesimal transformations, the resulting operators are an algebraic 
realization of the isomorphism between the Lie algebras 

so(6,C) S *i(4,C). 

Then we will study real inclusions with the help of the inclusion operator Hi a and 
the involution S a ^ . The conjugation operation induced in the bundle A c is divided 
into the two classes. In the first case (the space V^ p q )(^ p q \) nas the metric of the 
even index q), the conjugation is carried out by means of Hermitian polarity tensor 

g aa' 

X a ' := s aa 'x a . 

In the second case (q is odd), the conjugation is carried out by means of Hermitian 
involution tensor s a a 

X a ' := s a a 'x a . 

The second subsection is just devoted to the elucidation of this fact which is proved 
by using the theorems from the monography 23J. 



2.1 Bivectors of the space A 2 C 4 (A 2 M 4 ) 

2.1.1 Norden operators 

It is known that one can establish the isomorphism between the complex Eu- 
clidean space CM 6 (R/ 33 n) and the bivector space A 2 C 4 (A 2 IR 4 ). This isomorphism is 
determined by connecting Norden operators [TT] satisfying the following conditions 

-n a n a aai = S 13 n a n bbl = 8 bbl -=28, (40) 

aai'lp — u a i '/ aai'/a — u aai ■ — ^ u [a u ai\ V 41 "/ 

so that the following equations 

r a = 1/2 ■ V a aai R aa \ R aai = Va aai r a , (41) 

where (a, (3, ... = 1,2,3,4,5,6; a±, b\, a, b, e, f, k, I, m, n, ... = 1,2,3,4; i,j,g,h = 
1,2,3,4,5,6) and 

n ap _ 1 I A . „Q „/3 ^aaibbi ~aa 1 bb 1 _ „ aa lrn 661 n ap 
y J -/ 4: '/ aai'l bbi c 1 c <la '13 iJ 1 

bb 8 (42) 

9a/3 — 1/4 • rj a aai rjp 1 £ aai bb 1 , Saaibbi — V a aaiV bh9a/3 
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are executed. In this case, R aai are the coordinates of a bivector of the space A 2 C 4 , 
and r a are the coordinates of its image from C IR 6 ; g afi is the metric tensor of CMP, 
its image is the spin-tensor (quadrivector) £aa\bbi antisymmetric in all indices. 

Note 1. Note that with the help of the metric tensor g a p, defined on the space CMP, 
we can raise and lower single indexs. Using the metric quadrivector e aaxbbx , defined 
in the bundle A, we can raise and lower pair skew-symmetric indices only, and there 
is no a metric spin-tensor with which one could do a similar operation with single 
indexes. 



It follows that there are the operators A a p d c such that 

T, _ A Crp d rp k r\ rp rp 

a/3 — S±a/3d J- c , J-k ~ u , 1 a /3 — — 1 n 

We will give a proof of this fact. 
Proof. For the Levi-Civita symbol, we have 



(43) 



r abcd r 

t ^klmn 

^abcdp 

fc fc klmd 



2A8 [k a 8 l b 8 m c 5 n] 



r-abcdr-. 
£ £klcd 

r-abcdr- 

£ tkbcd 



6S [k % b 8 m] c , 
= 



65 k 



(44) 



r-Clbcdr- 0/1 

£ £abcd — ^4, 



sab 
°kl 



i] 



Moreover, since e abcd is the metric spin-tensor, it follows [23j v -2, P- 65, eq. (6.2.19)(eng)] 
that 

1 



Rab — ^ £ abcdR Cd - 



(45) 



Then, taking into account the formulas (41) and (42), for the tensor T a p, we have 

1/4 • V a aai Vp bbl ■ 3/2(T a[Ql66l] - T [bbia]ai ) = 



a/9] 



= l/4va aai V0 bbl ■ l/2(T ak kd e aidbbl -T kd kai e adbbl ) = 1/2^7]^ e adbkl - 
l/A(T kd kc - T kc kd ) = -l/2 Va bk ^^ a e adbkl ■ l/A(T kd kc - T k kd ). 
Therefore, we must put 

1 



(46) 



.4 



a(5d 



, cci bki 
:V[a V/3] Zdabk!, 



T d := l/4(T fcc fcd - T kd kc ) 



T, 



aa\bb\ 



T 

± bb\aa\ 



^^bbic[ai -^~a] 



to obtain the formula (43). 



□ 



The most important relations for the operators A a R b a have the form 



A a /3d C A 



r 

P * 
-7 r 



W$d c 



25/5/, A apd c A^ d = 25^5 



ft 



(Va CS Vird + Va V~fkr5d S ) + l/2(r] a Sn T]^ rn 5 d C + 
+Va Ck V~fdk5 r S ) ~ l/4# Q7 (5/c5/, 



(47) 



T 



—T 



The proof of these formulas is rather cumbersome, and therefore it is given in Ap- 



pendix (472)- (476) 



It should be noted that the connecting Norden operators define the Clifford 
algebra. 
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Proof. Consider the identity 



V(* a[ %) cd] 



-V( a [c %) laW 



(4f 



the contraction of which with Sbcdn gives the relations 

^ ohm cd~ 1 nr, kl^. mrir- ~abcd~ 

V(a VP) £ bcdn — 24V (a VP) e klmn £ ^bcdn, 

^V(a VP)bn — —lV(a VP) ^klmnOn , 

V(a ab Vp)nb = \g a pbn a i 



(49) 



where g a p is the same as in the formulas (42). We define 

V2 



n aai ll a 



laaai || 5 



7o 



a a 
Va 



where A, ip, 



1, 6. The operators 7a satisfy the identity 
7a7^ + 7v7a = Zgx^I 



(50) 



(51) 



which follows from the last equation of (49). The equality (51) is the Clifford equa- 



tion [23, v.2, p. 441, eq. (B.l)(eng)] such that 71,72,73,74,75,76 can be represented 
by means of complex matrixes of dimension 8x8, g a/ 3 is the metric tensor (42), and 
I is the identity operator. 



The opposite is true. Suppose we have the equation (51 ). Then we can construct 
the element 77 

77 := 7i727374757e, M 2 = I- (52) 
In this case, since n = 6 (even), 77 anticommutes with every element 7 a (a = 1,6). 



This means that for j a , the representation (50 ) is possible, and therefore the identity 



(48) is executed. 

It follows that the connecting Norden operators determine the full Clifford alge- 
bra which is formed by the finite sums 



AI + B x lx 



+ ... 



(53) 



Dimension of this algebra is equal to 2 6 = 64. Such the algebra can be represented 
by the full matrix algebra, elements of that have the dimension 8x8 [23, v. 2, p. 
440-464 (eng)]. □ 



2.1.2 Conjugation in the bundle A C (S) 

In this subsection the statement concerning an inclusion of real spaces in the 
complex one is formulated, the proof is given in the next subsection. 

Consider the 6-dimensional (pseudo-) Euclidean space embedded in CM 6 , 

the tangent space r R (IR 6 p(? - ) ) of which we will consider as a real subspace in C 4 . 
This will lead to the vector bundle A C (S) with fibers isomorphic to C 4 . Besides, 
the bundle A C (S) will be equipped with structure s. We need to clarify the nature 
of this structure. To do this, we will consider a simple bivector of the t c (t k ). A 
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necessary and sufficient condition of the simplicity for this bivector is expressed by 
the formula 

R ab = X ayb _ X bya^ ya £ £ 4 ^ ^ 

where i, j = 1, 6; a, b, c, d, k, I, m, n, ... = 1,4. 



Note 2. Based on the formula (41), a, simple bivector of the space A 2 C 4 is uniquely 
associated with an isotropic vector of the space CM. 6 , and this mapping will be bijec- 
tive. This follows from the relation 

= e abcd X a Y b X c Y d = \e abcd R ab R cd = \r] a km r a ^ l km r p = r a r a = 0. (55) 

Further, any bivector should be self- conjugated with respect to the spin-tensor 
Saai&'&'i (the notation introduced according to [23J) 

S a oi&'&'i = gijrfw-jfmi., 9ij = 1/4 • T]^ 1 T) j aai S aaiWl , (56) 
Sb'b'iaai Saaib'b'n 



where gry is the metric tensor (10). The last equation expresses the Hermitian 
symmetry of the spin-tensor s. Such the tensor was introduced in [10]. In the case 
of the metric of the even index, the spin-tensor s aai bb 1 (the raising and lowering of 
double indices are carried out with the help of the metric quadrivector £ aai 66i) has 
the form 

and in the case of the odd index, we obtain 

Saa™ 1 = 2s [a b 's ai] b '\ s a h 's v c = ±8 a c . (58) 

If R ab is simple and belongs to the tangent space r M then for the vectors, defining 
the bivector, in the case of the even index metric, the identities [23, v. 2, p. 63, eq. 
(6.2.13) (eng)] 

X a X a ,s aa ' = 0, Y a Y a ,s aa ' = 0, X a Y a ,s aa ' = (59) 
and in the case of the odd index metric, the identities 

X a ,X a s a a ' = 0, X a ,Y a s a a ' = 0, Y a ,Y a s a a ' = (60) 

are executed. Thus, the structure s of the bundle A C (S) is determined. In the case 
of the even index metric, the spin-tensor Skk' fulfills a role of the metric spin-tensor 
with which the help we can raise and lower single indexs, and in the case of the odd 
index metric, with the help of the spin-tensor Sk k , the identification between the 
primed [complex conjugate) and unprimed spaces is carried out. The proof of this 
assertion is given in the next section. 
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2.2 Spinor representation of special form tensors. The cov- 
ering corresponding to this decomposition 

2.2.1 Theorem on the double covering SX(4,C)/{±1} = S0(6, C) 

Before the proof, we need to more thoroughly understand with the double cov- 
ering 5L(4,C)/{±1} = 50(6, C). Below, the explicit representation of this covering 
by means of the connecting Norden operators r/ a ab will be obtained. Using this rep- 



resentation, it is easier to understand how the real inclusion 



"(2,4) 



C 



is occurs 



and hence how to construct the explicit representation of the involution operator in 
the spinor form. In addition, the results of this section will be useful in the study of 
the bivector structure of the space CM 6 . 

By K a ^, we denote a transformation form the group 5*0(6, C), and let S a b be a 
transformation from the group SX(4,C). Then the following theorem will be true. 

Theorem 1. Each transformation K a " corresponds to two and only two transforma- 
tions ±S a b (±S a b) such that det \\ S c d || = 1 [del || S c d || = 1). And on the contrary, 
each transformation ±S a b (±S ab ) corresponds to one and only one transformation 

K 13 

Proof. Suppose, that there are the two transformations ±S a b (±S ab ) such that 

£ := £1234, 

qbqbiqdqdi _ (q q CO JA\dd\ _ -2 \ 

*~>a ^ai *-'ci ^bbiddi ^aa\cc\ \ lJ ab kJ aib\ kJ cd kJ c\di<^ fc ^aa\cci)- 

The last equation means that det || S c || = 1 (det \\ S c d || = 1). Define 

Kj := \ Va a V cd ■ 2(3S [a c S b] d (Kj := \ Va a Vcd ■ e(3S ak S bl e klcd ), 

P := ±1. 



(61) 



(62) 



Then on the basis of (61 ) and (62), we will obtain 



Thus, from (61), the equation (63) will follow. 



If now, on the contrary, K a ^oi the form (63) is set. Define 

bbi ._ „ &6i ry- 



Thus, (63) can be copied as 

1 



n a riR 0l K p 

'/ aai'lp ll ot • 



— K bbl K ddl p — p 

,-* v aai - fv cci &bb\dd\ <^aa\cc\' 



(63) 



(64) 



(65) 



The formula (65) means that the transformation K aa bbl should be regular, i.e., 
y r a ai ^ o ^ K aa bb ^ + 0, K aai bb ^r bbl + 0. 



Proof. Indeed, we will assume the contrary: 3r aai ^ and K aa bbl r bbl 
mean that the transformation K aa bbl is singular 



bbi 7v- ddi r r 

' bb\ ' ^J^-aai *^cc\ ^bb\dd\ t aaiCCl l 



From this, the equality r aai = will follows. Contradiction. 



0. It will 

(66) 

□ 
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For further calculations we need the following lemma. 

Lemma 1. Choose two non-zero vectors where x is an arbitrary point 

at the base: the complex Euclidean space CM 6 equipped with the metric tensor g a p. 
Then the three following conditions are equivalent: 

1. ri a {r x ) a = , r 2 a {r 2 ) a = , r x a {r 2 ) a = ; 

2. n a = l V a aai X a Y a \ r 2 a = \ta ai X a Z^; 

3. (n) a = \r) a a ^X a Y a „ (r 2 ) a = \r) a a ^X a Z ax ; 

where the vectors X a , Y a , Z a belong to the fiber of the bundle A c , and X a , Y a , Z a 
are covectors of the dual fiber. 

Proof. 1). =>■ 2). 

Consider the first equation of Condition 1). and define 

ri aai := V a aai ri a , (67) 



and then on the basis of (42), we obtain 

ri a (ri) a = g a prx a r\P = \r] a aai r]p CCl e aaiCCl \r} a ddl r x ddl ffl kkl r 1 kkl 



= In^S^S^n^S^S^eaa^ = In^inU, = o. 

Define 



(68) 



pf(r) :=r a r a = V a V aai . (69) 



Then from (49), the equalities 

r ab r bc = -pf(r)5 c d & 3r a[6 r cd] = pf{r)e abcd (70) 
will follow, and for the vector ri a , we obtain 

ri a V d = n ac ri bd - ri bc n ad . (71) 

Since, r x cd is a non-zero bivector then some covectors A c , B d , that r x d A c B d ^ 0, 
r x cd A c B d e R, exist. Put 

pa ._ yfir^Ak/y/tr^AoBi), Q a := Vir^ B k / ^ {r^ d A c B d ). (72) 

Then from ( J71~| ), the equality 

n ab = p[aQb] ^ 

will follow. In this case, P a , Q a are linearly independent. It is also possible to obtain 
the expansion for r 2 ab 

r 2 ab = B} a S b] (74) 

from the second equation of Condition 1). such that the vectors R a , S a will be also 
linearly independent. From the third equation of Condition 3). implies the following 
relation 

= n a (r 2 ) a = \e ahcd r x ab r 2 cd = \e ahcd P a Q b R c S d = 0. (75) 
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This means that the vectors P a , Q b , R c , S d are linearly dependent 

aP a + f3Q a + 1 R a + 5S a = 0, \a\ + \/3\ + \j\ + \S\ ^ 0. 



(76) 



In this case, either a ^ or (3 ^ 0. Otherwise, (a — [3 — 0), and the vectors R c , S c 
would be linearly dependent. For definiteness, let a^O. Then again, either 7 ^ 
or 5 ^ 0. Put 



X a ._ pa + (^/ a )Qo = -(( 1 / a )R a + (5/a)S a ), Y a : = Q Q , 



(a/5)R a , 5 + 0,7 = 0, 
-(a/ 7 )5 a , 



(77) 



Thus, from (77), Condition 2). of the lemma implies. 
2).=>1). 

It is verified directly, for example, 



ri a (r 2 ) Q = ^ aaib6l X a F ai X 6 Z bl = 



(7E 



In the same way, the equivalences 1). =^3). and 3). =>- 1). can be proved. These 
implications are possible because of the metric tensor presence in the tangent bundle 
and the metric quadrivector presence in the bundle A c . □ 



Take two non-zero isotropic vectors 



l V a aai M a N a \ 



and two non-zero isotropic covectors 

1 



-n aai M N 

.'la ly± a ly ai; 



r 2 



^2 



1 



Va aai M a L ai 



(79) 



30) 



satisfying Condition 2). and Condition 3). of Lemma [T] respectively. We act on 
(79), (80) with the orthogonal transformation K a P and obtain 



r 3 



(f 4 )„ := Kj(f 2 )a. 



(81) 



Then from Condition 1). of Lemma [T] with the account (63) and (65), the equations 

r 3 a {r 3 ) a = KjKjgpsn"^ = ri a (n) a = 0, 
ri a {r 3 ) a = r 2 a (r 1 ) a = 0, r 4 a (r 4 ) a = r 2 a (r 2 ) a = 0, 
fi a {h) a = f 2 a {h) a = 0, f 4 a (f 4 ) Q = f 2 a {f 2 ) a = 0, 



(82) 



r 3 a (r 3 ) 



ri a r la = 

will follow. Since, the transformation K aai bbl is regular then the vectors and covec- 
tors (|8T) are non-zero elements, and hence from Condition 2). and Condition 3). of 
Lemma TJ we obtain 

a l„o yavai „ a l„cr ya 701 

— 97 aai^ 1 , '4 — 5?/ aai^- ^ 

(83) 



r 3 



(r 3 )a = |^ aai « a , (r 4 )a = |r/ a aai X a Z ai . 
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Consider the identity 

r 3 [a r/ ] = K { J a K 5 fW 7 r 2 S] . (84) 



We rewrite it using the formulas (43) and (47) 

A apb . lx a Y b -X c Z^e cclbbl = 
= \A^ r 'M r N^M l L^e aiakl A rSc d A aP a h • \{K dm ak K cm bk - K cmak K dmbk ), 



X a Y b ^X c Z^e CClbbl 
28 r d 5 c s M r N^M l L h e klUl s ■ \{K dm ak K cm bk - K cmak K dmbk ), 



X a (Y h ^X c Z^e CClbbl ) = 
= M d (N k ^M l L l ^ kllhc ) ■ \{K dm ak K cm bk - K cmak K dmbk ) 

Define 

T b := Y h -X c Z^e cclbbl) P c := N^M l L^e kllhc , 



55) 



6) 



If c a If Tfcmak rs ak is cm \ 

J^d b ■— s\ K J^dmbk — J^dm & bk) 

such that the equations 

X c T c = 0, M c P c = 0, K c c b a = 0, K d c b b = Q, (87) 

K aa bb ^K cc dd ^ - K aa dd ^K cc bb ^ = 8e CClk[ai K a] k r ^ rdd i (88) 
are executed. Whence, 

X a T b = -2M d P c K d c b a . (89) 
In the same way, from the identity 

(h) h (h) S] = K { ^K s f\h) [a {^)^ (90) 

determining 

f b :=Y bl X c Z Cl e CClbb \ P b := N kl MiZ h e* lUlb , (91) 

we can obtain 

X d f c = -2M a P b K/ b a . (92) 



We now find homogeneous solution satisfying the equations (89) and (92) 

(%omogeneous)^ aMdp C = °> f M d P d = 0, 

(%omogeneous)^ a ^ = °> ' I M * pa = °- 

These two systems should coincide identically since the left system is valid for each 
M a , M a , P a , P a satisfying the right system. This is possible only when 

(-^homogeneous)^ = a <W> a E C. (94) 



Next, we consider particular solution of the equation (89 ), for example. This solution 
should be regular that means that we can not satisfy the condition 

3MV0,P C ^0, that (^ part i cu lar)^ aM " p C = ( 95 ) 



(The condition (95) is equivalent to the singularity of the transformation K aai 
(see (88))). To solve (89), we need the following lemma. 



66 
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Lemma 2. Let A,B,C,... be collective indices. Then the three following condition 
on Aab^ o,re equivalent: 

1- Aab q £q can be represented as Pa£b for each £q/ 

2. A Al[Bl (Ql A| A2 | B2 ] Ql) =tf; 

3- Aab^ can be represented either as oa^b^j or as 9pQfi~B. 

Proof. It is given on the page 160 of [23], v. 1, Pr. (3.5.8) (eng)]. As in its proof, the 
metric tensor did not the participate then this lemma is true for any arrangement 
of indices: or top, or bottom. 

□ 



We apply Lemma 2 to the equation (89) and obtain the 2 variants: 



a )- (^particular )db a P c - A a B bd , b). (^ par ti C ular)<^ ap c - A d a B h (96) 

First. Suppose that Item a), and Item b). are performed simultaneously. We 
use one more lemma. 

Lemma 3. From ipABfc = Xa^bc, the execution of the identities ipA& = Xa£b ; 
$bc = ^b^c follows for some £b- 

Proof. It is given on page 160 of the monography [231 v - 1; (3.5.6) (eng)]. And just 
as in the previous lemma, the location of the index is not significant. □ 



We apply this lemma to the equation (96) that will give 



(^particular)d C 6 ap c - AiB a C b . (97) 



But there is the vector M d ^ 0, that M d P d = and M d A d = 0, then from (97), the 



statement (95) follows that is impossible. From this, we conclude that at the same 



time, a), and b). from (96) can not be executed. 



Second. Now, we apply Lemma |2| to the equation (96). This will give the four 
variants: 

/). a). (A particular )/ 6 a = A ac B db , b). (A particular )/ 6 a = C a D c dbl 
II). a). (A particular )/ fe a = S d a E b c , b). (A particular )/ b a = U d ac V b . 

(98) 

Items b). in the both cases disappear as they lead to a singular transformation (see 



the explanation after the formula (97)). 



For definiteness, we will consider Item II). a). We contract common solution 

K d c b a = S d a E b c + a5 d c 5 b a (99) 



of the equation (j8Qh with S c d and using (|87|), we obtain 



= S k a E b k + 4a6 b a E b k = -AaiS^y (100) 



22 



(the transformation Sk a is nondegenerate since otherwise the transformation K^b 1 
will be singular that would entail the singular transformation K aai bbl ). Therefore, 



K/ b a = (-a)(4S/(£-V - W). 



Contract (88) with £dd lPP1 Ks S1 PPl that will give with the account (65) 

K bbl F — K bbl F = 8f jr K i fe ^ b K bl ^ r 



Contract (102) with s SSlCCl using the formulas (44) 

KJS bb l — Sir, k , [ b T{, i i 6l l r 



and substitute (101) in (103) 



bin 



, b] ) 

J r ) i 



(a^0,a/ ±5/8; otherwise, the transformation K a k r b is singular). Put 



(101) 



(102) 



(103) 



(104) 



and obtain 



jy- bbx 32a 

aa l -— 5+8a 



Define 



K aa bb - :=2M [ai ^S a ^ 

S { J b (M ai] b ^ + \S ai] b ^M k r\S- l ) r k ) = 2M [ai ^S a] b ^ 

1 



M k r := pS k r (3 



5 -8a 



M k r (S- 



-1\ k 



a 



Then from (106), the definition 

K aa bb - :=2f3S [ai ^S a] b ^ 



(105) 

(106) 
(107) 

(108) 



follows. Substituting (108) in (65), we find out that /3 — ±1. 

Similarly, Item I). a), shall be considered. In this case, the transformation K aai 1 
has the form 

K aai bh := (3S ac S aiCl ee c ^ bb \ (109) 

Note that the factor e can be included in the definition of S ac . 

In this way, from (63), we can really come to (61) that completes the proof 
of the inverse path of the theorem. Therefore, the transformation S a b (S a b) will 
match to one and only one transformation K a ^, and conversely, each transforma- 
tion KcP will correspond to two and only two transformations ±S a b (±S a b), that 
det || S c d ||= 1 (det \\ S cd ||= 1). 

Find out what a transformation corresponds to the special transformation K a P. 
For this purpose, let's consider the following identity 



epSnx^Z = e [l35^x^\-> e := e 123456- 



(110) 
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At the same time, epspxut ls the 6-vector skew-symmetric in all indices. Conse- 
quently, we can get the record 



K^K 2 5 K^K^K^K^e ps ^ = ±ei 23 456 & det \\ Kj ||= ±1 



;ni) 



equivalent to (110). If K a " is the special transformation then in (110), the sign 



"+" is chosen that means that det \\ K a " ||= 1. In otherwise case (the non-special 
transformation), the sign "-" is chosen. Since for a 4- vector, there are the identities 



„ A a a c„ I 



(112) 



b ._ 



k b 



, &a k 



following from (43) then, using its symmetries, we can obtain the expansion 



id k a d A ^_|_4 k A c 

&a{h/5 • B a j3yfi r Ck , 

e k k = 



(113) 



(the proof is given in Appendix (477) - (479)). In turn, using these formulas, we 



can obtain the expansion for the 6-vector 

„ A a A c A k _ b d I 

Va/l^SXii — S±aPb /1 7<5d ^-Xfil e a c k i 

e a c k = -(2((44 5 C - S k 5 C )6 a + (A5 k 5 a - 8 k S a )8 C )- 

o 

- (44 V - 5 k l S a b )5 c d - (44V - 5 k % d )5 a b ) (114) 
(the proof is given in Appendix (4801) - (4891)). From (114), the identity 



_ o„ bbi^ „ mmi^ „ rri„ -sr ds: si ij d\£ x i % s i 

e a"7Az/7i-<T ^'/[a l l'y\ddi\ l l\ 1 lu\xxi\' lir 'I<t]ssi ' ' w r °m u b °&i "mi w ri 

— In, bb in dd x mvax xx x rr ± ssi . p p _ _ /i i c\ 

4 '/7 'M '/7r '/crj 1 c roiaai c mrissi c omia;a;i \ / 

- i( A , a 4, c 4 b -I- 4 , a 4, b 4 

H - rL a'yb -^Xua -^Tvac * sT-arfb -^Auc -^naa J 



will imply. From (114) and (115), applying the definition (110) to the special (non- 
special) transformations, we obtain 



£>ai 1 S c S Cl 1 Sf)b lC l iC l 1 &aa\cc\ (*S abS 'aibi^ cdS 'cidi^- 



bbiddi 



e~ 2 e 



aa\cc\ , 



(116) 



that gives the identity (61). It follows that (108) corresponds to the special trans- 



formation and (109) corresponds to the non-special transformation K a " . 

Finally, the transformations S a b and iS a b belong to the same group SL(A, C). 



This means that in the formula (108), we can consider only the case when (3 = +1. 



Therefore, the group SL(4, C) is the double covering of the connected identity com- 
ponent of the group 5*0(6, C) (we denote it as SO e (6, C)). □ 
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2.2.2 Real representation of the double covering SL(A, C) / {±1} = S0{6, C) 
in the presence of the involution S a " 



Theorem 2. Suppose that in the six- dimensional complex Euclidean space CM 6 , the 
involution 

So? Spi 1 = 5a ', Sa 13 S 7 S gpi$t = g ai 

is given. Define 

Saba'b' = Vp'a'b'V^abSa 13 

then the relations 



„ 5 „ a'b' s cd oX crf 

Saba'b' — S a 'b'ab, S a b S a 'b' — ^0 ab 

are executed, and there are two and only two decompositions 

T\ „ a'b' n „ a' b' „ b' s c c 

1). Sab — ^S[ a S b ] , S a Sb> — ±0 a , 

II)- Saba'b' = 2S[ a \a'\Sb]b', S a b' = ±Sft' a - 

In addition, for real inclusions, the identities 

t\ f: a'b' „ cd„ a' c V T T\ fn a '^' m ca! db' 

1 ) ■ <\i — 'Ij S c 11 ). (/. 



(117) 
(118) 
(119) 



(120) 



■A-ija' Aij c S a i Sd 



T]jcdS S j 
ijc 



-A-ija' ^-iic Sda'S 



;i2i) 



will be true. 



Proof. The proof of the expansion (120) is carried out as in the previous theorem. 



All changes are confined to the replacement of the transformation KJ on the trans- 
formation S^ so that 

SoP Sry 5 gj3<s> = g ai (122) 



is the analog of ( 63 ) that will give the equation 



Q b' Q b' i e d' Q d! i ~ ~ 

$a $ai *c *ci ^b'b'id'd'i ^aa\cc\i 



( o Q q q ^b'b\d'd'x _ _ \ 
V* 'ab' aib' 'i" 'cd " 'cid ^aa\cc\) 



(123) 



similar to (61 ) (the relevant factor is included in the definition of the spin-tensor s). 

(124) 



From (117) and (122), it is possible to obtain 

c P _ qf}' 

O a — O a . 



From this, the equation 

Sa'b'ab = a'b'VfiabSa'^ = V fi'a'b'ff abS 13 a = Saba'b' 



(125) 



will follow. 

Note that in the tangent bundle there is the metric tensor g a p{gij) with 

help of which single indices can be raised and lowered. In the bundle A C (S), the 
similar role is carried out by means of the quadrivector e a bcd- The tensor g a i^ {e a ' b ' c 'd') 
is one, the coordinates of which are conjugated to the coordinates of the tensor 
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9ap{£abcd)- 

Consider the identities following from (117) 



We now investigate Item II). From the last identity of (126), we obtain 



Sac's aic/l e c '^ b ' b '^ ■ s b > d s b ' ldl e ddifh = 25%, 



Sac' Saic'i 



£-aa\dd\ • 



We define s kl ' as follows 
such that 



kl' kil'i mn' mxn'x _ J,'V\n'n\ 

o o &kk\mm\ t 



Multiply (127) by s ak s aik l s dn s din 1 and obtain 



e dn' 5 din'i 5 =k'k'ib'b'i _ =fc'fc'inVi 
^b'd^ a 6'iai c c 



taking into account (129). Define 



iV 6 / := s* 1 '^ 



then ( 130 ) can be rewritten as 



-/V[6' ^6'i] = V <Vi] • 



From this, the identity 



N v n ' = s dn 's b >d = n5 b , n ' = ns dn 's db ,, n 



dn' 



(126) 



will follow (the proof is given in Appendix (490) - (495)). Therefore, from 
the relation 

Sb'd = ±Sdb' 



follows. Similarly, we analyze Item I). From the identity (126), the equation 



b x b i — c— ci x cj ci 
S[ a Oai] S6' S bl ' = 0[ a ai ] 



follows. Define 
and obtain 

From here, the relation 



N a c := s a b 's b ' c 



N [a c N ai] c " = 5 [a c 8 ai] c K 



N a c = n5 a c = s a b s b >°, n 2 = 1 



(127) 

(128) 
(129) 

(130) 
(131) 
(132) 

(133) 

02§ , 
(134) 

(135) 

(136) 
(137) 

(138) 
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will follow, defining the following equation 

s a b 's b > c = ±5 a c . (139) 



And we will need to prove (121) only. We use the inclusion operator Hi a and the 



(140) 



involution S a ^' defined by the formula (ph. For Item II)., we have 

= a'b' fj a' ^ a'b' fj a' c 8~, „ca' c .db' 

= H/^ cd s ca ' s db ' = r]i cd s ca ' s db ' , 

A l3a ' b ' = fj/^fj^, = H^H/r ]hlbkm ak s aa ,s bb ' = -A ijb a Saa ,s bb ' . (141) 
For Item I)., the proof is such 

i= a'b' fj a' i= a'b' fj a' Q /3„ cd „ a', b' 

Vi — H i Va' — tii ba'^rip S c S d — 

tj B^. cd„ a' b' „ cd „ a' b' 

— Mi VP s c Sd — r]i s c Sd , 



(142) 



A b' ^ b'k' i^. tj 7 tj 5^ ck^, „ b' ~ d „cfc„ « « d A c „ 6' „ d 

A ija' — V[i Vj]a'k' — tl% tlj 77[ 7 1]$] dk S c S a > — f][i T]j]dkSc <V — A ijd S c S a > . 

(143) 
□ 

2.2.3 Inclusion El 4) C CM 6 in the special basis 

Let us now consider an inclusion of the real space M.% ^ in the complex space C1R 6 
as example. In this case, we have the opportunity to carry out the identification 
of upper primed indexes with lower unprimed indices using the spin-tensor s aa /. 
Consider the identities 

Ki = Kf, Ki := ///'//', A,,'. 

///''' A',' //',,/ = //,"'• A', '//',,/. (144) 

no ac b 1„ ab^jm'n' no k' c V ^ 

Zb[ c &d] — iVj V Zo m' On' Vik'l'V cd, 

C a c b 1 „abm'n' Q k' Q I' 

0[ c Jd] — 4 s 0[ m i &n'] Scdk'U, 

S[c a Sd\ = S am S bn S[ m i k S n /] 1 S ck /S d i', (145) 

„lk' Q m' C ac b„ c n'sr' r al b 

S Ok' S am 'b\ c D d ] S bn >O r > S — 0\ c d ] ■ 



Define 
and obtain 

From this, the equation 



Nj := s lk 'S k , m ' Saml S c a (146) 
N [c a N d] b = 5 [c a 5 d] b . (147) 



Nj = s lk 'S kl m 's am ,S c a = n5 c l , n = ±1 (148) 
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will follow (the proof is given in Appendix (490) - (495)). Choosing the sign "+" in 
(148), we obtain the transformation of the group isomorphic to the group SU {2,2) 
which will, as is evident from the above, the double covering of the connected identity 
component of the group SO e {2,4). This component is determined by the following 
conditions 



1). det\\Kj\\ = 1 a, = 1, 6, 2). det\\Kj\\ > or, = 1, 2. 



(149) 



If in the fll48|), 
opposite. 



is chosen then in 2). from (149), the sign will change to the 



Next, to better understand how this works in the practice, we use a 
representation of the obtained results in the special basis. For this, we define the 
basis of CM 6 as follows 

r =(1,0,0,0,0,0), v a =(0,1,0,0,0,0), 

w a = (0,0, i, 0,0,0), x a = (0,0,0, i, 0,0), (150) 
y a =(0,0,0,0,2,0), z a =(0,0,0,0,0,2). 

Let in this basis, the matrix of the metric tensor g a p has the form 

/ 1 \ 
1 



9aP 











1 










1 / 



We define the real representation of the inclusion 
operator Ht a 



k (2,4) 



c Q 



Hi 



( 1 














o\ 





1 




















i 




















i 




















i 





Vo 














i J 



H\ 



( 1 






Vo 






—i 






(151) 

with the help of the 
\ 







— % 










—i 










— % 



Then (150) is a self-conjugate basis with respect to the involution S a ^ 

\ 



(152) 



( 1 






Vo 






-1 











-1 





















(153) 



1 / 



Therefore, in the space K^ 2 4)' ^ e induced metric tensor ^ would have the matrix 



9a 



( 1 

















\ 





1 






















-1 






















-1 






















-1 







^o 














-1 


/ 



Hi a H/g 



(154) 
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in the basis 

t* = H\t a =(1,0,0,0,0,0) 

w i =E\w a =(0,0,1,0,0,0) 

y* = H\y a =(0,0,0,0,1,0) 



x 



H\v a =(0,1,0,0,0,0), 
H\x a =(0,0,0,1,0,0), 
H\z a =(0,0,0,0,0,1). 



We will define the vector basis in the bundle A C (S) as 

X a = (1,0,0,0), Y a = (0,1,0,0), 

Z a = (0,0,1,0), T a = (0,0,0,1), 
£ a bcdX a Y b Z c T d = 1, e — 1. 



Then in the bases (154) and (156), the decomposition 

R ab = 2 (R l2 X [a Y b] + R 13 X [a Z b] + R u X [a T b] + 

+ R 23 Y^ a Z b ^ + R 24 Y^ a T b ^ + R 3A Z^ a T b ^) = 
= -^(R 12 + R u ) ■ V2(X^Y b ^ + Z^ a T b ^) + 

+^(R 12 - R u ) ■ V2(X^Y b ^ - Z^T b ^)+ 



1 (R 13 + R u ) ■ V2(X^Z b ^ + Y^T b ^)+ 



V2 



+ f 2 {R 13 -R u ) 



iV2)(X^ a Z b ^ - y[ a T 6 i) + 



+ 7 §( J R 14 + ip) . i^2(X^T b ^ + Y^ a Z b ^) + 
+ ^(R U - R 23 ) ■ iV2(X^ a T b ^ - Y^Z b ^) = 



(155) 



(156) 



(157) 



= (Tf + Vv i + Ww i + Xx i + Yy { + Zz l ) ■ rtf 
takes place. Therefore, we can put 

ab — y/2(X^ a Y b ^ + Z^T b ^), w l 7] t ab := V2(X^ a Y b ^ - Z^T b ^), 

-- -V2i(X^ a Z b ^ -Y^ a T b ^), 

—- V2i(X^ a T b ^ - Y^ a Z^) 



v l rji 

y% ab 



y/2(X^ a Z b ^ +y[ a T 6 l), 



x% ab 



z l r\i ab 



V2i{x^T b ^ + yi a z 6 ]), t% 



that will define the connecting Norden operators r]i aai in these bases as 



n-2 
m 

V5 



12 



11 



13 



1 

v{2' 
i 

y/2> 



V2 



31 



23 



21 



1 

v{2' 



V3 
V6 



12 



14 



1 

g 

"72' 



^3 34 = 

r/ 6 23 = 



"v{2' 
I 

V2- 



(158) 



(159) 
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Table 1: Matrix form of the spin-tensor s for the real inclusions. 





Space 


S 


s in the special basis 


Isomprphism 


1 


< + + + + ++> 


Skk> 




( 1 \ 
10 
10 

\ 1 j 




SU{±)/{±1} * SO e {6) 


2 


"(1,5) 

< H > 


h' 

Sk 




/ 1 \ 
-10 
1 
V -1 I 




SL(2,H)/{±1} SO e {l,5) 


3 


(2,4) 

< + + > 


Skk' 




( 1 \ 
1 
10 

\ 1 j 




SU(2,2)/{±1} = SO e (2,4) 


4 


(3,3) 

< + + + > 


k' 

Sk 




/ 1 \ 
10 
10 

\ 1 J 




SL(4,R)/{±1} * SO e (3,3) 



From (158), the following conditions 



T = 


U R23 


-R 14 ), 


v = 


j= 2 (R 12 + R 34 ), 


W = 




-R 3 % 


X = 


^(R 13 - R 24 ), 


Y = 




+ R 24 ), 


z = 


^(R^ + R 23 ), 



R 12 = ^iy + w), 

R U =MT + Z), 



V2 y 



R 
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v/2 



R 13 = 
R 23 -- 
R 34 



-u z - t ^ 

= %<y-w) 



imply so that the inverse values Vj l aai have the form 



?7 1 i4 

^13 



1 

v/2' 
i 

V2' 



V 2 3i 
V 1 23 
V 5 24 



1 



rfl2 

V 14 
4 

V 13 



1 

i 

V2> 
i 

V2 } 



V 3 M 

„6 

V 23 
4 

V 24 



And moreover, the equalities 
BP = R 12 



1 

V2' 

I 

V2> 
i 

V2- 



R±l 
R34 



R 34 



R 13 



R 34 
R 24 



R 



12) 
1? 



(160) 



(161) 



(162) 



31 



30 



will be true. At the performance of (162), choose the covector basis coordinated 



with the basis (156) as follows 



X a = s aa ,X a ' = (0, 0, 1, 0), Y a = s aa ,Y a ' = (0, 0, 0, 1), 

Z a = s aa ,Z a ' = (1, 0, 0, 0), T a = s aa ,T a ' = (0, 1, 0, 0). 
This determines the Hermitian polarity 

/ 1 \ 

1 

10 

\ 1 / 



(163) 



$ nn' 



(164) 



by which the bundle A C (S) (its base is M.® 2 4 ,) is endowed. It follows that the pffafian 
of the bivector R ab has the form 



pf(R) := \R ab R ab = 
= 2(R 12 R M - R 13 R 2i + R U R 23 ) = 
T 2 + V 2 - W 2 - X 2 - Y 2 - Z 2 . 



(165) 



In the special basis for the remaining inclusion cases, the matrix form of the spin- 
tensor s is given in the table [T] 



2.2.4 Infinitesimal transformation 

Suppose we have K a "(X): a one-parameter family satisfying the condition 

g a5 = Kj{\)K s \\)g^ Kj(0) = 8 J. (166) 
The infinitesimal transformation, corresponding to it, is defined as 

d 



dX 



A=0 



Then from (166), the equation 



T a j3 — —Tp 



(167) 



(168) 



follows. According to [23], v. 1, p. 176 (eng)], from (166), the equation (168) follows, 

(169) 



and from ( 168 ) with the help of the exponent 



Kf{\) := exp(XT s 



we can obtain (166). 



Suppose also that an one-parameter family S a b {X) 

S a \X)S c d (X)S ai b ^X)S Cl d ^X)e bblddl = e aaiCCl , S a b (0) = 5 b (170) 
is given. We will differentiate it assuming 

d 



T 



dX 



S a \X) 



(171) 



A=0 
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and we will obtain 

e^ccja] = & T a a = 0. (172) 

The opposite is true. Let 

S a \X) := exp{XT a b ). (173) 

Then the following identity 

S a b (\)S c d i\)S ai b ^\)S Cl d ^\)e bblddl = 

= exp{XT a b )exp{XT c d )exp{XT ai ^)exp{XT Cl d ^e bblddl = (174) 

ddt{(iXp{XT a y)S aaiCCl &Xp(Xtv{T a ))£aaicci £-aa\cc\ 

is satisfied. Since 

Kj{\) = \v« aai V^ bl 2S [a b (X)S ai] h (X) (175) 

then, differentiating with respect to A, setting A = 0, and lowering the superscript 
with the help of the metric tensor g a p, we obtain 

T aP = \rj a aa ^p hbl (T a b 5 ai b ^ + T ai h 5 a b ) = A afib a T b . (176) 



Now, the purpose of this subsection is visible. In fact, (176) is an algebraic inter- 
pretation of the isomorphism between the Lie algebras 

so(6,C) S s/(4,C), (177) 



and the definition (43), given at the beginning of this chapter, is quite justified. 



2.3 Generalized Norden operators 

If the complex analytic Riemannian space C^ 6 , which will be the base of the 
tangent bundle r c and bundle A, is set then there is the tensor g a f}{z y ) which is the 
metric tensor. This tensor is analytic on z 7 , where z 1 are the coordinates of a base 
point. The tensor value at the point 0(z 7 ) is denoted as g a/ 3 

9aP ■= 9ap(z2). (178) 

Since, the tensor g a p has a symmetric matrix, it can be reduced to the diagonal 
form by means of a nonsingular transformation P Q 7 

9aP=Pa' i Pp%S, Pa 1 .= Pc?{z 5 ), (179) 

where Pc?{z s ) are analytic functions of the point coordinates. But for the tensor 
g a p, the following relations 

g^ = 1/4 ■ v a aa 1 ¥b bl e aaibb \ e aM = rj a aa ^^g^ (180) 

are executed, where f] a aai are the connecting Norden operators satisfying the relation 



(40). Then from (179), the equation 

9ap(z2) := (^"VC^V = (P-'yriP-^Va^V^Baa^ (181) 
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follows. We define generalized connecting Norden operators as 



Va aai (4) 



(P 



£-abcd\Z 



e \ z o) e : abed j ^1234(^0 



S\Z" 



(182) 

As the root we can take any of the two options. Generally speaking, <C ' ^> can be 
omitted since all calculations are valid for an arbitrary point 0, and at the same 



time, the functions P Q 7 (2; 5 ), s(z s ) are analytic. Then from (180), the identities 

(183) 



g"f>( z S) = 1/4 ■ r] a aai (z s )^ bbl (z s )e aa ^(z s ), 



-.aaibb 



i(z s ) = rj a aai (z s )rip bbl (z s )g a P(z s ) 
will follow. Below, we shall use the generalized connecting Norden operators. 



3 Connections in the bundle A c with the base CV 

This chapter is devoted to the depiction of the two approaches to the introduction 
of a connection in the bundle A c . The first is described in the monography [53], and 
the second is determined with the help of the Norden-Neifeld normalization theory. 
In the first subsection, the two definitions of a connection in the bundles according 
to these theories are considered. 

In the second section, we consider a normalization of a maximal planar generator 
manifold for a quadric CQq embedded in the projective space CP7. This manifold 
is diffcomorphic to the one of all points of this quadric. Considering the derivation 
equations of the normalized family of maximal planar generators, we arrive to the 
Norden connecting operator definition in terms of Neifeld operators. If in the bundle 

we consider the quadrivector e a bcd a s the metric tensor antisymmetric in all 
indices then the metric tensor Ga* is induced on the base, and therefor the maximal 
planar generator manifold transforms to the real pseudo-Riemannian space V/g g \ 

with the complex structure /a*. We can move to the complex representation of 
our manifold taking the space CV 6 as the base. A 4-dimensional cone generator 
of the 8-dimensional space CM 8 (i.e., in the projective geometry, this will just be a 
3-dimensional generator of the quadric CQ6 C CP7) corresponds to a fiber of the 
bundle A c with the base CV 6 . Then we obtain that the torsion-free Riemannian 
connection, introduced by the formulas 

V a 5/3 7 = 0, Va'gp'-y' = 0, 
can be uniquely prolonged to the equiaffine connection in the bundle A C (CV 6 ) 

^a£abcd = 0, V '„/ '£ ; Q < '{,/ c > d< = 0, 

where a, /?,... = 1, 2, 3, 4, 5, 6. The existence and the uniqueness of such the connec- 
tions are proved in this chapter. 

Next, the real torsion-free Riemannian connection, induced by the inclusion ^ C 
CV 6 , is described. Such the connection must be coordinated with the involution, i.e., 
the following relation 

v a s/ =0, v a ,s/ = o 

must be satisfied. Then using the results of the first chapter, we introduce either 
a Hermitian polarity or a Hermitian involution in the bundle A c . The specified 
structure must be a covariant constant. The bitwistor equation 

v a{b x c) = q 

is obtained from the results of these subsections. This equation is a conformal invari- 
ant and an invariant under a normalization transformation. Solutions of this equation 
will be discussed in the next chapter. 
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3.1 Connection in a bundle 

Let a bundle R with the base V?™ n ) an< ^ fibers isomorphic to C fe be given. We 
define covariant derivative operator acting on the bundle R along a vector field X 
as a mapping between two smooth sections of the fiber C k 

V x s : x i — ► V x s(x), (184) 

where s(x) is section. If X — ^ then this will give the decomposition 

Wj L s = V i s, (185) 



where i,j, k, ... = 1, 2n. The operator Vj must satisfy the following relations (which 
incidentally can be put in its definition) 

Vi{X a + Y a ) = ViX a + ViY a , 
W l (fX a ) = fW l X a + X a WJ, 
Vi(X a Y a ) = Y-VjX. + X a V t F a , 

V,X a ' = ViX", V t X a , = V,X a , (186) 
V t k = 0, 
Vi(g + h) = V ig + V t h, 
V i (gh)+gV l h + hV i g, 



where a,b,c,...,f = l,n. In this case, k, g, h are analytical functions, k = const; 
X a , Y a are vectors of the fiber C k x) and X a , Y a are covectors of the dual space C* k x . 
In the basis s a (x) of the fiber C*, the section s(x) can be decomposed as 

s = s a s a (187) 

so that the connection coefficients are determined from the following equation 

V,s a = rVs c . (188) 

Then the differentiation can be accomplished as follows 

ViX a = d { X a + T ic a X c . (189) 

The repeated covariant derivative is written down as 

ViVjX" = diVjX* - T tJ k V k X a + T ic a Xj C . (190) 

By T, we denote the connection defined by means of Ti k in the tangent bundle. 
The tensor T{ k defining with the help of the relation 

2V [l V ]] f = T l3 k V k f (191) 

is called torsion tensor of the connection Y. The tensor Rijk defining with the help 
of the following condition 

(2V [i V j] - TifV^X* = R l3k l X k (192) 
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is called curvature tensor of the connection T. If the torsion is equal to zero then 
the operator V is called symmetric covariant derivative operator. 

Let Vj be a symmetric covariant derivative operator, and Vj is an arbitrary 
covariant derivative operator. Then 

(Vi - V,)/ = 0, (193) 

and we can define the tensor Q ib a called strain tensor 



(Vi - Vi)X a = Q lb a X\ {Vi - Vi)X a = -QjX b , 
(V - Vi)X a ' = Q lbl a 'X b ', (Vi - Vi)X a , = -Qj'Xv. 



(194) 



If R = t m (V^s) is the tangent bundle then the torsion of the operator V, has the 
form 

Tij k = 2Q {ij] \ (195) 
where Qij k is strain tensor in the tangent bundle. 

3.1.1 Normalization (spinor normalization) of the quadric CQq in CP7 



Consider a nonsingular quadric CQq embedded in the projective space CP7. It 
can be described by means of the equation 

G AB X A X B = (X,X) = (A,B, ... = T78). (196) 

Based on the Cartan triality principle [3 p. 119(eng)], the manifold of quadric points 
is diffeomorphic to a manifold of 3-dimensional planar generators representing one 
and the same family (so we have the three manifolds are isomorphic to each other). 
Basic points of these generators 

X a = (X a A ) (a, 6, ...,p, q, ... = M) (197) 

determine the equation 

(X a ,X b ) = 0. (198) 
We define a planar generator with the help of its matrix coordinate Z = (Z%) [33] 

X a :=A a + B p Zl (A a ,B p ):=d ap , B a :=d a *B p (199) 



then from (198), the equation 

Z a b = —Zba, Z ab \= d ap Z V a (200) 

follows. This means that X a depend on the 6 complex parameters. As is well known 
[TTj . [T3] , spinor normalization of a maximal planar generator manifold is defined 
by means of the giving of such a real differential correspondence between maximal 
planar generators of the quadric 

/ : CP 3 (X a ) CP 3 (F P ) (201) 
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that the generator CF 3 (X a ) corresponds to the plane CF 3 (Y P ), which does not inter- 
sect the first. For the six- dimensional quadric, these planar generators must belong 
to one of the two family. We will require that the normalization was harmonic [22j 
p. 209] . In the local coordinates, the normalization is determined by the parametric 
equations 

X a = X a (u A ), Y a = Y a {u A ) (A,tt,... = M2). (202) 
In this case, the relations 

(X ai X b ) = 0, (Y p ,Y q ) = 0, (X a ,Y p ) = c ap (203) 

are executed. Due to the nondegeneracy of c ap , we can define 

Y a := c ap Y p , c ap c pb = 51 (X a , Y b ) = 5 a b . (204) 



3.1.2 Neifeld operators 

Derivation equations of the normalized family of maximal planar generators 
have the form [TTJ, [T3] 

V A X a = Y b M Aab , 

r b — V AT.ab l ZU0 J 



X a N A * 



Then from (203), the equalities 



M, 



A(o6) 



o, A^ A ( ab ) = o, r 



Aa 



Ao 



(206) 



will follow, where T Aa c are the coefficients of the conformal torsion-free pseudo- 
Euclidean connection in the complex vector bundle whose the base is the maximal 
planar generator manifold. Note that the complex vector bundle is the metrizable 
in the sense that in it we can set a field of the metric quadrivector e a bcd- Since 
the normalization is harmonic then the connection, defined above, is equiaffine: the 
quadrivector e abc d is a covariant constant. It allows to use e a bcd for the transfer of 
indexes. The operators M A ab are connecting operators so that each bivector of the 
fiber associates with the real vector of the tangent bundle 



V 



ab 



M A ab V A . 



(207) 



This correspondence is bijective. It follows that we can determine 



M Aab M Acd 
M Aa ' b 'M Acd 



5 ab 



det 



M Aab 
M Aa i b i 



^0. 



(20£ 



Then the operator 



-(5 A * + if A *) = -M Aab M 



<S/ab 



(209) 



is Norden affinor jTTj such that 

f A *M Acd 



-iM 



tycd 



(210) 
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where /a* is the operator of the complex structure 

f = -E. 
Let's define Neifeld operators m a A as 

8. 



m a A mP \ 

A - 8' 

m a mr a 



m a 

- a' 

m a 



according to [TO], and then 



A/ 



1 



^0 



(5a + «/a )=m a A m a (a, 13, ... = 1,6) 



(211) 



(212) 



(213) 



is the same Norden affinor. At the same time, 

/a ra Q = -«m Q • 
This means that we have the following decomposition 



(214) 



m a A = - Va ab M A ab 



(215) 



which defines the connecting Norden operators i] a ab = —r] a ba . For an arbitrary 
tensor A\^, we will have the following decomposition 



a a/ 3 — m Q , A m / 3*y4 A *, 



®>abcd 

M A ab M* cd A^ } 



(216) 



In this case, the metric quadrivector will correspond to the metric tensor Ga<i> so 
that 



9aB — m a ™B <^A*, 
Qa'B = 0, 

The inverse relationships have the form 

^ - - ab ji t cd r 



^abcd 

Za'b'cd = 0. 



(217) 



G*A* = -^{M\ ab M^ Cd E a bcd + M\ a b Mq, C d Ea'b'c'd') 



rf ab = m a A M A ab , fj a a , v = m a A M a i b > , 
t'ab = m a \M A ab = 0, fj a a>b> = m a k M A alb , = 0. 



(218) 



The last pair of the equations appears due to the analyticity of M A ab . From this, 



taking into account (208), (212), (215), the equations 



V a abr)a cd 



M A ab M A cd = 8$, lv a a VcdK d b = 5 J 



(219) 



will follow. Thus, the maximal planar generator manifold is equipped with the metric 
tensor Ga*, and therefore this manifold is diffeomorphic to the pseudo-Riemannian 
real space V^ e ^ with the complex structure /a*. 
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3.1.3 Real and complex representations of the connection 



Let us construct a more general connection. We say that two connections are 
equivalent if they define the same parallel transport along any curve of the base. The 
complex and real representations are carried out according to [7, p. 169-178(rus)]. 

Theorem 1. Let V^ n s be a real pseudo-Riemannian space with the complex struc- 
ture and CV n be a complex analytic Riemannian space. Let CV n be the complex 
representation of V?™^ . Then the two following definitions are equivalent ( specify 
the same connection) 

1. In the tangent bundle 7" R (K^ n n J, there is the torsion-free Riemannian connec- 
tion such that the tensor m a A is a covariant constant 



0. 



Va?'?'?.^ = 0, V fJU a ^ = 0. 



(220) 
(221) 



2. In the tangent bundle T C (CV n ), there is the torsion-free Riemannian connec- 
tion such that the tensor m n A is a covariant constant 



Y<*9fa = 0, 

V<yg/3 7 = 0, 



0. 

= 0, 



v^* = 0, 

V^/m a * = 0, 



and the definition 



is made. 



m Q A V A , 



V Q > := m Q / A V A 



(222) 
(223) 

(224) 



Proof. 



First. Let Connection 1). exists then we multiply (221) by mp and obtain 



V A m a * = 0, 
= m/VAWa* = V^ma*, 
= m/3' A VAm tt * = V^m a * 



(225) 



taking into account the definition (223). Inverse. Assume that (223) is executed 
then obtain 



V a := m a A V A , 



A„ A V A 



(226) 



taking into account the definitions (212) and (213). We will combine these two 
equations and obtain 



V A = (A* A + A^Va = m a A V a + m a \V a ,. 
Then from the condition ( |223 ), the identity 

Vatti' 3 * = m a AVam^ + m a 'AV tt 'm^ = 



(227) 



(228) 



38 



follows. 

Second. Because, from (221) or (223), the covariant constancy of the complex 
structure operator will follow due to the performance of (214) then the existence of 
the affine connection in the tangent bundle T C (CV n ) will imply according to jU v. 
2, pp. 135-139(rus)]. Considering the torsion-free Riemannian connection, we find 
that if we know Connection 1)., we can define Connection 2). with the help of the 
condition (221) rewriting as 

V K J := r Ae *m a e m^ + m^d A mJ, t A J' := r A0 *m Q W * + m^d A m a ,* 

(229) 

And if we know Connection 2). then we can define Connection 1). rewriting the 
condition (223) as 

* 



r,a'e* := r 0' cP 'm a e m^ + r ( g/ a / 7 'm a ' e my* — ■m a ®dpm ? ! — m a ' ' e df. 



>m n i 



(230) 



At the same time, the equations 



J-A6 •— 1/36 ™A + J- /3'0 ™A, 1/36 — J- A0 TUft 

dp = m^*^, dpi = rhpi^dq,, 



F v 

J- /3'8 



*™ A 



Tag 



'A = m^AC/3 



5fl + vnP A dw 



(231) 



are executed. 



Third. From (212) and (213), the equations 



9a/3 



Ger Aa T — rr > a ■ rn ^ - 



\{Ga_^ + iG e ^ A f^ 



wr A m^^g a p, 



|(G A * - iG @ ( A U) e ) = m a ' A m^ 'yg a '/3> 
G A y = m a A m l3 q ,g al3 + m a ' ' A m p '^g a ,p 



(232) 



will follow. Therefore, from the conditions (222), the equation (220) will follow too. 
Conversely, if ( 220 ) is executed then we have 



nia^m^ m^V a Gxhq = V a g/3 7 = 0, 

m a i A m^ j gm 7 e V A G^e = <^ Vo/p/^ = 0. 



(233) 



Fourth. Since, Connection 1). is the unique, then Connection 2). is the unique 



too. 



□ 



Note that for an analytical connection, the analytical conditions have the form 
T a ,^ = 0, <9 Q ,m/ = V a /m/ = 0. 

Theorem 2. Let the real pseudo-Riemannian space be given as the base of the 
bundles. Then the two torsion-free connections, given in the bundles T R (V^g 2 6 ^) and 
are equivalent: 

1. the Riemannian connection, defined in the bundle t r (V^ 6 ^) by means of the 
condition 

V A G* = 0. (234) 
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2. the Riemannian connection, defined in the bundle A c by means of the condi- 
tions 

V A e abcd = 0, y Ata'b'c'd' = 0. (235) 



Thus, Connection 2). is uniquely determined from the conditions 



V A My ab = 0, V A M* 



a'b' 



0. 



(236) 



Proof. In the tangent bundle, the torsion-free Riemannian connection, defined with 



the first condition (236) as 



the help of the condition (|234|), always exists and it is the unique. We will rewrite 

(237) 



v A M* aai = <9 A M* aai - r A * e M© aai + r Ac a M* cai + r Ac ai M* ac = o. 

Multiply this equation by M* aci 



r Aci ai 



--(M\ cl d A M* aai - r A * e M e aai M\ cl + r Aa a 5 cl ai ; 



(238) 



Besides, from the conditions (235) and ( |208 ), the equation 

^M^M* cd «9 A (M e a6 M 6crf ) - 2J 



1 r-abcda r-. 
£ OhSabcd 



21 



£ a (y A s abcd + 4r A [ a fc £: 



\k\bcd] 



1 r-abcdj^ k,-. "p k 

a £ 1 Aa ^kbcd — 1 Afc 



(239) 



follows. On this basis, the equation (238) can be put in the definition of Connection 
2). 

Suppose that in the bundle A , there is another operator of the symmetric 
covariant derivative V A such that 

V A e abcd = (V A - V A )e abcd = & Q Ak k = 0, (240) 

where the tensor Q Aa b is the strain tensor defined in the bundle A c . Let the tensor 
Q\y e be the strain tensor in the tangent bundle ^(V^^). Consider the action of 
these operators on a bivector R ab = M^ a6 r* 

(V A - V A )R ab = (Q Ak a 5 t b - Q Ak % a )R kt = M^ ab (V A - V A )r* = M* o6 Q A8 *r e , 

(V A - V A )R ab = -M e a6 Q Ae *r*. 

(241) 



From this, the identities 



M* a6 Q A e*r = 2Q A[k a 5 t] b R kt , 
M* ab Q Ae *r @ = 2Q A[k a 5 t] b M e kt r @ , 
M* ab Q Ae * = M e kt 2Q A[k a 5 t] b = 2M e k[b Q_ Ak a] , 
Qabv — M e kb My ab Q Ak a + M e k b Mm a i b iQ Ak i a 
= —M^ kb M eab Q Ak a — Mq, k b M @a r b >Q Ak i a 



(242) 



will follow. Whence, we obtain 



Q 



A6^ 



-Q 



(243) 
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In the absence of the torsion, we have 

Qa6* = Qsav (244) 

then 

Qa6* = 0, (245) 
and this means the uniqueness of Connection 2). □ 

Corollary 1. Let as the base of the bundle, the complex analytic Riemannian space 
CV 6 be given. Then the two torsion-free connections, given in the bundles t c (CV 6 ) 
and A c , are equivalent: 

1. the Riemannian analytic connection, defined in the bundle r c (C\^ 6 ) by means 
of the conditions 

V a g M = 0, V«^ v = 0. (246) 

2. the Riemannian analytic connection, defined in the bundle A c by means of the 
conditions 

V ' otEabcd = 0, V a'ta'b'c'd' = 0. (247) 

Thus, Connection 2). is uniquely determined by means of the conditions 

V«V b = 0, V a ,fj/ V = 0. (248) 



Proof. The proof follows from Theorem [TJ Theorem [2j the analyticity (218), and the 



equation (214). In particular, the analyticity of rjp means d a irjp = 0, and from 



(214), the equality T^tf 1 = implies. □ 



3.1.4 Involution in 



Suppose now that in CP7 an involution is given in the sense of [TU] 

S A , B S B D ' = 5 A , D ' (249) 

then the condition of the reality of the point X A takes the form 

S A B 'X A = X B '. (250) 

We require that this involution defines an embedding of a real quadric in the complex 
one. This is equivalent to that the tensor, defining the quadric, is self-conjugated 
with respect to this involution. Then maximum planar generators of the real quadric 
must satisfy the conditions 

1). S A , B X$s a a ' = X?, 2). S A , B X A 's aa ' = X aB . (251) 

Here the spin-tensors s a a ' and s aa ' define Hermitian involution and Hermitian po- 
larity in the complex bundle respectively. These two cases arise from the fact that 
in the bundle with fibers isomorphic to C 4 , we do not have a tensor with which the 
help single indices can be raised and lowered. The first case means that the genera- 
tor itself and the conjugate one belong one and the same family, in the second case, 
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these generators belong to the two different families. Therefor, all possible cases 
of real inclusions are exhausted that follows from the results of the second chapter. 



From fll20D , (|249[)-(|251[) , the identities 

1). s/s a , b = ±5 a \ 2). s aa ,s a ' b = ±5 a b 



(252) 



will follow. Next, we consider Item 2). only as the most interesting from the 
standpoint of physics [2"31 v. 2, p.68(eng)]. Item 1). is treated similarly and we omit 
it. Then 

(253) 

Sab' (254) 



X b> = -b'a x ^ 



Therefore, we can write down the expression 

(x a ,x 6 ') = o, (r p ,f') = o, (x a ,Y b , 



equivalent to (203), (204). Put 



(255) 



then from (254), the identities 

M Ka , v = -ls ca ,s db ,e cdab M I 



Aabi 



will follow. Therefore, by means of the equation 



1 



V A s af / = 



S A W = -(M Aab M* c , d ,s c a s d » + M Aa , b ,M B cd s ca s db ), 



(256) 



(257) 



we define the real involution 

S\ e So q> = 5a*, M Aa / b i = —Sa* 1 My a > b >, SA @ fe A — —fA B Se A - (258) 
In addition, we can define the complex representation of the involution according to 



0. 



Sa 13 ' = m a A m /3 ' x&Sa^ , 



(259) 



3.1.5 Riemannian connection compatible with the involution 



Corollary 2. Let the complex analytic Riemannian space CV 6 be given as the base 
of the bundles. Then the two torsion-free connections, given in the bundles r^CV^ 6 ) 
and A C (S) are equivalent: 

1. the Riemannian real connection, defined in the bundle r c (CV 6 ) by means of 
the conditions 

= 0, V a S/ = (260) 
(such the connection we call connection compatible with the involution). 
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2. the Riemannian real connection, defined in the bundle A C (S) by means of the 
conditions 

V Q e afecd = 0, V a s aba < b i = 0. (261) 
Thus, Connection 2). is uniquely determined by means of the condition 

V a V 6 = 0. (262) 

Proof. Under the conditions of Corollary [Tj we consider Connection 1). specified by 
means of the conditions ( 248[ ) then from the reality of the conditions, the equation 

S/B Y = dp (263) 

will follow. Therefor, from the covariant constancy of the involution tensor, we give 

V 7 = S/Vp (264) 

that will define the real connection. If we put 

Saba'b' '■= ^abVp'a'b'Sj 3 , (265) 



then from (262) and (260), the equation 

VaSaba'b* = (266) 

will follow. □ 

Corollary 3. Let the real Riemannian space V% 4 \ be given as the base of the bundles. 
Then the two torsion-free connections, given in the bundles t r (V^^) and A (S), 
are equivalent: 

1. the Riemannian real connection, defined in the bundle r R ( V% ^ ) by means of 
the conditions 

V i9jk = 0. (267) 

2. the Riemannian real connection, defined in the bundle A C (S) by means of the 
conditions 

^iSabcd = 0, ViS M = 0. (268) 
Thus, Connection 2). is uniquely determined by means of the condition 

ViT]j ab = 0. (269) 

Proof. It follows from preceding Corollary [2] under the condition of the covariant 
constancy of the inclusion operator Hi a which will determine the appropriate con- 
nection. We will only prove the covariant constancy of the Hermitian polarity tensor. 
Since, 

^aSabc'd 1 = V a S[a\c'\Sb]d' = 0. (270) 

Deploying this equation by the Leibniz rule and contracting with s ac \ we get 

V«s M / = -l/2s bd >s ac 'V a s ad . (271) 

After the contraction with s bd ' of this equation, we finally obtain 

s ac 'V a s ad = 0, V a s ad = 0. (272) 

□ 
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3.1.6 Bitwistor equation 



From fl205) , gjgj ), ( glS] ), assuming 

V ab := rf ab V a , (273) 

we obtain 

V a X a = YVa6 ^ V cd X a = F b e cdafe (274) 
such that the equations 

V <d X a) = 0, V c{d X a ^ = 0, (275) 

the last of which we called bitwistor equation, are executed. Using this equation, 
we can investigate the conformal structure of the spaces CM 6 . It should be noted 
that the bitwistor equation does not change under conformal transformations of the 
metric and this equation is invariant under normalization transformations in the 
sense of [TT], [TB] . 

Proof. Indeed, suppose that a conformal transformation of the metric has the form 

g a p 1 — ► 9ap = ^ 2 9af}- (276 

Then from the equation 

V ' a iabcd = V ' a £ a bcd = 0, (277 

the condition 

= V a (Sl 2 e abcd ) = e ahcd (2£lV a £l - n 2 Q ak k ) = (278 
will follow. Let's put 

B a := l -Q ak k . (279 

Because V Q and V Q are symmetrical operators then in the tangent bundle r € (CV 6 ) 
the equation 

Qa/3-y — Q/3a-y (280 

is executed. Then in the bundle A , the relations 

@ccia b = B ca 5 Cl b — B Cia 5 c b , B ah = —B ha (281 
are executed too. Then 

B a = l -r] a ah B ab = Q^VM- (282 

Put 

X c = X c . (283 

Then, according to 

V a &X c = W a bX c + 2B[ a \ k \5 b fX , (284 

we obtain 

V a(b X c) = tt- 2 V a{b X c) . (285 
This means that the bitwistor equation is a conformal invariant. □ 
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Theorems on the curvature tensor. The canoni 
cal form of bivectors of 6-dimensional (pseudo- 

»6 



Euclidean spaces MS s with the even index q 



Since the connection, introduced in the tangent space of CVg, satisfies the equa- 
tions 

V a g 7 s = 0, V a 'gys> = 
and the connection in the bundle A c is determined from the relations 

V a ri ab = Q, V Q ,^ Q ' h '=0 

then we can choose a nonholonomic special basis such that the metric g y s will have 
the diagonal form with <C+1^ on the main diagonal in this basis, and the coordinates 
of the generalized connecting Norden operators will be some constants (similar to the 



formulas ( 159 )-( 161 )). From this, it follows that the coordinates of the operators 
1 b 



A a pa b w iH be some constants in the basis. Then the curvature tensor with the help 



of the operators A a p a can be represented as 

p A b a d t> a c 

In this case, knowing the structure of the spin-tensor Rb a d c , we can restore the struc- 
ture of the curvature tensor. But the study of the structure of the spin-tensor Rb a d c is 
facilitated by the fact that it does not almost contain non-significant components. In 
the 4-dimensional case, similar tensor, called curvature spinors |23j . greatly simplify 
the classification of the curvature tensor of the 4-dimensional space. This classifi- 
cation was undertaken for the first time by Petrov with the help of direct tensor 
methods. Therefore, it is expected that it will be easier to classify the spin-tensor 
Rb a d c rather than to deal with the classification of the tensor R a p 7 s- The first part 
of this chapter is devoted to the interaction between the tensor and the spin-tensor. 

The canonical form of a skew-symmetric bilinear form for the even index q of 
the metric of the space R® p q s is discussed in the third subsection. This form in the 
special basis has the representation 

^R a0 X a Y = R 16 X^Y^ + R 23 X^Y^ + R 45 X^Y 5 l 

In addition, such the fact as a correspondence between vectors of C 4 and isotropic 
simple bivectors belonging to the isotropic cone Kq of CM 6 is established. This 
correspondence will determine a vector up to the factor re lQ € C. Based on this 
correspondence, we can talk about the geometric interpretation of isotropic twistor 
of C 4 (in the sense of s aa 'X a X a — 0) into the space R® 2 A y To implement it, we need 
to learn how to compare isotropic vectors belonging to the cone Kq. Therefore, using 
the stereographic projection, we have an invariant (coordinate-independent) way to 
define a vector, tangent to Kq and applied at the point P. Its norm, taken with the 
sign is associated to the isotropic vector K with the beginning at the apex of 
the cone and the ending at the point P. This norm is called extension of the vector 
K. Then we can choose the unit vector k and compare all isotropic vectors with this 
vector. In this case, the ambiguity of the correspondence can be removed as follows: 

1. flagpole: r is the extension of any isotropic vector determined by the specified 
isotropic simple bivector (the isotropic 2-plane) belonging to the cone Kq; 

2. flag-plane: the plane II is spanned on the flagpole and the vector orthogonal 
to the flagpole. is an angle of the rotation of the 3-half-plane II around the 
flagpole. 

The resulting interpretation is similar to the correspondence between spinors and 
isotropic vectors of the Minkowski space discussed in the monography |23j . 
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4.1 Theorem on bitensors of the 6-dimensional space 

Before to pass to the investigation of curvature tensor properties in the space 
CV 6 , we consider the following theorem. 

Theorem 1. The classification of a bitensor, possessing the properties 

Ra/3-yS = R[a/3] [-y5] j RafiyS + RaSfS-y + Ra^Sp — (286) 

and belonging to the tangent bundle r (CV e ) over the analytic Riemannian space 
CV 6 , can be reduced to the classification of a spin-tensor R a b c d of the 4- dimensional 
complex spinor space such that 



s d d r 
c s ■ 



Besides, the equations 



p k r Ti r k n p d r p r d 



are executed. The decomposition 



(287) 



(288) 



R 



d r /~i d r 



a 



dr 



R(35 s \ r -26/6* 



c s ± cs 
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corresponds to the decomposition of the tensor R a p lS 

V 5 = C a ^ s + R [a b gp[ 5 1 - 1/10% [Q ^ g/3] 5 1 



(289) 



(290) 



on the irreducible components not resulted by orthogonal transformations. These 
components will satisfy the following relations 



Pcs rd = -*(Rlc lr ») dl +Rk lr [c W 6 t 



cs "^y-L^lc s\ T J-i<le \c u s\ Ji 

f~i d r D (d r) I x pi dr r s~i d 

<^c s — -tl(c s) + 77; ' K0 {s Oc) j a 



R< c (d s / ) + ^-R6 (s d 6 i 



d r 



R = R H p 



o p r k p 



c^ d s) r \ 

M - 1/2 • R6 c d , 



r> d I 
til s 



■R6* 



the last of which is equivalent to the Bianchi identity (286). 



Proof. On the basis of (41), we have the following equality 

Ra^S = 1/16 • T] a aai r}f3 b 1 rj/ Cl r]s ddl R a a 1 bb 1 cc 1 ddi- 

Put 



pdr 1 p dk rt p 



■ Vp CS Vyrd ■ Pc 



rd 



From this, taking into account (43), the formula (287) follows 



p A c a spdr 



(291) 

(292) 
(293) 
(294) 



(295) 
(296) 

(297) 
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Then the equation 



R/3S — Ra/3 a 8 



is executed. Put 
then 



Aa/3d C A a 5r S Rc d / = (V^VSrd + V^VSkr^d^R, 



d r 



R 



[<T|fc| 5 S ] 



P cs rd :=-4(R i c lr ,] d] -R{c k \k\ [r 6a] d] ) 



R 



88 



TVp CS V6rdPcs rd , 



and this proves the formula (291). Since, the scalar curvature is given by 

p _ p B _ 1„ cci„(3 p aai _ 1_ cci p aai _ lp aai _ _op r fc 
-"'p 4'/p '/ aai- 1 cci 4 c aai - 1 cci 2 aa i » r ' 

and, moreover, the equation 

P fcs M = -±{R[k [k s] r] + R[r k \k\ [r S s] d] ) = 

a ( \T>dk\\(T>rkzd\AT>dk op d k\\ P r A; r d 1 pr d 

— — e ±\— s + il-^A: r S + s — Z-Kfc s J J — — -Kfc r S — ^-^"s 



(298) 

(299) 
(300) 

(301) 



(302) 



is executed then the formulas (293) will actually be true. 
The Bianchi identity (286) can be rewritten as 

(A a pd A^Sr + A a ^d AsfSr + A a Sd AfSjr ) " Rc s = 0. 



(303) 



Contracting this equation with J 4 Q/ Y^ 7<5 m n and taking into account (47), we will 
obtain 

/IP'krni/fpnrri r> p I k r n op n h I 

m t + 4/t r t m — Zitfc t m — Z-Kfc m O t — 



OP r k c n r £ , p ft re nr 
— Zitfc r Ot m + iX r k m 0, 



k r e iir I 



0. 



(304) 



Contracting this equation with <5 n 4 , we will obtain the formula (294). In this case, 
all 15 significant equations are stored (all calculations are given in Appendix (496)- 
([498])). 
Put 



C a (P '■ — A n p, r ] A^ 1 r C, 



aBd 



d r 



r ^ c s i 

CV 5 := R«P JS ~ R[c h 9B] 5] + l/10Rg [a b g m 5] . 



(305) 



From (43) , (291) , (293), the equations 



R[a h 9B] S] = A apd c A^ s r s ■ ^(P sc dr - l/2R5 s % r + ^R5 s r 5 c d ) 
9[a h 9B] S] = A apd c A^ 5 r s ■ \{l/25 s r 5 d - 25 s d 5 c r ) 



(306) 



will follow, and therefor the decompositions (289), (292) are executed (all calcula- 

□ 



tions are given in Appendix (499) - (504)). 
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4.1.1 Corollaries from the theorem 



Corollary 1. 1. The simplicity conditions of a bivector of the 6- dimensional 
space CM 6 can be written down as 



0. 



(307) 



The coordinates of the bivector can be associated to the traceless complex matrix 
4x4 such that 



Pl d pJ - l/A( Pl k p k l )5 d = 0. 



(30£ 



2. A simple bivector of the space CM 6 , constructed on isotropic vectors (p a ' 3 Pai3 = 
0), can be associated to degenerate Rosenfeld null-pair: a covector and 
a vector of the space C 4 ; the contraction of which is zero. In this case, the 
given vector and covector are determined to within a complex factor. 



Proof. 1). A bivector is simple if and only if there is the decomposition 

pOt/3 _ J^otyP _ Y°'X /3 



(309) 



Therefore, if (309) is satisfied then the formula (307) will be true. 



Conversely, if the condition (307) is executed then it can be written down as 

(310) 



pOt-yp/38 _|_ pPlp°tS 



0. 



We contract this equation with nonzero covectors T§ and Z 7 , that p' yS Z 1 Ts ^ 

1 



a/3 



Put 



P 



X a :-- 



1 

P X »Z X T„ 



(p^Zy 5 T s - P ^Z lP a5 T s ). 



Y 13 :-- 



P^Z^ 



(311) 



(312) 



whence the condition (309) will follow. Since the tensor R a ^s = p a /3P~/6 satisfies 
the conditions of Theorem ljthen the formula (308) is a direct consequence of the 
Bianchi identity (12941). 



2). Under the condition of Item 1)., we add the isotropy condition 

P^Pa/3 = 



which in view of the formulas (47), takes the form 



- a pc d Pb a Pd 

a„ b 



0. 



A a ? a b A 

Pb a Pa = 0. 

It follows that there exist nonzero X a and Y^, that 



Pa 



X a Y h , X a Y, = 0. 



(313) 



(314) 



(315) 



This formula can be viewed as a consequence of Lemma [T] of the second chapter (it 
is enough to consider the bivector p a ^ = r^ a r2 l3 \ where r\ a and r^ a are the same 
as in the lemma). In this case, X a and YJ, are defined up to the transformation 



^X a , Y h 



(316) 
□ 
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Note that the pair (X a ,Y b ) is Rosenfeld null-pair. In the space CP 4 =' C 4 /'C 
(where 'C s = C s /0), X a will determine the point, and Y b will determine the plane 
with the incidence condition 

X a Y a = 0. (317) 

Therefore, we can define the space CIJ 4 =' C* 4 /'C and the dual space CP 4 . Then 
the space CP 4 x CTI 4 is Rosenfeld null-pair space. It should be noted that such the 
spaces have been studied for the first time in [34] and [6]. 

Corollary 2. In the case of the reality of the bitensor from Theorem^ for the even 
index metric, the condition 

Rab'cd 1 = Rb'ad'c (318) 

is imposed, and for the odd index metric, the condition 

R// = R//' (319) 

is imposed. 

Proof. It is based on the properties of the inclusion tensor s.„"\ □ 
4.2 Basic properties and identities of the curvature tensor 

As an example, let's consider basic properties of the curvature tensor of the 
Riemannian space CV 6 . Because in a nonholonomic basis, the operators A a p a b are 
constant then we can get all properties of the curvature tensor considering the spin- 
tensor Ra C d . The curvature tensor of the space CVq in a neighborhood U satisfies 
Theorem [U We set 

□a d := |(V aA V*- V dfc V afc ), 

(320) 

:= 2V[ Q V / 9]. 

Due to the covariant constancy of the generalized connecting Norden operators, we 
have 

V [a V /3] = \r] [a aai r]p] bl ^aay bbl = 

= ha aa V hl • f (ValaxV^] - V [bbl V a]ai ) = (321) 

= ha aa V fel • U 6 lai ks b n S bl] ^V ak V nni -S [b n 5 bl ^5 a] k V nni V kai ) = 

— iVa V/3 ■ iK^arbb^ V ak V nni ~ £ bb ia d£ v nni V kai ) — 

= - 4 Va aai V? bbl ■ l(e aibbld e kd nni V ak V n ^+2e bbiaid V kd V ka ) = 

= lVa aai m bbl ■ l£a 1 bb 1 dW{n k 5n 1 ] d VakV nni +2V kd V ka ) = 
= ha aai ^a lrf (V an V W + V kd V ka ) = A a p d a ■ KVafcV* - V*V afe ). 

Therefor, 

□a/3 = A a p d a n a d . (322) 
We formulate the few basic statements concerning the operator 
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1. From the Ricci identity 

D a ^ 5 = R Q ^k x6 + R a p X S k lX , n af) ri = R a ^r x 
will follow the identities (k af3 = -k Pa ) 



|-| oil c _ p a cum _ p nu c n 6 cci _ p 6 c mci , p 6 ci 
'a "'a ±L a m "*d 1L a a j LJ n ' Jl n m ' ~ - tl -a m ' 

And from this, we obtain finally 



a -A — -K a m A , U a A c — — rt a c A, 



6 c x^m 



(the proof is given in Appendix (507)-(521 )). 
2. The differential Bianchi identity 

has the form 

V[ cm i?t] r s = 5[ m V c | n | Rt] n r s 



(the proof is given in Appendix (522)- (529)) 



3. Contracting (327) with Sk c , we obtain 



V c ( m -Rt) c r s — 0, 



and the contraction of (328) with 5 s m will give 



V cm i?t c r m — l/8V rt -R 



which is equivalent to the well-known equation 

V a {R aP - l/2Rg af} ) = 0. 



(323) 



(324) 



(325) 



(326) 
(327) 



(328) 



(329) 



(330) 



4.3 The canonical form of bivectors of the 6-dimensional 
(pseudo-) Euclidean space ^ with the metric of the 



even index q 



Theorem 2. (On the canonical form of a bivector.) For the space with the 

metric of the even index q = 0,6, a nondegenerate skew-symmetric bilinear form can 
be reduced to canonical form in some basis 



1 



R a8 X a YP = R 16 X [1 Y 6] + R 2 ,X [2 Y 3] + R A5 X [4 Y 5] 



(331) 



Proof. In the case of the space R(L 9 ) with the metric of the even index q, the 
equations 

R a p = A a p a b R b a , R b a = —R a b, R a a = (332) 

are executed that means that iR b a is an Hermitian tensor in the case of q = 0,6. 
Therefore, the matrix of the tensor R b a is reduced to the diagonal form by trans- 
formations of the group isomorphic to S77(4). These transformations correspond to 
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ones of the orthogonal group SO e (Q, K). It follows that the matrix of the tensor Rb a 
in the special basis has the form 



p a 



( Ai \ 

A 2 

A 3 

\ A 4 / 



(333) 



g = 0,6, Ai, A 2 , A 3 , A 4 e iR, Ai + A 2 + A 3 + A 4 
At the same time, the two equalities 



0. 



7~> a c c TD d na o b nc c c 

Kb — Ob ti c O di O a D b — Oa 



(334) 



are executed. 

Proof. We consider a transformation K a ° from the group SO e (6, 
representation S a b corresponding to Kj 3 from the group SU{4) 



and a spinor 



KjK 7 s R ?s = -A^ a b K [a ak K m Ap Sc d R d c = -\{\8 a h 5 c d - 25 a d 6 c b )K [a ak K m R d c 

Ra A a /3 C 

(335) 



K[ a a Kp} bk R a 



1 /| d iy~ ak tsct p b 
2^-0/30 J^dr ^ bk-Tla 



R 



a/3 



A a Bc d Rd c - 



1 iz ak j/~ ^mncr p 6 

g^dr f^-mn ^slbk 1 ^ -^-afic 



Multiply the both sides (335) by A a/3 p t and obtain 



1 tz akT/~ sl~ r-mntr p 6 p 

gXVp r i\ mn t s ibk<^ -fl-a -fl-p 

lc a Q fcc sc ie- c mntr p 6 1 c a f G £: O s q l c \ c mntr p 6 

2 °[p °r] o[ m o n ] t slbk t -^a ~ 2 [? V r ] m n t kslb) t J^a — 

\S [p a {{S- l )\b\ q e r]m n q )e mntr R a b = i(65 p tt (S , - 1 ) 6 * - 4/ r a (6 1 - 1 ) 6 ^[ 

Cap b( q— 1\ t q av bqt pt 

— Op n a 1^0 jft — Op n a Oft — rip . 



(336) 

□ 



Using the special basis in the case of q = 0,6, we found the corresponding coor- 
dinates of the cobivector from M.® p , 



-R16 


= Ai Ga b Rb a = 


—Reij 




R23 


= A23a b Rb a = 


—R32, 


(337) 


R45 


= A^ a b Rb a = 


— R54. 





□ 

Note that for the case q = 2,4, a similar statement can be formulated. But here 
there will be some difficulties associated with the problem of the diagonalization 
since in this case, in the special basis, the matrix of the Hermitian polarity tensor 
will be different from the identity. 
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4.4 Geometric representation of a twistor in K^ 2 4) 

4.4.1 Stereographic projection 

This part defines the notion extension of the isotropic vector for the space 4 j 
with the metric of the index equal to 4. It will be shown how to choose a vector of 
unit extension. Then vectors collinear to this vector will differ from the latter by a 
real factor r: extension of the flagpole. 

Let the metric of the space 1R^ 2 4 % has the form 

dS 2 = dT 2 + dV 2 - dW 2 - dX 2 - dY 2 - dZ 2 , (338) 

and let a cross-section of the light cone K 6 

T 2 + V 2 - W 2 - X 2 - Y 2 - Z 2 = (339) 

be set by the plane V+W=l. Let's consider the stereographic projection of this 
section on the plane (V=0,W=1) with the pole iV(0, |, |, 0,0,0) so that the point 
P(T,V,W,X,Y,Z) corresponds to the point p(t, 0, 1, x, y, z) in the plane (V=0,W=1). 
Then 

(V - -) 

T/t = X/x = Y/y = Z/z = -- — j-^. (340) 

2 

We make the substitution 

q = — ix + y, u = —i(t + z), T] = i(z — t) (341) 

and obtain 

-iX + Y -i(T + Z) i(Z-T) , . 

Therefore, the metric, induced in the cross-section, has the form 

ds 2 := dT 2 - dX 2 - dY 2 - dZ 2 = _ d ^+ d ^ (343) 

(qq + rjoj) 1 



(the proof of this fact is given in Appendix (530)-(535)). Put 
u q \ 1V ( du dq \ d 



X :=[ " I , dX := - 2 I l^ -= ** % ■ (344) 



—qr] ) 1 ' V -dq drj J ' dX 



d d 



<9? drj 



Then (343) can be rewritten as 



(det(X)) 

Consider the linear-fractional group L 



ds 2 = - ^i , X T + X = 0. (345) 



X = {AX + B)(CX + D)~\ S:=(^q ^J, detS = l. (346) 
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The reality condition, imposed on X (X*+X = 0), gives the linear-fractional unitary 
subgroup LU (2,2) so that the matrix S from ( |346 ) satisfies the identity 



S*ES = E, E:=(° E ^y (347) 

Further, we define the special basis [23, v. 2, p. 65, eq. (6.2.18), p. 306, eq. 
(9.3.7) (eng)] 



(348) 



This relations are the remarkable because it shows as the bivector R ab is expressed 
in terms of its spinor components. Define 



R 12 = 


l/y/2(V + W) 


= u°e 




R u = 


1/V2(V - W) 


= TT ^ 1 


-TfV 


R M = 


i/V2(T + Z) 


= LO°fj° 




R 23 = 


i/V2{Z - T) 


= e* 1 




R 24 = 


l/V2(Y + tX) 




- 


R 13 = 


l/y/2(Y - iX) 


= e* 1 


— UJ^f] 1 



X := YZ-\ Y = AY + BZ, Z = CY + DZ, Y 



(349) 



then from (348), the equations 



b ( (detY)J YZ-\detZ)J \_(Y\ (T t) 

K K ll_ V -(YZ-\detZ) J) T (detZ)J )~\Z ) ^ >' 

(350) 



will follow. Determine 



S:=ISi-\ i-=^( _ E E I )■ (351) 

then 

S*ES = E. (352) 

The matrixes S form the group isomorphic SU(2, 2) so the matrixes S form the 
group SU (2,2). A transformation from the group LU (2,2) is called twistor trans- 
formation. Due to the double covering of the connected identity component of the 
group 5*0(2, 4) (which is denoted as SO e (2, 4)) by the group SU(2, 2) and due to the 
double covering of the conformal group Cf(l,3) [231 v. 2, p. 304, eq. (9.2.10)(eng)] 
by the group SO e (2,4), the existence of the isomorphisms 

SU(2, 2)/{±l; ±i} = LU(2, 2) = C^(l, 3) SO e (2, 4)/{±l} (353) 

will imply. This means that the group LU(2,2) exhausts all conformal transforma- 
tions of the group C+ 4 (l, 3). The matrix S is restored up to a factor A, that A 4 = 1 
(det(S) = l), and whence we obtain the ambiguity. Sine we have the equalities 

Y = AX + B => dX = AdY, Y = X~ l => dX = -X^dXX' 1 , (354) 
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where A and B is some constant matrixes, then 



Z* dX Z = Z* dX Z. 



(355) 



This equation is an invariant under the group LU(2,2). The proof of this fact is 



considered in Appendix (536)-(549). Other invariant can be obtained with the help 
of the identity 



Y = AX + B 



d_ 
dX 



A 1 



d_ 
W 



Y = X 



-i 



d_ 
dX 



8 

V T —V T 
BY ' 



(356) 



where A and B is also some constant matrixes. This invariant will have the form 



-i 9 ^ 
dX T 



dX T 



Z* 



(357) 



(the proof of this fact is given in Appendix (550)-(564)). This means that there 
is a real vector L tangent to the hyperboloid resulting with the help of the cross- 
section of the cone K$ by the plane V + W = 1. This vector is an invariant under 
transformations of a basis from the group LU(2,2) (i.e., coordinate-independent in 
the tangent space to this hyperboloid). The vector L is uniquely determined by the 
matrix 



-l a 
dx T - 



7* —1 



-z 



-l a 
ax' 



1 



(£(-r/V + r^vr ) + J^-^tt 1 + V ^) + 



+ |(-r ? 1 7T° + ^TT 1 ) + I^TT 1 - T^TT )) 



(det(Z)) 2 V2 



(358) 



1 
-1 



For the metric (345), the norm of this vector will be such 

1 



L 



1 



2(det(Y)Y 



(v + wy 



(359) 



An isotropic vector k is called a vector of first type unit extension [231 v - 1> P- 36, 
eq. (1.4.16)(eng)] in the case when k is sets the point belonging to the cross-section 
of the isotropic cone by the plane V + W = 1. Then || L \\= —1 and any isotropic 
vector K collinear with k is defined as 



K=(- \\L\\)?k. 



(360) 



However, when V=-W we will obtain a vector with the infinite first type extension. 
To learn to distinguish between them, it is necessary to set a cross-section of the 
cone Kq by the plane T+Z=l and to enter a vector L with the norm 

' (361) 



(T + zy 



in the same way. An isotropic vector k is called a vector of second type unit extension 
in the case when k is set the point belonging to the cross-section of the isotropic 
cone by the plane T + Z = 1 and the first type extension will not be finite. We 
define extension of the vector K as 
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1. first type extension if such the extension is finite; 

2. second type extension if the first type extension is infinite. 

Note that the vector L is not coordinate-independent in the space K? 2 4) although 
it is an invariant of the tangent space to the hyperboloid resulting the cross-section 
of the cone Kq by the plane V+W=l. Our next task is to find an invariant in the 
space M.% 4 x . 



4.4.2 The geometric twistor picture in the 6-dimensional space 

Now there is a possibility to represent isotropic twistor in the space M.® 2 ^ visually. 
Let's consider a pair of vectors of an equal extension in M( 2 4) 

K a = 7] a ab iT [a X b \ N a = 7] a ab T [a Z b] . (362) 
From Lemma [I] of the second chapter, the conditions 

K a K a = 0, N a K a = 0, N a N a = (363) 
will follow. We choose a vector Y a in such a way to satisfy the conditions 

Y a Y a = 0, Y a X a = 0, Y a Z a = 0, (364) 

e abcd X a Y b Z c T d = X c Z c Y d T d = 1, e abcd = 2AX [a Y b Z c T d] . (365) 
Thus, we will obtain the vector basis X a , Y a ) Z a 1 T a (recall that Y a = s aa 'Y a ') 



Y a Y a = 0, Y a X a = 0, Y a Z a = 0, X a X a = 0, X a T a = 0, 
Z a Z a = 0, Z a T a = 0, T a T a = 0. 



(366) 



Whence, 

e abcd T [c Y d ^ = -2X [a Z b] . (367) 

Therefore, the vectors 

L a = n a ab (-T [a Y b] + X [a Z b] ), M a = V a ab {-i){T [a Y b] + X [a Z b] ) (368) 
satisfy to the parities 

L a = L Q , M a = M a , 
L a K a = 0, L a M a = 0, M a K a = 0, L a N a = 0, M a N a = 

L a L a = -2, M a M a = -2 (369) 
Now we can construct the threevector 

pvfr = 6K la N f) L' r] . (370) 
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Knowing K a , we know T a and X a up to 



X a i— > A x X a + ^T , T a >— > i/jl" + cfet ^ ^ & ) = L ^ 371 ' ) 



Z a i—). A 2 Z a + /i 2 T a , T a i— > z/ 2 Z a + £ 2 T a , det I Aa ^ 2 I = 1. (372) 



And if we know N a then an arbitrariness in a choice of T a and Z a will be such 

A 2 /i 

Therefor, V\ = V2 = and £ 2 = £i. For Y a , we obtain 

F a i — > aX a + /3Y a + 7 Z a + 5T a . (373) 



If we require that two such bases (similar (366)) are related by a transformation 
from the group LU(2,2) then we obtain 

X a i — > T~ 1 X a + fiT a , T a i — > rT a , 

Z a i — > r- 1 Z a + X T a , Y a i — > -xX a + rY a - JxZ a + 5T a , 



Whence, 



XH + fix + t& + f6 = 0, rr = l. (374) 

(375) 



T [a Y b] , — ^ -rxT[ a X fe ] +T 2 T[ a r 6 l -/irT[ a Z fe ], 



Define 
then 



r =: e i0 (376) 



L Q i — ► L a cos(26) + M a sin(29)- 

-i(xr - r^iT + (/if + r/i)iV a ) 
M a i — > M a cos(26) -L a sin(26) + 

+ (xr + f x)^ Q - z(/xf - r/i)iV Q ) (377) 

Therefor, the 3-half-plane, spanned by N a , L a , is coordinate-independent in the 
space R(2 4)- Thus, our design can be presented as follows. The first type extension 
of the vectors K a and N a should be the same. K a and N a determine flagpole: the 
set of vectors with: 

1. the first type extension is equal to the first type extension of the vector K a ; 

2. the start coinciding with the beginning of the vector K a . 

K a , N a , L a determine the 3-half-plane which we call flag-plane. Thus, knowing 
K a and N a , we know the twistor T a up to the phase O. In turn, in the 2-plane 
(L a ,M a ), 20 is an angle of the rotation of the flag (3-half-plane P a ^) around 
the flagpole (N a ,K a ). Therefore, a rotation of the flag on 2it will lead to the 
twistors — T a , and only a rotation on Att will return our design to the original 
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state. In addition, collinear twistors can be distinguished from each other using 
the concept extension of the vector for the K a so that under the transformation 
T a i — > rT a , Y a i — > r -iya ( r g _R\{0}), the flagpole is multiplied by r and the flag- 
plane remains unchanged. Finally, it should be noted that the mentioned geometrical 
structure is uniquely determined by the twistor T a . In the case of the infinite first 
type extension of the vector K a , we consider the cone K4 C Kq on which the vector 
N a lays. But non-zero vectors K a and N a have the finite second type extension 
giving the geometric interpretation of a spinor on the isotropic cone K4. 



5 The theorem on two quadrics 

In this chapter, we study the common solution 

X a = X a -ir ab Y b , 

r b = n 

of the bitwistor equation leading to the Rosenfeld null-pair 

X A := {X a ,Y b ). 



X a , Y b will be some partial solutions of the bitwistor equation (275 1. We are interested 
in the locus of points defined by the equation 

X a = 0. 



It is shown that the solutions of this equation lead to the two quadrics, for which 
the modified triality principle is just. It is proved that the modified triality principle 
is the generalization of the Cartan triality principle and the Klein correspondence 
that allows to realize it explicitly with the help of operators i]a kl which is the 
generalization of the connecting Norden operators rj a ab . The connecting operators 
r\A Kh satisfy the Clifford equation that leads to the Cayley numbers. A proof of 
the generalized theorem is an example of an application of the 6-dimensional spinor 
formalism, developed above, which is closely associated with the 4-dimensional spinor 
formalism 1231 . 



5.1 Solutions of the bitwistor equation 

Let us consider the bundle A c with fibers isomorphic to C 4 and the base CV 6 
which is an analytic complex space with the quadratic metric. The equation 



V a(b X c) = 



(a, &,... = 1,4) 



(378) 



is called bitwistor equation (X c are analytic functions). By the above, the bitwistor 
equation is a conformal invariant. Furthermore, the integrability condition of the 
equation (378) has the form 

1 



I 6 







(379) 



(the proof of this fact is given in Appendix (565) - (568)). We restrict ourselves by 

0. (380) 



the case of the conformal space (see (305)) 

Cc d 
a I 
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This means that the space C^ 6 is conformal to the space CR 6 which, without loss of 



generality, we shall consider below. If X c is a solution of (378) then the spin-tensor 
V ab V cd X r is antisymmetric on rd, it is also antisymmetric on br in view of that the 
space is flat and the derivatives are commute. In addition, there is the antisymmetry 
on the pairs ab, cd, rc, ra. This means that V ab V cd X r is antisymmetric on abcdr and 
hence it equals to zero. We fix the point O in the space CM 6 : O is the origin of 
coordinates. All other points describe by vectors r a with the beginning at O then 
for r a 7^ 0, we have 

Vy = 6 J. (381) 



Therefore, V ab X c is a constant antisymmetric on abc that follows from (|379h . We 

set 

Integrating this equation, we obtain common solution 

X a = X a -ir ab Y b} 

Y b = Y b . (383) 



Here r ab is the bivector from the formula (41), where the factor i is chosen for the 
convenience (it is clarified under the considering the real case). X a is a constant 
vector field whose the value matches the one of the field X a at the point O. For the 
space M.® 2 4 % , we have 

Y k = s km ,Y m ', Y m ' = F™ (384) 
In addition, the radius vector r 7 (= \rf ab R ab ) satisfies the following relations 

\r ab r ab = pf(r), r ab r bc = ~pf(r)6 c a . (385) 
5.2 Rosenfeld null-pairs 



Denote by A c * the spinor 4-dimensional complex vector space. Such the space 
is dual to the space A c . Then the 8-dimensional complex space T 2 is formed as the 
direct sum A c © A c *. That is, if X a (a,b, ... = 1, 4) are the coordinates of a vector 
in A c , and Y b are the coordinates of a covector in A then 

X A := (X a , Y b ) (A, B,...= T78) (386) 



are the coordinates of a vector in T 2 . The transformation (383) is a linear one not 
keeping the structure of the direct sum. We will consider the bivector coordinates 
r ab as the ones in the complex affine space CA 6 . We are interested in a set of points 
defined by the equation 

X a = X a = ir ab Y b . (387) 

This is a system of 4 linear equations with 6 unknowns. To determine its rank, we 
consider homogeneous equation 

r ab Y b = 0, (388) 
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which has nontrivial solutions if and only if the bivector is simple 



s abfc r ab r cd = -pf(r)5 f d 
and therefore this bivector can be represented as 



r 



ab 

homogeneous 



pagb _ pbga^ 



(389) 



(390) 



where P a and Q a are defined up to linear combinations of them. From this, it follows 
that 

P a Y a = 0, Q a Y a = 0. 
Denote by X a , S a , Z a those solutions of the equation 



X a Y n = 0, 



(391) 
(392) 



that form a basis. Then our solution (390) takes the form 



„ab 

homogeneous 



X^X^ + X 2 X [a Z b] + X 3 S [a Z b 



(393) 



and hence determines a 3-dimensional subspace in the bivector space. From here, 
common solution 



r ab _ r ab 



particular 



+ Ai5 [a X b] + X 2 X [a Z b] + X 3 S [a Z b] 



(394) 



of the equation (387) is obtained, where rpt rticular is an arbitrary bivector being par- 
ticular solution of~(387). 



5.3 Construction of the quadrics CQq and CQt 



The space T 2 will be the complex space in which the scalar square of a vector is 
determined by the quadratic form 



e AB X A X B = 2X a Y a 



in the sense of (386) so that the matrix of the spin-tensor eab has the form 



^ AB 



<V 

d 



s b d 



(395) 



(396) 



in the special basis. The form (395) is invariant under the transformation (383) 



X a Y a = (X a - %r ab Y h )Y a = X a Y b . 



(397) 



For the fixed r ab , the equation (\387h will define the 4-dimensional subspace in 



which will be the 4-dimensional planar generator of the cone 

e AB X A X B = 0. 



(398) 
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Thus, in the projective space CP7, we can consider the quadric CQ$ defined by the 
equation (398). 4 basis points of the generator satisfy the condition 



s AB Xfxf = ... = 1,4). (399) 

Put 

Xf:=(X a ,Y b ), X?:=(Z a ,f b ), X 3 A := (L a , N b ), Xf := (K a , M b ). (400) 

On the basis of the common solution ( 394[ ), each point of the quadric CQ§ can 
be associated to the 3-dimensional isotropic plane of the space CA 6 . The point 
(t,v,w,x,y,z) of the space CA 6 can be represented by the line (AT, XV, XU, XS, XW, XX, 
XY, XZ) of the space CM 8 having the metric 

dL 2 = dT 2 + dV 2 + dU 2 + dS 2 + dW 2 + dX 2 + dY 2 + dZ 2 . (401) 

This line will be a generator of the isotropic cone CKs 

T 2 + V 2 + U 2 + S 2 + W 2 + X 2 + Y 2 + Z 2 = 0. (402) 

The intersection of the 7-plane 

U - iS = 1 (403) 
with the cone CK$ has the induced metric 

dL 2 = dT 2 + dV 2 + dW 2 + dX 2 + dY 2 + dZ 2 . (404) 

This space has the form of a paraboloid in CK$, and it is identical to the space C1R 6 

U = 1 + iS = -(1 - T 2 - V 2 - W 2 - X 2 - Y 2 - Z 2 ). (405) 
2 

Every generator of this cone (a set of points belonging to CKs with the constant ratio 
T:V:U:S:W:X:Y:Z), not lying on the hyperplane U = iS, intersects the paraboloid 
in the single point. Every generator of the cone, lying on the hyperplane U = 
iS, corresponds to the point belonging to the infinity of the space CM 6 . Thus, 
straight lines of CM. 8 passing through the origin of CM 8 correspond to points of the 
projective space CP7. The stereographic projection of this section on the plane (S=0, 
U=l) with the pole iV(0, 0, \, §, 0, 0, 0, 0) maps the point P(T,V,U,S,W,X,Y,Z) of 
the hyperboloid to the point p(t,v,l,0,w,x,y,z) of the plane (S=0, U=l) 

XT = t, XV = v, XW = w, XX = x, XY = y, XZ = z, 
A = ^, XU=\{l-t 2 -v 2 -w 2 -x 2 -y 2 -z 2 ) = -XiS + l, pf(r) = -g=§. 

(406) 

All generators of the same cone CKs form the quadric CQq in the projective space 

G AB R A R B = 0. (407) 
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5.4 Correspondence CQq h- 

1. On the basis of ggg , 



„o6 



aft _|_ ab 

particular ' homogenous 



particular + AlS^ + A 2 X^ 6 ] + \ 3 S^Z b l 

(408) 

Therefor, by this equation, the 4- dimensional planar generator of the cone 



CK% is determined. The equations (399), (400) will define the system 



with the conditions 
X a Y = 0, 



Z a T n 



ir ab Y b = 


X a 


ir ab f b = 


Z\ 


ir ab N b = 




ir ab M b = 


k a 


0, L a N a 


= o, 



(409) 



X a T a = -Z a Y ai 



X a N a = -L a Y ai 



K a M a = 0, 
X a M a = -K a Y r , 



Z a N a = -L a T a , Z a M a = -K a T a , K a N a 



ai 

L a M n . 



(410) 



Thus, from the 16 equations with the 6 unknowns r ab , only 6 from them will be 



significant (the 10 communication conditions (410)). Then the 3-dimensional 
planar generator CP3 belonging to the quadric CQq will uniquely define the 
point of CA 6 and hence the point of the quadric CQ 6 . 



2. If from the system (409), we know only the one equation 

ir ab Y b = X a 

with the condition 



(411) 



X a Y a = (412) 
then from the 4 equations, only 3 from them will be significant (the 1 com- 



munication condition (412)). This means that the point of the quadric CQq 
will uniquely define the 3-dimensio nal p lanar generator CP3 belonging to the 
quadric CQq. This is follows from (394). 



3. If from the system (409), we know only the two equations 



ir ab Y b 



ir ab T 



x a , 
z a 



(413) 



with the condition 



X a Y a = 0, Z a T a = 0, X a T a = -Z a Y a (414) 
then from the 8 equations, only 5 from them will be significant (the 6 unknowns 



and the 3 communication conditions (414)). This means that the rectilinear 
generator CPi of the quadric CQq will uniquely define the rectilinear generator 
CPi belonging to the quadric CQq. In this case, the manifold of generators 
CPi(CQg) belonging to the same generator CP 3 (CQ6) defines the beam of 
generators CFi(CQ 6 ) belonging to the quadric CQq (this beam is a cone). 



The center of the beam is determined by the system (409). 
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4. If from the system (409), we know only three equations 



ir ab Y b 


= X a , 




ir ab f b 


= z a , 


(415) 


ir ab N b 


= L a 





with the condition 

X a Y a = 0, Z a f a = 0, L a N a = 0, 
X a f a = -Z a Y a , X a N a = -L a Y a , Z a N a = -L a f a 1 ' 

then from the 12 equations, only 6 from them will be significant (the 6 un- 



knowns and the 6 communication conditions (416)). This means, that the 
2-dimensional generator CP2 of the quadric CQq will uniquely define the point 
of the quadric CQq. At the same time, the manifold of generators CF 2 ('CQq) 
belonging to the same generator CF^(CQq) uniquely determine s the same point 



of the quadric CQq. This point is determined by the system (409) 



5.5 The connection operators t) A kl 

Based on the foregoing, we consider the rectilinear generator of the quadric CQq 
defined by the bivector 



ibAB _ Y [A Y B] _ ( X a Z b - X b Z a X a T d - Y d Z a 

-1 Yc Z b -f c X b Y c t d -Y d t c 



_ 2r [a\k\ r b]rY k f r 2ir ar Y [r f b] 
ie kbmn r ck Y [m t n] + 5 b X k t k 2Y [c f d] 

-\i5\T^ T ar \ ! / tS kbmn Y m f n \. = R A pKB 

' 1 r ck —iS c r J T iX l I —8 r b r mn Y m T n 2iY r T d] 



Put 



(417) 

R AB :=e BC R A c = f l X l ( ^ '„ 4^V 7 r 7 \ ( 4 l 8 ) 



RAB ■= £AcR° B = TiX 1 ( _l^ r 7 r ^ itn ) • ( 419 ) 

At the same time, the equation 



n 



R A C R AB = (420) 

will be true that means that any spin-tensor R AB , representing the generator CPi^CQe)? 
will contain the same spin-tensor R A k in its expansion, wherein the second spin- 
tensor P KB of the decomposition will be responsible for the position of CPi in CP3. 
Therefore, there is a reason to assign the bispinor R AB to the point of the quadric 
CQe- This point is uniquely determined. In the transition to the space OR 8 , we put 



r 12 = -j^(v + iw), r 13 = -^(x + iy), r 14 = j=(t + iz), 
r 23 = -j~(iz — t), r 24 = ^g(— x + iy), r 34 = -^{v — iw) 
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Then we define homogeneous coordinates of CM. 8 as follows 



A = 

R 12 = 
R 23 = 
R 51 = 



R 12 

~.12 



R 13 

^.13 



R 14 



i? 23 

^,23 



R 24 

„24 



i? 34 

^,34 



15 



R 



'r. 



7 



-i, 



5 -iU, 

R 12 
R 13 
R 14 
R 23 
R 24 
R 34 
R 15 
R 51 



R 13 
R 24 
R 15 



ii 



jtiiT + X), R 
^ 2 (-X + iY), R 34 

\(iU + S), 



%(V-iW), 



(422) 



-R 21 
-R 31 
-R 41 
-R 32 
-R 42 
-R 43 
R 26 
R 62 



R 78 
R 86 
R e7 
R 58 
R 75 
R 56 
R 37 
R 73 



-R 87 
-R 68 
-R 76 
-R 85 
-R 57 
-R 65 
R 48 , 
R 84 , 



(423) 



R AB R AB = 8{R l2 R 34 - R 13 R 24 + R 14 R 23 + R l5 R 51 ) = 
4(T 2 + V 2 + U 2 + S 2 + W 2 + X 2 + Y 2 + Z 2 ) := 4nf(R) 



(424) 



R ab Rcb = \nf\RW 



R AB R AB =Anf{R). 



For (Ri) A , to define a generator of the quadric CQ 6 , it is necessary and sufficient to 
have the condition 



0. 



:V A bcR 



BC 



We define some connection operators r\A BC so that 

Ra = -£)a BC Rbc-, R A — ^ 

Then these operators satisfy the reduced Clifford equation 

G A b5k L = Vak R Vb L r + Vbk R Va L r- 
Therefore, we can define the operators 7^ as 



7a 



:=V2 



cr A 
VA 



Va ■= Va KR , o A ■= (va) T rl- 



Then 7^ will satisfy the Clifford equation 

7a7b + IbIa = IGabI- 



(425) 



(426) 



(427) 



(428) 



(429) 



At the same time, the lowering and raising of single indices is done by using the 
metric spin-tensor eab, determined above. Define 



£PQRT '■— f] A l PQ r ] E ^ RtG AB, ZPQRT — &RTPQ 



(430) 
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that will give another metric spin-tensor Spqrt with which the help we can raise 
and lower a pair of indices. Indeed, if the equation (427) contracts with Sl k then 
we obtain 

Gab = \va PQ Vbpq. (431) 



Contract (430) with r]c P ® and obtain 



Vcrt — -^Vc PQ £pQRT- 



(432) 



Now, the identity (427) can be rewritten as (contracting with t] A stV B pq) 

£STPQ$K L = £STK R £PQ L R + EpQK^^ST^ R- (433) 



Contracting (|433|) with 6l k , we obtain 



ZSTPQ — ^ST KR £PQKR- 



(434) 



The result of the applying for the two metric spin-tensors should be the same 

1 



£ PQ — -^ £ PQRT£ 



RT 



(435) 



Thus, in the presence of the 3 metric tensor Gab, £pqrt, £rt, we obtain the equation 
(427) from the Clifford equation (429). Then i]a bc will be the generators of the 



corresponding Clifford algebra. Now, we will lower the index L in (433) and contract 
this equation with the e ST . Then we will obtain 



£pq(kl) — -£pq£kl, £[pq\{kl) — 



that will lead to the identity 



(436) 



(MN) 



■ KL MN 



(437) 



If the matrixes of the tensors (?a* and Ekl have the form 



G 



AB 



( 1 




















o\ 





1 


























1 


























1 


























1 


























1 


























1 





\o 




















1 / 



( 1 




\ 

1 









1 



1 

1 
1 
1 

\00010000/ 

(438) 
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then the significant coordinates of the operators T) kl in some basis would be such 



r] 2 u 
V 2 78 
?7 1 i4 

4 

V 15 
4 

V 26 
4 

^ 37 
4 

r] 48 



f' 

l_ 

l_ 

i_ 

f' 

f' 

7S' 



^34 

^56 

77*23 

^58 

^ 7 24 

^57 
4 

?7 51 

^7 4 62 
4 

V 73 
7^84 



i 



V2' 



V2' 
f' 



^12 
^ 5 78 
^14 
^ 8 67 
V 13 
?7 68 
^ 3 15 
^ 3 26 
^ 3 37 
^48 



V2' 
i_ 

If' 

n/2' 
i_ 

V2' 
i_ 

i_ 

>/2' 
«_ 

V2' 



^34 
^ 5 56 
V*23 

^58 

^,6 
V 24 

?7 57 

?7 3 51 

V*62 

^ 3 73 

^84 



y/2' 
1 

^ i 

i 
; 
i 

V2 



(439) 



so that in an abbreviated form, we can rewrite |439 

ab 



as 



VA 



MN 



/jl8 c 



\5 a d 

T]acd 



T]acd 



ab 



(440) 



formula (423). 



where e a bcd is the quadri vector (42). In fact, here we used the same basis as in the 



Next, we consider the bivector R AB of the form (417) such that its vectors 



X\ , X 2 , defined by the formula (400), satisfy the system (409). By this, the 
identities 



ir ab Y b 



^ • -abed 
2"' cdP 



X". ir ab Z b /'/(/•)•/;,. 



^aklmi 

is determined. We contract the last identity with Z m and obtain 
ir kl Y m Z m = X a Z a e klmn +pf(r) ■ 2%% 



(441) 



(442) 



Thus, the bispinor R AB determines the rectilinear generator CPx(CQg) belonging 
to the planar generator CF 3 (CQq) which determines the point of the quadric CQ6- 

R AB will be the coordinates of this point. We define the spin-tensor R AB 



R 



AB 



R AK P K B , 



B 



A 



2S k 






-2pf(r)i5 n r 



(443) 



The spin-tensor R will continue to represent the rectilinear generator C¥i(CQe) 
belonging to the planar generator CP 3 (CQ 6 ). We apply the operator r/ A KL to the 

spin-tensor R AB and obtain 



V a klR KL = V A K L Y m Z 



A 



r c k 



V klR 



KL 



(AAA) 
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Thus, the operators r) kl take each rectilinear generator CFi(CQq), belonging to the 
planar generator CP3(CQ6)) to the same generator CP3(CQ6), and this determines 
the point of the quadric CQ 6 . In homogeneous coordinates, the spin-tensor R KL 
determines the coordinates of the point R of the space OR 8 . 



We contract the identity (|427|) with the 8l 

Gak 



B 



Sa M £km. 



S. 



M 



n MR L \ rn L MR 

Va Vl r + Va rJ]l 



(445) 



Since Gab,£kl have the form (438) then || Sa m || has the form 



S A 



M 



( 











1 








o\ 

















1 


























1 


























1 


1 


























1 


























1 

















Vo 








1 











°/ 



(446) 



Therefore, Sa m is an involution tensor, and the quadrics are B-cylinders. 

Let us find out what is the number of a family which comprises this generator 
CF 3 (CQ 6 ). F° r this purpose, we consider the conditions 



B 



0. 



j^ABCD ._ e i-i kl X A X B Xk° Xi 



D 



(447) 



where £ IJKL is a 4-vector antisymmetrical in all indices. Also we consider the 8- 
vector 6 abc dklm n antisymmetrical in all indices too. If in the condition 



1 

24 



gabcdklmnX 



ABCD 



P£kr£lt£mu£nvX 



RTUV 



(448) 



p — 1, then we say that the planar generator CF 3 (CQq) belongs to family I, and if 
p = — 1, then the planar generator belongs to family II. In our case 

X, A 



and then 



(Xi^Ya) 



£ Aj A-j A fc Xi =pe J Aj Aj A fc A; . 



(449) 



(450) 



The spin-tensor ekl has the form (438). Whence, p 
generators should belong to family I. 
In addition, there is the tensor Sk L 



1. This means that our 



1 
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% 











—i 











\ 







i 











—i 


















i 











—i 


















i 











—i 






i 











1 


















1 











1 


















1 











1 







V 











1 











1 


/ 



det 



S K L 



(451) 
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such that 

sab~Sk A ~Sl B = G KL . (452) 

Therefor, we will obtain 

Xi A = ~S K A R l K , (453) 



(454) 



and (447) can be rewritten as 

GAsRi A Ri K — 0, 

•y-ABCD _ a Ac Bo Co D tdKLNM 
A — Ok Ol ON <->M -K 

Since p = 1 then we have the identities 

1 . V ABCD _ _ _ _ _ V RTUV 

24 &ABCDKLMN^- — ^KR^LT^MU^NV^- , 

1 _ q Ad Bo Co D pUSTV _ 

^ABCDKLMN^U D T -H- ~ 

— c c c c Q P O Qq X O Y T>GHZW 

1 _ QAdBqCqDdKqLq M 5 N tdUSTV _ (A^\ 

24 &ABCDKLMN 05 Dj- OV &P & X >->Y ti> — K^ 00 ) 

— ^PG^QM^XZ^YW^ j 

^gdet || Sp A || epQXYu stv R u STV = GpgGqmGxzGywR ghzw , 
1 „ tdustv _ r r r r jdghzw 

24 e PQXYUSTV-K — {JPG^JQM^JXZ^JYWR 

This shows that the generator CP3(C<5e) must belong to family I. In order to achieve 
the same result for the generator of family II we should choose the spin-tensor 

£kl ■= Vi^KL (456) 
as the metric spin-tensor by means of which single indices lower and raise. 



5.6 Correspondence CQq i — > 

Applying the operators rj\ KL to (425), we obtain 



Ri Rj ab = o ((Ri) — (Rj) )((Rk)AB — (Ri)ab) = o 

((r i ) ab -(r J ) ab )((r k ) ab -(r l ) ab ) = 0. 
Here as usual, i, j is the number of basis points. This defines the system 



(457) 



i({ ri ) ab - 


( r 2, 




n 


= o, 


i(Xn) ab - 






Y b 


= o, 


*((r 3 ) afc - 






Y b 


= o, 


i(r x ) ah Y b 








= x a 



* < ^)si b . (458) 



i( ri ) ab Y h = X a , 
i(r 2 ) ab Y b = X a , 
i(r 3 ) ab Y b = X a , 
i( n ) ab Y b = X a , 

Next we consider only the right system. It is constructed as follows. Always there 
is a covector Y a which resets 3 different simple bivectors. This statement is reduced 
to the existence of a covector orthogonal to three linearly independent vectors since 
any simple bivector is decomposed by the formula r ab = 2P^ a Q b \ From the fourth 
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equation, the spinor X a is determined. Therefore, such the system is always defined. 
On the other hand, on the basis of the fact that all Ti ab have the form (394) (for the 
fixed Ai, A 2 , A3), the equality 



((r t y b -(r j r b )((r k ) ab -(r l ) ab ) = 

is executed. 

1. So, let us know the last equation of the system (458) 

i ri ab Y b = X a 



(459) 



(460) 



then we have the 4 equations, all of which will be significant. Since, we have 
the eight unknowns (X a , Y b ) for fixed (ri) ab then the point of the quadric CQq 
uniquely defines the 3-dimensional planar generator CP 3 (C<56)- 



2. If we know all the equations of the system (458) with the conditions 

((n) ab - (r 2 ) ab )((n) ab - (rzU) = 0, ((n) afc - (r 3 ) a6 )((r 1 ) a6 - (r 3 ) a &) = 0, 
((r 3 ) a6 - (r 4 ) a6 )((r 3 )a6 - (r 4 ) a& ) = 0, 



{n) ab (r 2 ) ab = 0, ( ri ) ab (r 3 ) ab = 0, ( ri ) ab (r 4 ) ab = 0, 
(r 2 ) ab (r 3 ) ab = 0, (r 2 ) ab ( n ) ab = 0, (r 3 ) ab (r 4 ) ab = 



(461) 

then from the 16 equations, only 7 from them will be significant (the 8 un- 
knowns and the 9 communication conditions (461)). Therefore, the generator 
CP 3 (C<56) will uniquely define the point of the quadric CQ 6 . 



3. If we know the three equations of system (458) 

i((n) ab - {r 2 ) ab )Y b = 
i((n) ab - (r 3 ) ab )Y b = 
i(r x ) ab Y b 



0. 

0, 
X a 



(462) 



with the conditions 

((r 1 ) ab -{r 2 ) ab ){{r 1 ) ab -{r 2 ) ab ) 



0, ((r 1 ) ab -(r 3 ) ab )((r 1 ) ab -(r 3 ) ab ) = 0, 



(ri) ab (r 2 ) ab = 0, (riH^U = 0, (r 2 ) ab (r 3 ) ab = 

(463) 

then from the 12 equations, only 7 from them will be significant (the 8 un- 
knowns and the 5 communication conditions (463)). This means that the 
generator CP 2 (CQq) will uniquely define the point of the quadric CQ 6 . In 
this case, the manifold of generators CP2(CQ6); belonging to the generator 
hi&Qs), uniquely defines the point of the quadric CQ6- 



4. If we know the two equations of the system (458) 

j(( ri )o6 _ (r 2 ) ab )Y b 
i( ri ) ab Y b 



0, 

x a 



with the conditions 

((n) ab 



(r?)((nU - (r 2 U) = 0, (n) ab (r 2 U = 



(464) 



(465) 
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then from the 8 equations, only 6 from them will be significant (the 8 unknowns 
and the 2 communication conditions 465])). This means that the rectilinear 



generator CPj of the quadric will uniquely define the rectilinear generator 
i belonging to the quadric CQq. In this case, the manifold of generators 
i(CQq), belonging to the same generator CF 3 (CQq), defines the beam of 
generators CPi(CQg) belonging to the quadric CQq (this beam is a cone). The 
center of the beam is determined by the system ( 458[ ). 



5.7 Theorem on two quadrics 

Thus, the theorem is proved 
Theorem 1. (The triality principle for two B-cylinders). 

In the projective space CPj, there are two quadrics (two B-cylinders) with the fol- 
lowing main properties: 

1. The planar generator CP3 of a one quadric will define one-to-one the point R 
on the other quadric. 

2. The planar generator CP2 of a one quadric will uniquely define the point R on 
the other quadric. But the point R of the second quadric can be associated to 
the manifold of planar generators CP2 belonging to the same planar generator 
CP3 of the first quadric. 

3. The rectilinear generator CPi of a one quadric will define one-to-one the rec- 
tilinear generator CPi of the other quadric. And all the rectilinear generators 
belonging to the same planar generator CP 3 of the first quadric define the beam 
centered at R belonging to the second quadric. 

This theorem is actually the generalization of the Klein correspondence. Prove 
this. 

Proof. 

On the quadric < £Q§, we consider only those generators which have the form 

X A = (0,Y b ). (466) 

The manifold of such the generators is diffeomorphic to CP3. In this case, each 
generator can be associated to the point of the quadric CQ 4 C CQ 6 . According to 



the system (409), the first equation of it takes the form 

r ab Y b = 0. (467) 

Until the end of the proof, we set A, B, A', B', ...= 1,2. In addition, we consider 
the spinor representation of a twistor according to [2"5| v.2, p. 49, eq. (6.1.24) and 
p.65, (6.2.18)(eng)]. 

Y b = (tt b ,cD b '), 



r — cons f 



-zr A ' B e A / B / 
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Therefore, the equation R ab Yt) = can be rewritten as a system of two equations 

(469) 



— |£ AB r c r c 7r B + ir A B 'U B ' = 0, 



-zr A / B 7T B + e A > B >u B ' = 0, 

and only one of them will be significant 

zr AA '7r A , = co A . (470) 

Here we use the metric spinors £a'B', £ab with the help of which spinor indices raise 
and lower. This spinors pass each other by the conjugation. This defines the system 



• A A' - -A 
IT 7T A / = (jj , 



• A A' - /- / 



Y b = (7c B , £,*'), r 6 = (f7B,P'). (471) 



The system coincides with the one [231 v. 2, p. 63, eq. (6.2.14) (eng)] which, in turn, 
leads to the Klein correspondence. □ 



It should be noted in conclusion that from this theorem, the Cartan triality 
principle implies: There are the 3 diffeomorphic manifolds: 

1. the manifold of all points of the quadric; 

2. the manifold of I-family maximal planar generators; 

3. the manifold of II-family maximal planar generators. 

This is true, because the two constructed quadrics can be identified, for example, 
by means of the spin-tensor Sk L - The manifold of all points of the quadric is 
diffeomorphic to the maximal plain generator manifold of one of the two families. 
In addition, since the Cartan triality principle is performed then the operators rfxL 
for the inclusion IR 8 C C 8 define the octave algebra^] since satisfy to the reduced 
Clifford equation. This assertion is based on the results given in the monography 
[231 v.2, p. 461-464(eng)] which deals with the structure constants of this algebra. 



^he algebraic definition of structural constant has been published in pQ. This definition has 
the form rj^ := V2r ll AB r] j YAV k zbX y X z . Here X A X A = 2; A, B, ... = I~8; ... = 1~8; algebra 
identity is determined as ~^j^ r f AB £ ab] the metric spin-tensor eab is the same as in (438). Later 
[2], [3], this will lead to the generalization of the definition on n-dimcnsional spaces with n mod 8 
— and hence to the group alternative-elastic algebra definition [4]. 
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5.8 Summary 

On the defence, the following major provisions are submitted: 

1. An inclusion C CM 6 is carried out by means of the operator Hi a . The 
operator Hi a defines the involution, the spinor representation of which has the 
form 

Sf = \va ab f'c d ' ■ 2s/s b d \ s a c 's/ = ±5 a d 

for odd q and 

C /3' ^„ ab-/3' kc' nd' i_ 5 

J a ^ 'Ice '/ c'd' ' a a c knabi a ac' - L " 5 c'a 

for even q. 

2. The operators A a p a b are founded in an explicit form. This operators are de- 
termined by using the correspondence between bivectors of the space CM 6 and 
traceless operators of the space C 4 . This allows us to study the algebraic 
structure of the curvature tensor Ra^s of the space CM 6 on its spinor image: 
the spin-tensor R a b c d - 

3. It is proved that a simple isotropic bivector of the space A 2 C 6 defines a degen- 
erate Rosenfeld null-pair up to a complex factor: a vector and covector of the 
spaces C 4 , the contracting of which is zero. 

4. It is stated that a bivector of the space A 2 l^ p ^ for even q can be reduced to 
the canonical form in some basis. 

5. The generalized triality principle for a pair of B-cylinders is proved. 

6. The operators i] A KL satisfying the Clifford equation and responsible for the 
correspondence between rectilinear generators of two B-cylinders are defined. 
In addition, these operators define the structure constants of the octave alge- 
bra. 
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6 Appendix 



6.1 Proof of the second chapter equations 

6.1.1 Proof of the equations containing the operator A a/3a b 

Define (a, (3, ... = 1, 2, 3, 4, 5, 6; ai, b±, a, b, e, f, k,l,m,n, ... = 1, 2, 3, 4). We have 

A apd c = V[a Ca V(3]da (472) 

A a p d C A/ r S = \{Va Ca VPad ~ VaadVD (VV«ir ~ V^rV^) = 

— 2: ( nr\ C^zr) SCL\ ~- . , n~ SCL\ ~- CCL . , CCt/^-. ^~ I i i rv~i ~CCISCI\ \ — 

4 V 'la '1*1 °airad 'laad'l*/ c air 'la 'l*/air ad ~ ' laad' l*/air° J 

If'Ir) ca n r klsai r „ „ sai ( X ex a r ai c\ 

4 1 2 l a nkl c c a\rad 'laad'l*/ \ u ai u r u a\ u r J 

-Va Ca ViaA$a S Sd ai -Sa ai 5d S ) + ^^W^a^™ ) = 

= ^{-3v a ca Vj[ra8d] s - 

VardV"/ VaadV*i 
Va V*/dr Va V*/ar8d ^Va 1 5 d 1 ^V*/air 
T]y r k& d ~\~ Va V*/vd Va V"lkd8r VardV*/ VaadV*f 8 r 

Va Vfdr Va V*/ar&d - Va CS Vydr + Va Ck V*/kr5d S ~ Ife^V) = 

= l^Va CS Vjrd + 3r) a ck r) lkr 5 d s + Va ck V*,dk8 r s + VadrV*, sc + VakdV~f Sk $r C + Va sk V*,rk8 d c ) = 

(473) 

a 1 1]*/lli^mmidr^ 1 Va 1 V*/lli^ mmi 

= §Va mmi V*iiiA m l 5 mi h 5 d s 5 r] c - lva mmi V*iiiA m l 8 mi h 8 d] s 8, 



c 



= -9a*,S r S S d C + Va %kdS r S + Va V*lkr&d S + Va V-ykr^ + Va^Vldv 
= Va CS V*/rd + Va Ck V-ykr5 d S + ^{Va^V^r* + Va^ V*irk8 d°) ~ \g al 8 r S 8 d C 

Contract with g ai 



A a {3d c A al3 T s — e rd cs + e kr ck 5 d s + \{e ck dk 5 r s + e sk rk S d c ) — \5 r s 5 d c — 

>v • 

In addition, 



= 8 r c 8 d s - 5 r s 5 d c - 35 r c 5 d s + \8 d c 8 r s + |W - \8 r s 8 d c = \8 r s 8 d c - 25 r c 5 d s . 

(474) 



A af}d C A^ c d = ^Vla^Vpr'eadnn! • \v {X IhV^ a^S^ = 

= -l{Vla Ca V^] nni V [X nn 1 V' l] ac-2V[ a Ca Vp] aikl V [X ak 1 V' l] ai c) = 
= -25 [a X 5pf + KVa^V^V^ak^a.c ~ VV'V V^^ic) = 

= 26 [a »6{ )] x + Ifaa^^VV^Uc - Vp aikl Va ca V [X k ia V^c ai ) = 25 [a ^] A . 

(475) 

And finally 



AaB nrp AaB n A l*pk 

A m J Q/3 — A ' m Siapk ±1 — 

\8 m n 8k l — 28 k n 8 m l )T k = —2T m n , T aj3 = —Tp a . 



(476) 
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6.1.2 Proof of the equation of the 4- vector e a ^s 



Let 



_ „ A a A c „ b d „ k d „ofe n 

&a/3-/5 &[af3'y5] S±a/3b Si-ySd C Q c , ofc c o a U 

The contraction with A a/3 m n A' yS r s gives 



d 6 



ek t 



t k 



(477) 



b d 



■af3b Si-ySd &a c 

= (\5 r s 5 d c - 25 r c 5 d s ){\5 b a 5 m n - 26 b n 5 m a )e a b c d = 4e m V = 

A /3a n AyS s A a A c „ b d 

Si m -rt- r S±^ ab S\f38d &a c 

= ~( %°Vm& + %°V*rrA n + Iv^bM- 

■(Vp CS V J rd + ^"VtrV + IV^V 1 'dA S )e a l = 

_ an_ cs I _ ckr- an-X s _i_ 1 — cfc_ an A s _|_ 

^ fc rd fc m6 "T <^mb t-kr > 2 mb ^dk °r ~r 

1 _ afc_ csi n 1 _afe _rf r si n 1 1 _afc _ct j: sf n 1 
+£rd £fcm Cfe + £ tr£ fcmCrf b + 2 £ * £ *mCr b + 

afc_ csr nil_ ct_ afcr nrsil_ rf_ akz nx s\ a b d 

+ 2 £rd £bk ° m 2 £bfc £ * r " m ° d ' 4 £Wc " m ( ' r c ~~ 

= -(8 r a 5 d n 5 m c 8 b s - 8 d a 8 r n 8 m c 8 b s + 8 d a 5 r n 5 b c S m s - 6 r a 6 d n 6 b c 6 m s + 
+5m c 5 b k h a 5r n 5d s - 5 m k 5 b c 5 k a 5 r n 5 d s + 5 m k 5 b c 5 k n 5 T a 5 d s - 5 m c 5 b k 5 k n 5 r a 5 d s + 
+\8 m c 5 b k 5 d a 5 k n 5 r s - \5 m k 5 b c 5 d a 5 k n 5 r s + \5 m k 5 b c 5 d n 5 k a 5 r s - \5 m c 5 b k 5 d n 5 k a 5 T s 
+6 r a 6 d k 6 k c S m s 6 b n - 5 r k 5 d a 6k c S m s 5 b n + 5 r k 5 d a 8 k s 5 m c 8 b n - 5 r a 8 d k 5 k s 5 m c 5 b n + 
+5 m a 5 r c 5/5 b n + 25 m c 5 r a 5 d s 5 b n - \5 m a 5 d c 5 r s 5 b n - 5 m c 5 d a 5 r s 5 b n + 
+ \5 r a 5 d k 5 b c 5k s 5 m n - \5 r k 5 d a 5 b c 5 k s 5 m n + \5 k 5 d a 5 b s 5 k c 5 m n - \5 r a 5 d k 5 b s 5 k c 5 m n - 
-\h a 5 r V5 d s - 6 b % a 6 m n 5 d s + I5 b a 6 d c 5 m n 6 r s + \5 b c 5 d a 5 m n 5 r s )e a b c d 



—e 



n s 



p s tr n _i_ „ t ks nt s p t nt s „ tss.n\ p tss. n 

— (— *A s _ I P * PA n A s 4- Ip * n S s — eJ 1 'A s 4- P , n *A s _ 
1 2 » m u r 2 P * m r 2 m * r ™ r m * m r 

n s 1 r n s _i_ o„ n s „n tr 8 1 1 „ t si n_i_ 



— e 



_Ip,P *A S A n 4- *A n _ p * S A n 4- Ip.P *A n A s ' 



Then 



(478) 



Op n s 



(479) 



6.1.3 Proof of the equation of the 6-vector e a ^spa 



Let 



p p A O, A c A r p 

^aP^fSpo &[a/3"/5pa] -t*-afib S\^f&d Si-pas &a 



r„ b d s 
c r ■ 



We use (478) and obtain (e m s p q := e m k k s P g = e k s p q m k ) 



(480) 



R p n q s _ Off 3 9A n 4- P n ifi s ) — O s q 8 n + e n q S 

' P 1 S J) n -L p n S J) 1) 

jp 1 r w m j yCp r U m O m r Up J. 



20 9 S A n 4- p n S A 1) 

■^V m r v ' p r m 1 



(481) 



The contraction of (481) with S q p gives 



n _ R p n s p _ n( n s , n s\ _ ( p si n , 4 n 



pps_ p sp_ri 



(e p s ) ■ 8 n = 



(482) 
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The contraction of (481) with 5 n r gives 



s <? _|_ Op} s — P s i — P s i — 0(p i s _i_ P k , s fi i\ — ( P i s _i_ P k , S A Q) 
p i iC -f p u m c m p °m p ^V^m P ~ °P k u m 7 V°P w ~ k u p )■, 

P. P s q , p q s _ n qs = 2ptsX q _ p k s r q 
uo m p T c-p m ic m p ^^p t "m °m fc u p • 



The contraction of (483) with 6„ m gives 



6cfc p ~\~ Cp fc 



i P ts_ks t q _ q t 

Jc -p t °p fe > °p t t p • 



The contraction of (483) with <5 s m gives 



10e := e t \\ 



-2pi q k = 2p t J — pA l <) q e K q = ^fi q 

&C -K p &c -p t °t k u p ; t'p f n u n ■ 



2 



(483) 
(484) 

(485) 



The contraction of (481) with S s p gives 



Op k ,<lX n -i_Op n 1 — p k ,1R n_ nq_n q n i o„ n ks q_ Pj qkS n_ nq 

p n q — p q n 

(486) 



Then from (483), (481), it follows 



7 P s 9_9p 9 « — M«_ 5eA «A 9 Op [s 9] _ 15e£ [g£ s] 

1 c-m p ic -m p u ^ u m u p 2 m P ' p 2 m P ' 

5 P * 3 _l 4p [a g] _ CSX g£ s _ 5f r si g c s g sfAX IX s — A S A 4 
^c-m p T ^c-m p u^Vm u p 2 m P ' uc m p °V m P m P 

e m n r s P q = e(2((A5 p n S r q - 5 p q 5 r n )5 m s + {A5 p s 5 m q - 5 p q 5 m s )5 r n )- 
-((45 p n 5 m q - 5 p q 5 m n )5 r s + (45 p s 5 r q - 5 p q 5 r s )5 m n )). 



(487) 



Calculate e 



720 = e a ^e a ^ = A^^A^A^^A^A^^A^ 



n„ bi di ri\ 



'Is mil m _ X rnz m 1 \ b d n 61 d\ _ _ s ■ .. .. .. . 

,4 u ni u n u ni u n c m °ai c\ m\ uo a cm °o a n 



r»t o p b d n p a c m _ 

1 c m &b d n 

-8e 2 (85 m b 5 c n 5 a d - 45 m n 6 c b 6 a d + 85 m d 6 a n 6 c b - 45 m b 5 a n 5 c d + 25 m n 5 a b 5 c d - 45 m d 5 c n 5 a b 
(85 n a 5 d m S b c - ^ n m 5 d a 5 b c + 8S n c S b m S d a - A5 n a 5 b m 5 d c + 2S n m S b a 5 d c - A5 n c 5 d m 5 b a ) = 

= -720 • 64g 2 . 

(488) 

Whence, 

e = l i. (489) 



6.1.4 Proof of the equation containing the operator Nj 



Let 

N [a b N c] d = 5 [a b 5 c] d 
then the contraction with 5 b a will give 

N a a N d - N a d N c a = 35, d 

N a d N c a = N a a N d - 35, 



C ) 

d 



Multiply (490) by Nj 



N [a b N c] d N d f = 5 [a b N c f 



(490) 



(491) 



(492) 
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Substitute ((4911) into ([4921 



N [a b N c] fN/ - 3N [a b 5 c] f = 5 [a b N c] f. 



The equation (493) contracts with 5f c substituting (491) then 

35 a b N r r = N/5 a b + 8N a b , 



Therefor, 



N b = -TV r S b 



N a b = n5 a b , n 2 = 1. 



(493) 



(494) 



(495) 



6.2 Proof of the forth chapter equations 
6.2.1 Proof the Bianchi identity 



The Bianchi identity have the form 



Raft'yS 

+ R al sp + Ra6f3~f = 0, 
(Aa/3d C A.yS r S + ^-ocyif As/3r S + ^a&d Afj^ r S ) Rc s T = 0. 



Let's contract it with A^M^ 5 , 



d r 



{\8 d c 5 t l - 25 d l 5 t c ){\5 r s 5 m n - 25 r n 5 m s )R c d / = AR t 



l n 
m 



(496) 



(A c A s \ A c A s\ r) d r A aft I A~f& n o a s Ad-y n a c A a/3 I p d r 

{^a-yd ^-SPr i" si a Sd ^-fi^r J-^c s Si t Si m — —Alifrfir fi m Si a ~/d Si t It c s — 

= -2(ry/Vmr + tyj'VkmV + § WrfcO ■ 

iv^Vtd + V-y^kttSd 1 + \vS kl ri P dkM)Rc d s r = 

n(rr sn c cl _i_ _cZc c sns: I _i_ 1 _ cfe_ snr I _i_ c- sZc_ cZr n i 

,-cZci sZcr Zr n i l.cfc _ sh k n i 1 / _cZ _ sZcr n i .-sZc ,-cA'i r li n\ 

•£ km^k-it Od r + 2 £ km^dki t r + ^ [ £ rk^td "m + £ fcit £ rkOd m J + 

1 ,-cZci I !f n\ T) d r Off? Z i or Zc r n£ Z p k I r n p Zc ra r Z 

"4^ rfe£ dki°t m )It c s — —Z[It m t T -fLfc r t m — rt m fe Of — -rt t fc m — 

p Z Zc r n i d Z Zc r n i 1 / p fc nf Z i p n A; r Z p r ks I r n\ i 
-Kfe m °t + Ajt j ra + Ze t + /tfc m t — /tfc r t m J + 



+ 



p I n 



i p k nr I p Z n p Zc n x ZiopZnipZn 1 op A; nr Z i 1 / p A; Zr n i 
"T-rtm k Ot — rL m t — fit k m -+- Zrt m j -h -/Xt m — o ' ZK m k "t ' 2 v * + 

_i_pZZcx n p r Aix «XZ\ pZcZr n 1 lpr A7r Zx « oftD nZ 

t m — tik r Om Ot ) — tit k Om + 2^ r W "m — ~ ^^Am t — 

OP Z Aix n o P Zc n; Z 1 p Z Zcr n 1 p Zc n£ Z 1 p r Zcr n; Z 1 p r Zcr n; Z\ 
— ^-Kfc m Ot — /-ftj dm + Afc ( Cm + -K m k t + Ilk r t m — -^tlk r m t ) 



^Rkm k b~t n + 4R t k k n 5 m l — ^Rkt k ^m n — 2Rm k k n 5t ~ "r k $t n $m l + Rk r r k S m n St — 0. 

The contraction with 5 n * gives 



16i4' m fe + ARS^ rn 



o p Z Zc 
^J^k m 



R 



l k In r Zc j: Z 

'km A.£lk r "m 



nr) Zc Z o p r Zcj: I 1 p r Zcj: Z 



0. 



_lni Z 
g **<O m 



(497) 
(49£ 



that finishes the proof of (294). 
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6.2.2 Proof of the identities related to the Weyl tensor 



The following relation 

p [7 8] A c 47<5 s 1 ( pkdnr r _ p nr r kd 1 p r kdnr pkd _ nr\ 

- f * , [a 9/3] ■rt-afid r 15 tfccns -» kc fc ns T -» kcns& ± ns^kc J 

4 c/(7(5 s_i_(pkd lpmminr p 1 p mmi l p ^kdnr 

^-afid -<i r ig V ratni2 t <^kcns < ^kc 2 mm l ns 

-P kc nr (5 n k 5 s d - 5 n d 5 k ) - P kd ns (5 k n 5 c r - 5 k r 5 c n )) = 

A c A-yS s 1 I pkd r r pkd x r 1 prd 1 

— A-aPd A r Jgi-r fcc s -i fcsfc + cs + 

1 p kdx r p krx d \ p dr p kr X dip dr pkd X r 1 prd \ 

+-ffec Cs — -r fcc Cs + -r sc — kc S + r sc ~r ks c + r cs ) — 

A c 47(5 si / p dr 1 pkd x r 1 1 p fed j: r 1 p fcri cf\ 

— sT-ctPd -ft- r ~l\ r sc ~ 2 ksOc T 3 r kc S — 2 fcc "s J ~ 

= A a p d c A~ <s r s \(P sc dr — \R5 s d 5 c r + \R5 s r 5 c d ). 



Thus, from 



it follows 



(499) 
(500) 

CV 5 : = V* - R[a b 9fs] 5] + l/lORg^g^, (501) 



will be true. Similarly, 

„ [ 7 „ <51 A c A-y6 is 1 1— dr 1 ~kd X r \ 1 ~kd irr 1_ kr X d 

9[a 9/3] — ^af3d A r 4 l^sc ~ 2 £ ks<J c + 2 £ k C s ~ 2 £ kc S 



A a p d c A^ r s \{\8 s r 8 c d -25 s d 5/' 



Caff 16 — A a /3d c A' y5 r s (R c d s r — \P sc dr + \R5 s d 5 c r — j§R5 s r 5 c d + ^R{\5 s r 5 c d — 
-25/5/)) = A af3d c A^ r s (R {c d s) r + R [c k \ k ^5 s] d ^ + ±R{38 s d 8 c r - 25/5 c d )). 

(502) 

Then 

C a f 5 = A af3d c A^ r s (R {c d s f + ±R5 s d 5 c r ). (503) 
Contract it with A a/3 k l A 7 st n 

4C kt n := A^kA^s/Caff 5 = A a P k l A a p d c A lS r s A 1 s t n (R( c d s ) r + ^R5 s d 5 c r ) = 
= {\5 k l 5 d c - 25 k c 5 d l )(\5 r s 5 t n - 25 r n 5 t s ){\R d ; + \R s d c r + ±RS a % r ) = 

(n r> I n i 1 p n feii I; n 1 p I k\X n 1 P fci nji 

— l^-ttfc t + g-Kfci ri Ofc Ot — 2-Kfci k t — ^-tit kl O k + 

+2R t l k n + ±R(5 t n 5 k l - 5 t n 5 k l - 5 t n 5 k l + A5 t l 5 k n ) = 
= (4R {k l t) n - ±R5 k l 5 t n + ±R5 k l 5 t n + ^R5 t n 5 k l + ±R(45 t % n - $t n 5 k 1 )) = 

= 4(-R(fc' t ) n + ^R5( k l 5 t ) n ), 

(504) 

as finishes the proof of ( 292[ ). 



6.2.3 The proof of the Ricci identity 

By definition, 

□/:= ^(V afc V dfc - V*V afc ), □a^:=2V [a V^], n a(3 = A af3d a n a d . (505) 
In addition, by the natural way, the covariant constancy of the following values 

V Q r/7 af, = 0, V a 4fryd a = 0, V a ^ a/3 = 0, V a e abcd = (506) 
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is assumed. The Ricci identity has the form 
Then 

A aPh a A^ d a a b k d c = A a B b a 2A x ^M j] \ d R a b i c k d 



(507) 
(508) 



Whence, taking into account (473), we obtain 

A^ d U b k d c = -m a h fki ■ (r^I'V'rc - V im V l] rkS c d ) = 

= {v 7ld r) s rc - rfir^Wfkf - R a b i k h r 5 d c ) = ^ ld r} s rc {R b fk d r - 
-Ra b i k h r 6 d c - 6S {l r S d %^S Cl] ^R a b h ^k dl ^ + W5 d c 5 ri] h 5 Cl d -R a b h ^k dl < 

= V' ld V S rc(-Ra b l k k k r 5 d c - R a b k r k d Hf) = A 7 V ■ (-Ra b l k h r + 



□ V = -R a b i k h r + R b k r h k . 



On the other hand, 



□ a/3 r 7 = R a ^r s . 
Multiply the both sides by |r/ 7 mmi A^ a b 



i— I Lmmi „. mmi A 7 I ff h c r 8 7717711^,7 „ Ik p b c r & 

LJ a ' 77 c -fl-a I 1 '/7 '/ ck'IS -^a I 1 



25 [c m S k] mi R a b i c r lk = R a b i m r lmi + R a b i mi i 



.mi 



D a V rami = R b i m r lmi + R a b i mi i 



.ml 



(509) 
(510) 

(511) 



So, let k a P be a simple isotropic bivector that, according to Corollary [T] of the third 
chapter, we have the traceless image k b of the form 



k b — P b Q a , P a Qc 



Let's substitute (512) in (509) then 
P c a a b Q d + Q d a a b P c 



Rad k QkP C + RakQdP 



b c/ 



Contract (513) with any covector S c , that S C P C = 0, then 

C n b tdc p b c pk Q 

Let's consider an isotropic vector r 7 such that 

r 7 = \r]\ b r ab := rf ab X a Y b . 



Then from (511), the equation 

X m \3 b~Y~ra\ _|_ Y mi O bj^m X mi D b~y m y m Q bj^mi 

= X m R a b k mi Y k + Y mi R a b k m X k - X mi R a b k m X k - Y m R a b k mi X k 



(512) 



(513) 



(514) 



(515) 



(516) 



will follow. Contract this equation with Z m , that X m Z m = and Y m Z m ^ 0, then, 
taking into account pH (this means that Y mi Z m n a b X m = R a b k m Z m X k Y mi ), we 
obtain the equality 



-Z m X m ^U b Y m - Z m Y m n a b X m i = -X m ^R b k m Y k Z m - Z m Y m R b k m ^X k . 



(517) 
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For any T d , the spinors X m , Y m and Z m can always be chosen, that X m T m = 0, 



Y m T m = 0, X m Z m = 0, Y m Z m + 0. Multiply (517) by T d and obtain 



-Z rn X m ^T d U a b Y m - Z m Y m T d U b X m ^ = 
-Z m X m ^U a \T d Y m ) + Z m X m 'Y m a a b T d - Z m Y m U a \X m *T d ) + Z m Y m X m ^U b T d 

~Ym\ jz> b m'W'k 7 rp y ym p b mi vkrp 

— —A rC a k I ^mJ-d — ^ml tia k A 1 d . 

(518) 
(519) 



Let's subtract from (518) the following identities obtained from (513) 



-Z m A U a ^J d r ) — Zj m y^ i It a d Ik — A-m^ J-d^a k Y i 

7 vmr—\ b( V'iri\ r p \ 7 Ymivm TZ> b krp 7 \rmrp E> b mi ~y~k 

-^m* U a J dJ — * d 1 k ~ ^m* 1 d^a k . 



Whence, 



Thus, 



7 vm ymi r~l b<~p vmi 7 ym D b k^p 

Zj m Y A U a l d — —A Zj m Y H a d Ik, 

|— 1 b<~p d b k^p 

u a J-d — —J^a d -t fe- 



rn brp TD b r*~p i—i brpd D b d*~pr 

u a J-d — —tla d J-ri u a 1 — H-a r 1 



(520) 
(521) 



6.2.4 The proof of the differential Bianchi identity 



The differential Bianchi identity has the form 

V[ a R/3-y]SX = 0. 

From this, the equation 

b Va f 11 V aai Rb / 

will follow. Contract it with A^ m n and obtain 

A^ m n A^\ c \ b r] a ] aai V aai Rb c r 



APl n A b aa x _ aa x ( bn 7 , bk -y r n \ bk y c n x 
- rl m ^/Jac 77 '/7 V/Q '/ mc ^ '/a '/ km u c T 2 ' a ' c « m / 



aai-'ty) r 
1 km^ 

Ol]_|_ 



= ((^ m n 5 c b - 25 m 6 5 c n )r/ Q aai - 2(2^(^5, 
+2r7 a 6 [^ m ai ]5 c " + I • 2r7 Q b [ ai (5 c a ](5 m ™))V, 

'1a n A b n aa l _ 9 A b A n n aa i 
% 2 m c l a " u m u c '/a 



p c . 



25 m a 5 c a V" + 25 m ai 5 c ^, 



-28 m a ^ c n Va ba + 26 m a 6 c n Va b ^ - 5 c a 5 m n Va b ^ + 5 c ^6 m n rj a ba )) V aai i4V 



(522) 
(523) 

(524) 



n aaiV7 p n s r\ bn\i p c s 1 o„ 6"V7 P c s 

V aai -TL m r ^'/o v mc-ti-b r i^'/a v cm-^b r 

n barj p n s 1 o„ 6aiV7 p n s „ 6ai r ny p c 

^'/a v am- n, 6 r * "'la v ma\ ri 'b r 'la u m * cai^b r 
_i_ fear ny p c £ 
1 '/a Urn V ac-fi-fe r 

/(„ feavv p n s n„ 6a j: «V7 p 

^'/a V am-f^b r "'la V cn-fli 

Contract this equation with r/ a t p then 



— 2t7 aai V /? n s -l- 4r) bn V /? J , C s — 

^'/a v aai- 11 -??! r ^'/o v cm- Ll 'b r 



c s 
Lb f 



0. 



o_ aaivv p n 



I ^ _ bn^j pes 4 _ feavv p n s o_ hr p 

~r ^^tp * cm-^b r ^^-tp * am-^b r "^t.n "m. V r.a-^. 



n s 

" s + AV tm R n ~ 



= -4V t „i2. 
4Vp m -Rf r 

4V ' tpRm r ~\~ 4Vt m .Rp 7- 

— 45 t ™V cm -R p 



* am-"-!) r ^ c tp 

+ A5 p n V cm R t c r s — 45 t n V cm -R p c r s — 



c s 
ca-Li-b r 



tm iL p r 2<5 m V C p.R( r + 25 m V C f.R., 



c s 
,p r 

c s 



12V[t m i? p ] n r s — 85[ t n V| cm |i? p ] c r 



4V ' pmRt r ~t~ 4(5p V ' cmRt r 

DCS 

0. 



9A n Y7 p c s 1 or nn p c s 
"Vm V cp-L^t r T" "Vm V ct-^p r 



(525) 
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Contract this equation with 5 n m then obtain the identity 

4^tkRp k r S — 4Vpfc-R( fc r S + 4V cp -Rj c r s — 



(526) 

— 4V c t-R p c r s — 8V cp R t c r s + 8V ct Rp c r s = 0. 



Contract (525) with 5 n then 



4 V ' npRm r ~t~ 4V ' tmRp r ~t~ 4V ' cm,Rp r 16V ' cmRp r 2V ' cpRm r ~t~ 2V ' cmRp r 0, 

V c(pRm) r 0. 

(527) 

Then the Bianchi identity takes the form 

V[t m -R p ] n r s = 5[t n V| c | m -Rp] c r ,s . (528) 



The contraction of (527) with 5 s m gives the equation 



VpcmiVT pcm n V7 pcm lr7 p / p: oq N 

cp-Li-m r ~r V cm Jri 'p r u ; » cm^p r g V j-p-TL. ^<JZ,»J 

6.2.5 Proof of the formulas associated with the metric induced in the 
cross-section of the cone K 6 

Let the section of the cone K e 

T 2 + V 2 - W 2 - X 2 - Y 2 - Z 2 = (530) 

by the plane V+W=l be set. We make the stereographic projection of the resulting 
hyperboloid onto the plane (V = 0, W = 1) 

1-JL-JL-*- 2- x 2 + y 2 + z 2_ f 2 



T X Y Z V-§' y 2V-1' 

T = -t(2V-l), X = -ar(2V-l), K = —y(2V — 1), Z = -*(2V - 1), 
dT = -(dt (2V - 1) + 2tdV), dX = -(dx (2V - 1) + 2xdV), 
dY = -\dy (2V - 1) + 2ydV), dZ = -(dz (2V - 1) + 2zdV). 



(531) 



(532) 



Then 

dS 2 = dT 2 + dV 2 - dW 2 - dX 2 - dY 2 - dZ 2 = \dV = -dW\ = 
= dT 2 - dX 2 - dY 2 - dZ 2 = (dt 2 - dx 2 - dy 2 - dz 2 )(2V - 1) 2 + 
+A(tdt - xdx - ydy - zdz)dV(2V - 1) + A(t 2 - x 2 - y 2 - z 2 )dV 2 = 
= \ tdt - xdx - ydy - zdz = -$d(^)\ = f^ggfe^ ■ 

We make the substitution 

g = 7?~i y = -y + ix > w = = *(* + ^ = Ifc? = z )> 

J _ /_dY 2yrfy \ _ •/ _ 2XdV \ j f _ ( dY 2YdV \ , ■( dX _ 2XdV \ 

«S — V2V-1 (2V-1) 2 / H2V-1 (2V-1) 2 J' ut > — ^2\/-l (2V-1) 2 / "r" l \2V-l (2V-1) 2 h 

J. . _ ■( dT _ 2TdV , dZ _ 2ZdV \ j _ y dT - 27W dZ_ , 2ZdF \ 

UW ~ H2I/-I (2V-1) 2 "r 2V-1 (2V-1) 2 J' — L \2V-1 (2V-1) 2 2V-1 ^ (21/-1) 2 h 

d^dq + dudr] = (dX 2 +dY*+dZ*-dT?) _ A _d^_( XdX + y^y + ZdZ _ T rfT) + 

I A dV 2 ( Y 2 \V2_ l7 2_ rp2\ _ dT 2 -dX 2 -dY 2 -dZ 2 
(2V^— l) 4 \ ~r ~^ ) ~ (T 2 -X 2 -Y 2 -Z 2 ) 2 ' 

ds 2 := dT 2 - dX 2 - dY 2 - dZ 2 = - y^ff , x 2 + y 2 + z 2 - t 2 



(«+7?o;) 2 ' 1 i> 1 * 2V-1' 

(533) 
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Therefore, there is a reason to put 
Then 

6.2.6 Proof of the first invariant formulas 



Consider the fractional linear transformation group L 

X = (AX + B)(CX + D)-\ S := ^ ^Q, detS=l. 

Then there are two consecutive transformations 

X = (AX + B)(CX + D)-\ X = (AX + B)(CX + D)- 1 

X = (AX + B)(CX + D)- 1 = 
= (A(AX + B) + B(CX + D))(C(AX + B) + D(CX + D))- 1 = 
= ((AA + BC)X + AB + BD)((CA + DC)X + CB + DD)' 1 , 

A B 



(536) 



(537) 



(538) 



S:~- 











c 






D ) 



S :-- 



S = SS. 



C D 

For unitary fractional-linear transformations, we have 



X* +X = X* +X = 0, 
= (AX + B)(CX + DY l + (CX + D)*~ 1 (AX + B)*, 
= (CX + D)*(AX + B) + (AX + B)*(CX + D) = 
X*(A*C + C*A)X + X*(A*D + C*B) + (B*C + + D*B + = 

= X* + X. 



Whence, 

A*C + CM = 0, B*D + D*B = 0, A*D + C*B = E, S*ES = E, 

E 

E 



E :-- 



Let 

Put 
X : 



X\ x 2 
x 3 x 4 



X :-- 



x 1 x 2 
x 3 x 4 



dX 



dx\ dx2 
dx 3 dx4 



a 

ax 



( d d \ 

dx\ 0x2 

d d 

V (9x3 9x4 I 



<9 d 



d 

ax 



dx\ dx2 

d d 
\ 8x3 (9x4 / 



dX 



\ 



(539) 



(540) 



(541) 

dx\ dx2 
dx 3 dx 4 



(542) 
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Then 



d(XX) = d 



dX + dX = d{X + X), 

XiXi + X 2 X 3 X\X 2 + X 2 X\ 

X3X1 + X4X3 X 3 X 2 + 



dxi£ 1 + dx 2 x 3 dx\X 2 + <ix 2 Xi j _j_ ( X\dx\ + x 2 dx 3 X\dx 2 + x 2 dx\ 

dx^xi + da^a^ dx 3 x 2 + dx^x^ J I a^dxi + x^dxs x 3 dx 2 + x±dx± 

= (dX) X + X (dX). 

Therefore, the identities 

X = AX + 5 dX = AdX, X = X- 1 =>■ rfX = -X- 1 rfX X- 1 
are true. The proof of the second is that 

XX = 1, (dX) X + X (dX) = 0, 
(dX) X + X- 1 (dX) = 0, dX = -X- 1 (dX) X~\ 

Then we will obtain the identities 

x* + x = o, -x* = x, 

-(CX + D)*-\AX + B)* = (AX + B)(CX + D)" 1 , 
-(AX + 5)* = (CX + L>)*(AX + £)(CX + D)- 1 . 

Multiply the both parts on CdX 

(—X*A* - B*)CdX = (CX + D)*(AX + B)(CX + D)- l CdX, 
(-X*A*C - B*C)dX = (CX + D)*(AX + B)(CX + D)- 1 CdX. 



We use (540) 



(X*C*A + D*A - £)dX = (CX + D)*(AX + B)(CX + D)- l CdX, 
(CX + L>)*AdX - (CX + L>)*(AX + B)(CX + D)- l CdX = dX, 

A(dx)(cx + d)- 1 - (ax + s)(cx + D)- 1 c(dx)(cx + oy 1 = 

= (CX + D)*- 1 (dX)(CX + D)-\ 



We use (541) 



(d(AX + B)) (CX + D)- 1 + (AX + B)d((CX + D)- 1 ) 
= (CY + DZ)*- 1 Z*(dX)Z(CY + DZ)- 1 , 
Z* dXZ = Z* dXZ. 

Thus, the first invariant is obtained. 

6.2.7 Proof of the second invariant formulas 

Let 

X = AX + B, 
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(551) 



(552) 



or in the componentwise record, 

xi = a±xi + a 2 x 3 + 61, x 2 = a\x 2 + a 2 x i + b 2 , 

x 3 = CL3X1 + a A x 3 + 63, x A = a 3 x 2 + a^x^ + b 4 . 

Then 

9 _ „ _8 I „ _8_ _9_ _ „ _9 I „ _9_ 

8x4 ~ Ul dx! ^ " 3 9x 3 ' dx 2 ~ 1 9x 2 ^ " 3 8x4, ' 

9 „ 8 1 „ 8 8 8 _i_ 9 

dx 3 ~ 2 8 Xl " 4 9x 3 ' 9x 4 ~~ tt2 9x 2 + tt4 9x 4 ' 

or in the abbreviated form, 

A= AT M ^ = ^" 1 (^(A)^ 0). (553) 

Now let 

X = A" -1 , (554) 

or in the componentwise record, 

X — ^4 £ X2 x X3 - _ XI C 

1 X1X4— X2X3 X1X4— X2X3 ' 3 X1X4— X2X3 4 X1X4— X2X3 ' \ ) 

Then 

8 _ X4X4 9_ 1 9_ 1 X3X4 8_ _ X2X3 



9xi (X1X4—X2X3) 2 dxi (X1X4—X2X3) 2 8x2 (X1X4—X2X3) 2 8x3 (X-4X4—X2X3) 2 8x4 ' 

8 _ X4X3 8_ X1X4 _ 8 2:33:3 9_ 1 x\X3 _ 8 

8X2 (X-4X4 — X2X3) 2 dxi (x\X4~X2X3) 2 8X2 {x\X4 — X2X3) 2 8x3 (X1X4 — X2X3) 2 8x4 ' 

8 _ X4X2 8_ 3:23:2 _ 9 3:13:4 9_ 1 3:1X2 9_ 

9x3 (X4X4—X2X3) 2 dxj (X-4X4—X2X3) 2 9x2 (X1X4— x 2 X3) 2 9x3 (X4X4—X2X3) 2 8x4 ' 



8 X2X3 9_ _i_ X1X2 9_ _i X1X3 8_ xixi 9 

9x4 (X1X4— x 2 X3) 2 9xi (xiX4— X2X3) 2 9x2 (x\X4— X2X3) 2 8x3 [x\X4— X2X3) 2 8x4 ' 

(556) 

or in the abbreviated form, 

Wx = ~ X ~ lT M X ~ 1T ^ dlh = ~ X dlh X - ( 557 ) 
Assume that det(C) ^ then 

X = (AX + B)(CX + D)- 1 = AC' 1 + (B- AC- 1 D)(CX + D)' 1 . (558) 

Therefor, 

Mr = 8(CX+D) T - 1 ft ~ ^£ 1 = 

= -(CX + D) W ^ W {CX + D)(B- AC-'D)- 1 = 
= -(CX + D)qytC~ 1 (CX + D)(B - AC^D)- 1 = 
= -(CX + D)g^ T (XC* + C- 1 DC*)(BC* - AC^DC*)- 1 = 
= (CX + D)qyt(CX + D)*(BC* + AD*)- 1 = (CX + D)^ T (CX + D)\ 

(559) 

Whence, 

d ~ d 
Z^^^Z*- 1 = Z^-^—Z*- 1 . (560) 
dX T dX T v ; 
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If now det(C) = then put 

X = X- 1 = (CX + D)(AX + B)-\ Z = AY + BZ, C = A, det(5) ^ 0. 

(561) 

If det(A) ^ then 

7 — 1 9 7* — l 7 — 1 9 7* — l 

9X T _ ~~ T ' 

^X(AY + BZ) ="^l= (562) 



-(AY + BZ)- 1 X^ T X(AY + 5Z)*- 1 = \X* = -X 
= (AY + BZ)-\AY + 5Z)(CY + DZ)' 1 ^ ¥ x 



x (CY + DZ)*- 1 ^ + BZ)*(AY + fiZ)*- 1 = Z^^Z*- 1 . 
If dei(A) = then put 

X = X + D, X = X-\ X = (AX + B)(CX + D)' 1 , C = A + DC, det(C)^0. 

(563) 

It is obvious that D can always be chosen, that det(C) ^ 0. So 



<7— 1 9 7* — l 7 — 1 9 7* — l 7 — 1 9 7* — l 7 — 1 9 7* — l 

9X T d ^ T 9X T 9X T 

that will give the second invariant. 



(564) 



6.3 Proof of the fifth chapter equations 

6.3.1 The proof of the integrability conditions of the bitwistor equation 

By the definition, 

□/ = |(V afc V dfe - V*V afc ) = K/bnn(V mn V dfc + W md W nk ) = \eak m n^ m{n ^ d)k . 

(565) 

Therefor, 

U a d X c = R a d r c X r = l -e akmn V m{n V d)k X c . (566) 
If V^X^ = then the integrability conditions of this equation have the form 

le akmn V m ^ n V d ^X^ = 

= lR a ^X l + ±e akmn (V mc V dk + V md V ck )X n = 

idk I \jmd\jck\ yn 



Bakmn(V mC V dk + V™V c/c )X n = 

, v «v sr - V sr V ms ) - e mrdk \( 



= e akmn (e cdkr \(V ms V sr - V sr V ms ) - e mrdk \(V sr V sc - V sc V sr ))X n = 



6Sj c 5 m r 5 n d ^l(V sr V sm - V sm V sr )X n + 45 [a r 5 n] d l(V sr V sc - V sc V sr )X 
= 66j c 6 m r 6 n ^Rr m i n X l + 4 Wi? r TX' = 2Rj c ^X l + \5 a H^RX l 

= IRJ^X 1 + ±6 a (% d) RX l = IC^X 1 , (568) 
where C a cd is the Weyl tensor analogue. 
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1 BBe^eHHe 



IlpefljiaraeMafl flnccepTannoHHaii pa6oTa ^BjiaeTCH TeoperanecKHM 
HCCJie^OBaHHeM no reoMeTpiiii 6-MepHbix piiMaHOBbix npocTpaHCTB n no- 
CB^meHa BonpocaM, CB5i3aHHbiM c stoh reoMeTpneii. 

H3yneHHe 6-MepHbix pHMaHOBbix npocTpaHCTB nporoBOflHTCfl c noMO- 
inbio cooTBeTCTByioinero 6-MepHoro cnHHopHoro (popMajiH3Ma [3], |40| . 
[23] n Teopiiii HopiviajiH3aii,HH HopfleHa-Hencpejib^a [ID]- [IS], [TT]-[2~2~]. 
hto no3BOJi5ieT ynpocTHTb Ba>KHbie cooTHonieHiiii , 3anHcaHHbie b TeH- 
3opHOM BH^e, ii npiiBOfliiT k opiirHHajibHbiM pe3yjibTaTaM. 

Bbi6op TeMbi oGycjiOBjieH B03pocniHM b nocjie^Hee BpeMH HHTepe- 

COM K TaKIIM npOCTpaHCTBaM. OHII eCTeCTBeHHbIM 06pa30M n05IBJI5IIOTC5I, 

Hanpniviep, b ciiiihopho-tbiictophom (popiviajiH3Me IleHpoy3a [23]- [26], 
[45]-[3E]- S^ecb Ba>KHyio pojib iirpaeT nceB^oeBKjinflOBO npocTpaHCTBO 

H^ 2 4 % , II30TpOnHbIH KOHyC KOTOpOrO n03BOJI5ieT Onpe^ejIHTb KOHCpOpMHO- 

nceBfloeBKjiHflOBO npocTpaHCTBO MiiHKOBCKoro. Bojiee Toro, tbhctopm b 
Teopnii IleHpoy3a 6ynyT npe^CTaBjMTb cmiHopbi, corjiacoBaHHbie c npo- 
CTpaHCTBOM K(2 4)- O^HaKO, ecjin b MOHorpacpiiii [23] TBiicTopbi o6pa3y- 
k»t 4-MepHoe KOMnjieKCHoe BeKTopHoe paccjioeHiie c 6a3oii - 4-MepHbiM 
fleiicTBHTejibHbiM MHoroo6pa3iieM, to b flaHHon pa6oTe 6a3oft cjiyacHT 
6-iviepHoe aHajiHTHnecKoe KOMnjieKCHoe piuviaHOBO npocTpaHCTBO <CV G . 

3t0 npiIBOflHT K HOBbIM pe3yjIbTaTaM B TBIICTOpHOli TGOpiIII. K0H(p0pMH0- 

(nceB r n,o-)eBKjiH r ii,OBO (nceB r n,o-)pHMaHOBO npocTpaHCTBO b stom cjiynae 

CB5I3bIBaeTC5I C KOMnjieKCHOH aHajIHTHHeCKOH KBa^pHKOH CQq [SB], |37| . 

hto npHBO^HT k H3yneHHio cbohctb rpynnbi SO{8 : C) [39], |H3], a cjie- 
flOBaTejibHO h k npiiHrriiny TpoftcTBeHHOCTii 3. KapTaHa [3]. YKa3aHHbie 
KOMnjieKCHO-eBKjiHflOBbi reoivieTpiiii b ^aHHOM cjiynae no5iBji5iiOTC5i KaK 
BHyTpeHHiie reoMeTpiiH stoh HopMajiH30BaHHon KBaflpnKH. BbinncbiBasi 
flepiiBairiiOHHbie ypaBHGHiisi ^jih TaKon KBa^piiKii [13], mojkho onpe^e- 
jiiiTb iiHBapiiaHTHoe npn KOHcpopMHbix npeo6pa30BaHH5ix, a cjieflOBa- 
TejibHO ii npn 3aivieHe HopMajinsannn, ypaBHemie, KOTopoe no aHajiornn 
c TBHCTopHbiM ypaBHeHHeivi IleHpoy3a Ha30BeM 6nTBHCTopHbiM ypaB- 
HeHneM. PenieHH5i SToro ypaBHeHH5i o6pa3yK»T napbi, KOTopbie mo>kho 
HHTepnpeTnpoBaTb KaK Hyjib-napbi PoseHcpejib^a [32], hto npnBO^HT k 
6-MepHon KBaflpnKe n npiiHnnny TponcTBeHHOCTH 3. KapTaHa. Ilejie- 
coo6pa3HO paccMaTpnBaTb cjieflyioinne Tpn flncpcpeoiviopcpHbix ivie^Kfly 
co6on MHoroo6pa3H5i: 

1. MHoroo6pa3ne ToneK KBa^pnKH CQq; 
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2. MHoroo6pa3iie iijiockhx o6pa3yioinHx CP3 KBa/jpnKH MaKcn- 
MajibHoii pa3MepHOCTH I ceMeftcTBa; 

3. MHoroo6pa3He njiocKnx o6pa3yioin,Hx CP3 KBa^piiKii CQ6 MaKcn- 
MajibHoft pa3MepHOCTH II ceMeftcTBa. 

HopMajiH3an,HH sthx MHoroo6pa3nn no3BOjraeT paccMaTpiiBaTb KOHcpopMHO- 
(nceBflo^eBKjiH^OBbi cbh3hocth Ha sthx MHoroo6pa3H^x, KOTopbie 6y- 
/xyT BeiijieBbiMH. 3to npiiBO^iiT k o6o6ineHHio npiiHirnna TponcTBeHHO- 
cth Ha B-npocTpaHCTBa b TepMiiHOJioriiii Hop^eHa. 

HTaK, 6-MGpHbiH cnHHopHbiii (popMajiH3M ocHOBaH Ha paGoTax 3. 
KapTaHa [3] h Bpayepa [ID]. 4-MepHbin cnnHopHbin (popMajiH3M h tbh- 
CTopHaa ajire6pa onncaHbi b pa6oTax IIeHpoy3a [23]- [20], [15]- [IS]- Cbh- 
3aHHbie c 3thmh (popiviajiH3MaMH H30MopcpH3Mbi rpynn h ajire6p JIh 
paccMOTpeHbi b pa6oTax [1], [29], [30], [12] • Kpoivre Toro, CBepeunsi no 
KjiHcpcpopflOBbiM ajire6paM h OKTaBaM B35iTbi H3 [30] h [23]. CBe^eHHa 
o KBa^pHKax h hx njiocKHx o6pa3yK)iHHx npHBe^eHbi b pa6oTax [36] 
h [37]. HopMajiH3an,HH MHoroo6pa3H5i njiocKHx o6pa3yK)innx nponcxo- 
jjht TaioKe, KaK onncaHO b pa6oTax [13]- [15], [IB], [20], [22]. Cbh3ho- 

CTH B paCCJIOeHHHX BBOflHTCH COrjiaCHO [15], [IS], [21], [22]- BjIC»KeHH5I 

fleftcTBHTejibHbix npocTpaHCTB b KOMnjieKCHoe paccMOTpeHbi b pa6oTe 
[10]. ^eftcTBHTejibHoe h KOMnjieKCHoe npeflCTaBjieHHH pHMaHOBbix npo- 
CTpaHCTB npoBOflHTCH corjiacHO [4], [5] h [7]. Hyjib-napbi Po3eH(pejibjja 

B35ITbI H3 pa60TbI [32]- CoOTBeTCTBIie KjIHHHa npHBefleHO B [52] h |53j . 

O (pH3HHecKHx npiuio>KeHH5ix TBHCTopoB mo>kho nocMOTpeTb b paGoTax 

[23], [50] h [51]. 

PaccMOTpHM ocHOBHoe coflep^aHne no rjiaBaM. ^jra SToro neo6xopn- 
mo npeflBapnTejibHO c^ejiaTb HeKOTopbie onpeflejieHnsi. 

1.1 OcHOBHbie onpe^ejieHHH 

3th onpeflejieHHH BBe^eHbi corjiacHO pa6oTaM [10]- [IB]- Otmcthm, 
hto Bee (pyHKn,HH, ynacTByioiirHe b nocTpoeHH^x npejjnojiaraiOTC5i po- 
CTaTOHHO rjia^KHMH. Bee onpejjpjieHnsi, yTBep^fleHna n nocTpoeHHH ho- 
C5it jioKajibHbin xapaKTep. IIojj, KOMnjieKCHbiM aHajiHTnnecKHM pnMaHO- 
BbiM npocTpaHCTBOM <CV n b jjajibHenmeM 6yn,eM noHHMaTb aHajinTnne- 
CKoe KOMnjieKCHoe MHoroo6pa3He, CHa6>KeHHoe aHajinTnnecKOH KBa^pa- 

THHHOH MeTpHKOH, T.e. MeTpHKOH, Onpe^ejieHHOH C nOMOIHbK) CHMMeT- 

pnnecKoro HeBbipo^KfleHHoro TeH3opa g a p, KOopflHHaTbi KOToporo - aHa- 
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JIHTHHeCKHe (pyHKUHH KOOpflHHaT TOHKH. 3T0My TeH30py COOTBCTCTBy- 

eT KOMnjieKCHaa pHMaHOBa cb5I3hoctb 6e3 KpyneiiiTH, KOScpcpiiinieiiTbi 
KOTopoii onpeflejraiOTCfl ciiMBOJiaMii KpiiCTO(peji5i 11 nosTOMy hbjimiotch 

aHajIHTHHeCKHMH (pyHKI^HSIMH. 

KacaTejiBHoe paccjioeHHe SToro MHoroo6pa3ira r c (Cy") HMeeT cjioh 
r^r = CM", to ecTB cjioh, H30Mop(pHBie n-MepHOMy KOMnjieKCHOMy eB- 
KjiHflOBOMy npocTpaHCTBy, MeTpiiKa KOToporo onpejj,eji5ieTC5i 3HaneHH- 
eM eBKjiHflOBoro MeTpimecKoro TeH3opa b jjaHHoii TOHKe x. EtycTB n=6. 
06o3HaHHM nepe3 A 2 C 4 npocTpaHCTBO Giibcktopob npocTpaHCTBa C 4 , 
a nepe3 A - cooTBeTCTByiomee paccjioeHHe c 6a3oft CV 6 h cjiohmii, ko- 
TopBie H30MopcpHBi CM 6 (CM 6 = A 2 C 4 ). OTCiofla cjie^yeT, hto b 6- 
MepHOM cjiynae KOMnjieKCHoe pHMaHOBO npocTpaHCTBO <CV 6 6yn,eT 6a- 
30ii paccjioemisi A c = C 4 (Cy 6 ). IIpii stom KaHOHiinecKasi npoeKii,H5i 
p : C 4 i — > x G CV 6 OTo6pa>KaeT cjioh C 4 b TOHKy x 6a3Bi. 

Bem,ecTBeHHoe (nceB/xo^piiMaHOBO npocTpaHCTBO % 6yn,eM pac- 
CMaTpHBaTB Kax noBepxHOCTB BemecTBeHHoft pa3MepHOCTH n b npo- 
CTpaHCTBe < CV n 1 T.e. jioKajiBHO onpeflejiHTB c noMombio napaMeTpiine- 
CKoro ypaBHeHH5i 



z a = z a (u l ) (a, (3, z, j,g,h = l,ri), (1) 

rjj,e z a - KOMnjieKCHBie KOop/jHiiaTbi tohkh x 6a3Bi, a u l - napaivieTpbi: 
jiOKajiBHBie KOopflHHaTBi tohkh npocTpaHCTBa Vu, q y HacTHBie npoH3- 
BOflHBie (diZ a =: Hi a ) onpejj,eji5noT Bjio^Kemie BemecTBemioro KacaTejiB- 
Horo npocTpaHCTBa t^(VT^) = ^ pq ^ noBepxHOCTH (1) b KOMnjieKCHoe 
KacaTejibHoe npocTpaHCTBO t% cjie/jyioinHM o6pa30M 

H : if h-> r x c , (2) 

= ^(^(t)), y« : = ^ = = : Hi a v\ 

(3) 

dt ^ 'a: ? ^ 'x i 

rjj,e flHcpcpepeHi^iipoBaHiie Bejj,eTCH B/jpjib BemecTBeHHoft KpiiBoii j(t) no- 
BepxHOCTii ({!]). Tax KaK MaTpima || Hf 1 || ecTb HeBbipo^K^eHHaH hko6h- 
eBa MaTpima, to cymecTByeT onepaTop H l a TaKoii, hto 

\ H\H 3 a = 5/. 1 ] 

OTCiofla cjiejjyeT, hto onepaTop Hi 01 onpejj,eji5ieT b KOMnjieKCHOM npo- 

CTpaHCTBe HHBOJHOII,HIO 

S/ = H\Hf, (5) 
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iyje KoopflHHaTbi KOMnjieKCHO conpa>KeHbi KoopflimaTaM |10| . 
EtosTOMy 

v l = H\V a = H\V a S/V a = V p '. (6) 

3to ecTb HeoSxoflHMoe h flocTaTOHHoe ycjiOBHe Toro, hto BeKTop V a e 
6yn,eT BemecTBeHHbiM. IIpii stom 

S/S^ = <V*. (7) 
MeTpHKy b r 5(^(pq)) onpeflejiHM ycjiOBHGM 

g a pV a VP = g a pV*VP, W?' = S/V a . (8) 

3to 03HaHaeT, hto BemecTBemibiH TeH3op npocTpaHCTBa t^(V^ n) onpe- 
flejiaeTca KaK TeH3op, caMoconpsDKemibiH OTHOCHTejibHO yKa3aHHOH sp- 

MHTOBOH HHBOJIIOUHII 

9a/3 = 'S'a 7 'S'/?' 5 <7 7 'J'- (9) 

IlosTOMy, TeH3op 

9ij := H t a H/g a p = H^H/g^ (10) 

6ya,eT MeTpiinecKHM TeH3opoM T^iy^ q y) C rf (Cl/ n ). Bh^ MeTpHKii gij 
cym,ecTBeHHO 3aBiiciiT ot CTpyKTypbi onepaTopa h cjieflOBaTejibHO 
ot TeH3opa hhboji 1011,11 ii SqP . KoMnjieKCHaa piiMaHOBa CB5i3HOCTb npo- 
CTpaHCTBa CV n 6yn,eT HH/iyinipoBaTb Ha BemecTBemioii noBepxHOCTii 

CB5I3HOCTb Bllfla 

V, := H«V a (11) 

Taxyio, HTO 

ViHj a = i bij g H g a , ^i9j g = 2i6j(j 5 ), bij g := bij h gh g . (12) 

rioTpe6yeM, HTo6bi iiH/iyuHpoBaHHafl CB5i3HOCTb 6bijia piiMaHOBoft, to- 
r^a 

hjh = bjih, bijh = —bihj => bijh = (13) 
ii cjieflOBaTejibHO 

V^/ = V 7 5/ = 0. (14) 
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ripn n=6 cyjKemie 6a3bi CV i — > VP s no3BOJi5ieT onpe^ejiHTb pac- 

cjioeHHe A (S) = C 4 (S')(V^ >), cjioh KOToporo /jpji^Hbi 6biTb CHa6>Ke- 
hm HeKOTopoii flonojiHHTejibHoii CTpyKTypoft s. Hii>Ke 6yn,eT noKa3aHO, 
hto 3Ta CTpyKTypa b cjrynae MeTpiiKii Heraoro HHjj,eKca (r.e. KOJinnecTBO 

MHHyCOB HeTHo) OnpeflejIHeTCH SpMHTOBO-CHMMeTpHHHbIM TeH30pOM, a 

b cjiynae MeTpiiKii HeneTHoro HH^eKca CTpyKTypa 6yn,eT onpe^ejieHa 
3pMHT0B0H HHBOJIIOUHeH. fljra nceB/jppHMaHOBa npocTpaHCTBa HeTHoro 
HH^eKca 4 paccjioeHHe A C (S) Ha30BeM tbhctophmm, Tax KaK ero cjioh 

6yjJ,yT H30MOp(pHbI BGKTOpHOMy npocTpaHCTBy T [23]. 

1.2 BTopaa rjiaBa 

3Ta HacTb ocHOBaHa Ha pa6oTax [23]- [26], rjj,e pa3BHT 4-MepHbiii cnn- 
HopHbiH (popiviajiH3M. B [T7] BBejj,eHbi CBH3yioiii,He onepaTopbi rj a ab . flaH- 
Hbie no rpynnaM J1h B3^Tbi H3 pa6oT PQ, |29| . [50] . 6-MepHbift criHHop- 

Hblft (pOpMajIH3M, nOCTpOeHHblft B 3TOH RJiaBe, OCHOBaH Ha cjiejjyioinHx 
3 H30MOp(pH3Max: 

1. H30MopcpH3M npocTpaHCTB CM 6 = A 2 C 4 ; 

2. HSOMopcpHSM rpynn 50(6, C) = 5L(4, C)/{±1}; 

3. H30MopcpH3M ajire6p JIh so(6,C) = s/(4, C). 

B 5IBHOM BHJJ,e 3TH H30MOpCpH3MbI OIIHCbIBaK)TC5I TaK! 

1. r a = ^r] a a bR ab , rjj,e r a - KoopflimaTbi BeKTopa b CM 6 , R ab - ko- 
opflHHaTbi 6nBeKTopa b A 2 C 4 , a J] a a b - KoopflHHaTbi CB5i3yiomHx 
onepaTopoB Hop^erm; 

2. Ka 13 = \rf ] a b^la cd ' ^S c a Sd, rjj,e KqP - KoopflHHaTbi npeo6pa30Ba- 
hhh H3 rpynnbi SO (6, C), a S a b - KOopflHHaTbi npeo6pa30Bami5i H3 
rpynnbi 5X(4, C); 

3 jia/3 _ A a P a br r b a ^ j^P _ Koop^HHaTbi 6nBeKTopa npocTpaHCTBa 
A 2 CM 6 , a T b - KoopflHHaTbi 6eccjiejj,Horo onepaTopa npocTpaHCTBa 
C 4 . 

IlpH 3T0M CB5I3yK)III,He OnepaTOpbl yn,OBJieTBOp5IK)T COOTHOHieHMM 

n af3 _ i I a , a aaxbbx aa x bb x _ aa x bby a.0 f-t r\ 

g — 1/4-77 aai^7 M>i £ i £ ~ Va V/3 9 j 
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iyje (a, /?,... = 1,2,3,4,5,6; ai, 61, a, 6, e, /, k, m, n, ... = 1,2,3,4; 
i,j,g,h = 1,2,3,4,5,6). H3 SToro cjie^yeT, hto onepaTopbi Hop^e- 
Ha yflOBjieTBopaiOT ypaBHeroiio Kjincpcpop^a h onpeflejraiOT HeKOTopyio 
nojiHyio KjiHcpcpopflOBy ajire6py, Koropaa peajni3yeTC5i c noMODXbio aji- 
re6pbi MaTpnii, pa3MepH0CTH 8x8. 

PaccMaTpHBaa ^ajiee bjiojkghhg H&jL g ) C CM 6 , mo>kho nojiyniiTb pa3- 

JIO>KeHHH H flJIH TeH30pa SpMHTOBOH HHBOJIIOHHH S a ^ (= \T] a aai f]^ ytf S aa b bl ) 

b cjiy^ae mgtphkh neTHoro HH^eKca imepipra q h 

Saa^ 1 = 2 S[a b ' Sai] b '\ S aV S V C = ±5 a C (17) 

b cjiy^ae MeTpiiKH HeHeTHoro HH^eKca. B KanecTBe noKa3aTejibHoro npii- 
Mepa b cneirnajibHOM 6a3Hce paccMaTpiiBaeTC5i bjiokchiig IR 6 2 4 ) ^ CM 6 . 
B nocjie^HeM naparpaqbe /raHHoii rjiaBbi BBO^HTca o6o6m,eHHbie onepa- 
Topbi Hop^eHa, KaK aHajiiiTiiHecKiie qbyHKn,HH KoopflimaT tohkh z 1 Tax, 

HTO BbinOJIHeHO 

g^(z^) = 1/4 • J/Vt^AM^M- (18) 

Ha 3tom 3aKaHHHBaeTca nocTpoeHHe HeoSxofliiMoro cnHHopHoro qbop- 
MajiH3Ma fljia npocTpaHCTBa Cy 6 . 

Cjie^yeT OTMeTHTb, hto yKa3aHHbift cniiHopHbift cpopMajiii3M bo mho- 
tom cxofleH c 4-MepHbiM cnHHopHbiM qbopMajiH3MOM IleHpoy3a, npii ko- 
TopoM pHMaHOBO npocTpaHCTBO V A ecTb 6a3a paccjioeHHH C 2 (V^ 3 \) h 
C (Vn 3 \). BeKTopbi npocTpaHCTBa C 2 (V/^ 3 %) Ha3biBaiOTC5i y lleHpoy3a 

CnHHOpaMH, a BeKTOpbl C (V/J g\) - TBHCTOpaMH. OCHOBHOH OTJIHHHTejIb- 
HOH HepTOH TBHCTOpOB flaHHOH flHCCepTai^HH 11 HBJI5ieTC5I TO, HTO TBHCTO- 

poM Ha3biBaeTca BeKTop paccjioeHHH C 4 (V^ 4 ^), h Taxoe iicTOJiKOBaHiie 
noMoraeT nojryHHTb HOBbie pe3yjibTaTbi. 3to MO>KeT npiiBecTii k hoboh 

TpaKTOBKe (pH3HHeCKOH HHTepnpeTailTffl TBHCTOpOB, H3JIO)KeHHOH B MO- 

HorpaqbnH [23]. 

1.3 TpeTba rjiaBa 

TpeTbH rjiaBa nocBHirreHa BBe^eHHio cb5I3hocth b paccjioeHHHx c 
KOMnjieKCHoft 6a3oft CV 6 . BBeflemie cbh3hocth ocymecTBjiaeTCfl corjiac- 
ho [TS] , [12], [23]. KoMiuieKCHoe h fleftcTBHTejibHoe npeflCTaBjiemra B3H- 
tm H3 [3], [7]. B KanecTBe 6a3bi saflaeTCH KOMiuieKCHO-aHajiHTHHecKoe 
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piiM&HOBO npocTpaHCTBO CV & . fljia SToro paccMaTpiiBaeTCH KOMiuieKC- 
Haa aHajiHTHHecKaa KBa^piiKa CQq, Bjiomennaii b npoeKTHBHoe npo 

CTpaHCTBO CP7 

G AB X A X B = 0, (19) 



iyi,e (A, B, ... = 1, 8). MHoroo6pa3iie iijiockhx o6pa3yioiii,Hx MaKCHMajiB- 
Horo paHra CP3 KaKoro-Hii6yzi,b ceMeiicTBa (hx KaK H3BecTHO flBa) - kom- 
njieKCHO niecTHMepHO. flajiee paccMaTpiiBaeTCH rapMOHHHecKa^ HopMa- 
jiH3an,HH Taxoro ceMeiicTBa, KOTopaa b jiOKajibHbix KOopflimaTax HMeeT 

BHfl 

X a = X a (u A ), Y b = Y b (u A ), (20) 

r^e u A - flBeHa^aTb Bem,ecTBeHHbix napaivieTpoB (A, ^, ... = 1,12). 
IlepBbie flepHBai^HOHHbie ypaBHeHHH 3Toro HopMajirooBaHHoro ceivieH- 

CTBa HMeiOT BHfl 

V A X a = Y b M Aab , M Aab = -M Aba . (21) 
^jra nepe6pocKH napHbix HH^eKCOB Hcnojib3yeTC5i KBa^piiBeKTop £ abc d, 

KOCOCHMMeTpHHHblH nO BCGM CBOHM HH^eKCaM 

M A ab = l -M Acd e abcd . (22) 
Kpoivie Toro, onepaTopbi M A ab Ka^K^OMy BeKTopy 6a3bi CTaBiiT b coot- 

BeTCTBIIG 6lIBGKTOp H3 A 2 C 4 

V ab = M A ab V A . (23) 
9to onpe^ejiHT MeTpuHecKiiii TeH3op b KacaTejibHOM paccjioeHHH 

G A * = l -{M A ab M^ cd e abcd + M A a ' b 'M^ d 'e alUddl ). (24) 
TaKHM o6pa30M, 6a3a - MHoroo6pa3He iijiockhx o6pa3yioiii,iix - npeBpa- 

TIITC5I B 12-MepHOe pHMaHOBO npOCTpaHCTBO V^g 2 g^ C MeTpHHeCKHM T6H- 

3opoM G A ^ c sa^aHHOH Ha HeM KOMnjieKCHOH CTpyKTypoft /a*, YAOBjie- 
TBopaiomeH cjie/jyiomeMy cooTHOineHiiio 

A A * = \(6 A * + z/a*) = l -M Aab M^ b . (25) 

B Ka^ecTBe cjioeB paccjioeHira A c paccMaTpiiBaeTCH npocTpaHCTBO C 4 , 
onpeflejieHHoe 4 6a3iicHbiMii TOHKaMii X a iuiockoh o6pa3yK>m,eH. Kom- 
njiGKCHOii peajiH3an;Heii npocTpaHCTBa V^?^ aBjiaeTca npocTpaHCTBO CV 6 
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TaK, HTO 0T06pa>KGHHG KaCaTejIbHblX npOCTpaHCTB npOHCXOflHT C nOMO- 

mbio onepaTopoB Heiicpejibfla m a A KoscpcpHHHeHTbi cbsi3hocth onpe- 
^ejiHTCH b 3tom cjrynae nepe3 ypaBHeHira 

V a m a A = 0, V a ,m al K = 0. (26) 

IlpH 3tom 3a KOMnjieKCHyio KOBapnaHTHyio npoHSBOflHyio mojkho npii- 
H^Tb npoHSBOflHyio TaKoro Bii^a 

V a = m a A V A , Vc/ = ?tv a Va. (27) 

3aTeM b 3toh rjiaBe ycTaHaBjiHBaiOTC5i CBOHCTBa pHiviaHOBOH cbh3hocth 
6e3 KpyHeHHH, npoflOJiJKeHHoii Ha cjioh paccjioemra A c . OKa3biBaeTC5i, 
9to npoflOJi^KeHne efliiHCTBeHHO ii sa^aeTcsi TpcGoBaHiieivi KOBapiiaHTHO- 
ro nocToaHCTBa KBa^piiBeKTopa e a bcd- Ilocjie 3Toro c notviombio onepa- 
TopoB Bjio>KeHii5i yzjaeTCH nepeiiTH k BemecTBeHHoii cb5I3hoctii, ho npn 
9tom HeoSxoflHMO noTpe6oBaTb KOBapnaHTHoe hoctohhctbo spmhtoboh 

HHBOJIIOHHH. 

Bee 3to no3BOJi5ieT paccMOTpeTb KOHcpopMHO-nHBapnaHTHoe 6htbh- 
CTopHoe ypaBHeHHe 

V c(d x a) = Q ^ 

Ero peuieHH5i CB5i3biBaiOTC5i c Hyjib napaMH PoseHcpejib^a, KOTopbie nr- 
paiOT Ba>KHyio pojib b flajibHeiiHiHx HCCJieflOBaHHHx. 

1.4 MeTBepTaa rjiaBa 

HeTBepTasi rjiaBa nocBHmeHa npo6jieivie Kjiaccn(pnKau;nn Teroopa 

KpHBH3HbI 6-MepHbIX (nCeBflO^pHMaHOBblX npOCTpaHCTB H CBOHCTBaM 

ero 6HBeKTopoB. 

IloKa3biBaeTC5i, KaK, nojib3y5icb onpeflejieHHbiM b nepBoii rjiaBe enn- 

HOpHblM (pOpMajIH3MOM, ynpOCTHTb TeH30pHyK) 3anHCb OCHOBHblX TO>K- 
fleCTB flJIfl TeH30pa KpHBH3HbI. YTBepjKflaeTCH, HTO KJiaCCHCpHKaHHK) Ta- 

Koro TeH3opa mojkho CBecTH k Kjiaccn(pnKau;Hn TeH3opa npocTpaHCTBa 
C 4 TaKoro, hto 

Rafij6 = A a pa 'A^Sc l Rb° '/ ''. (29) 

IlpH 3TOM TO^fleCTBO BnaHKH, KOTOpbIM yflOBjieTBopaeT TeH30p KpH- 
BH3HbI 

Rafij5 + RaSfa + Ra-f5f3 = 0, (30) 
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6ypfiT HMeTb BHfl 

Ri d J = ~R8 a d . (31) 



KaK BHflHO, BMecTO 105 ypaBHeHHii H3 (30) mc»kho paccMaTpiiBaTb Bcero 



16 ypaBHeHHii H3 (31), H3 KOTopbix 15 6ynyT cymecTBeHHbiMH. Mojkho 



nocTpoHTb TaKHM >Ke o6pa30M cniiHopHbiii aHajior TeH3opa Beftjra 

C a /3j5 = A a pa , A 1 ^ c d C} ) a d '■ (32) 

HHTepeceH, b KanecTBe cjie^CTBHsi H3 flaHHoii TeopeMbi, cjieflyioiHHH 
(paKT. ripoH3BOJibHbra npocToii H30TponHbiH 6iiBeKTop npocTpaHCTBa 
A 2 C 6 onpe^ejiHT c TOHHOCTbio flo MHC»KiiTeji5i bgktop npocTpaHCTBa C 4 . 
3to flacT B03MO>KHOCTb b npocTpaHCTBe 4 x nocTpoiiTb reoMeTpHne- 
CKyio HHTepnpeTaijHio TBiicropa, bo MHoroM cxoxyio c HHTepnpeTau,H- 
eft cnHHopa IleHpoy3a b npocTpaHCTBe Mi 3 ^ - cpjiar, cocTaBjiemibiH H3 
(pjiarniTOKa h nojiOTHHm,a cpjiara. 

H, HaKOHen,, yTBepjK^aeTca, hto b npocTpaHCTBe ^ pq ^ HeTHoro hh- 
fleKca q jik)6oh 6nBeKTop MC»KeT 6biTb npHBe^eH k KaHOHHHecKOMy Bii^y 
B HeKOTOpbIM 6a3Hce 

\R a pX a Y^ = R 16 X^ + R 23 X [2 Y^ + R Ah X^ A Y 5 \ (33) 

1.5 IlaTaa rjiaBa 

B nocjie^Heii rjiaBe, Hcnojib3y5i BeKTop X a h KOBeKTop 113 cjioeB 
paccjioeHHH t4 c h eMy flyajibHoro A c * , CTpoiiTC5i 8-MepHoe KOMiuieKCHoe 
npocTpaHCTBO T 2 KaK np^Maa cyivuvia C 4 © C* 4 

X A :={X\Y h ), (34) 

ii X" 4 G T 2 . Ilpii 3tom X a ii y& yflOBjieTBopsiioT cjie^yiomeii ciiCTeMe 

/ X" = X" - ir« b Y b , . . 

iyje r a& - KoopflimaTbi 6iiBeKTopa npocTpaHCTBa CM 6 , a X a , Y& - 3HaHe- 



Hii5i X a , Y5 b HeKOTopoii TOHKe O. Ha caMOM flejie, ciicTeMy (35) mo)k- 
ho paccMaTpiiBaTb KaK penieHiia 6iiTBiicTopHoro ypaBHeHHii, a X a , Y^ 
6ynyT ero nacTHbiMH penieHH5iMH. PaccMaTpHBaa t.m.t., /yra KOTopbix 
X a = 0, mo>kho npHHTH k Hyjib-napaM PoseHcpejib^a h cqbopMyjinpo- 
BaTb cjieflyiomee yTBep^K^eiiiie. 
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TeopeMa 1. (llpunyun mpoucmeennocmu 3ar deyx B- yuAundpoe). 
B npoeKmuenoM npocmpancmee CP7 cyu^ecmeywm dee neadpunu ( dea 
B - yuAundpa), o6AadaK>ui i ue CAedywwxLMU o6ui ) umu ceoucmeaMu: 

1. IJAOCKaA odpadywiyasi CP3 odnoil neadpunu 63auMOodno3nauno onpe- 
deAum moHKy R dpysoil. 

2. IIaockcla o6pa3yK>m i aA CP2 odnou neadpunu odno3naHno onpede- 
Aum mouny R dpysoil. Ho mourn R Mootcno conocmaeumb mhozo- 
o6pa3ue uaockux o6pa3ywui ) ux CP2, npunadAtoicawiix odnou uaoc- 
kou o6pa,3yK>w ) eu CP3 emopou neadpunu. 

3. YlpAMOAuneunaA o6pa3yK>m i aA CPi odnou neadpunu 63auMoodno- 
3nauno onpedeAum npAMOAuneunyw o6pa3yK>uiAjK) CPi U3 dpysou. 
IIpuneM ece npAMOAuneunue o6pa3ywui ) ue, npunadAeofcawiie od- 
nou uaockou o6pa3yTOUi ) eu CP3 nepeoil neadpunu, onpedeAAm ny- 
hok c yenmpoM e monne R, npunadAewcauiAiu emopou neadpune. 

9to no3BOJi5ieT BBecTH onepaTopbi t] A kl TaKiie, hto 

r A = \ti A klR K \ (36) 

r^e r A - KOopflimaTbi BeKTopa npocTpaHCTBa CM 8 , a R KL - Koopflii- 
HaTbi HeKOToporo TeH3opa npocTpaHCTBa CM 8 . IlpH btom CBH3yioiirHe 
onepaTopbi t\ A kl onpe^ejiHT HeKOTopyio nojiHyio ajire6py Kniicpcpopfla, 
nocKOJibKy 6ynyT yupBjieTBop^Tb KjiiicpcpopflOBy ypaBHemiio 

GabSk L = IakVr + lBK R r]A L R- (37) 

B btom cjiy^ae y Hac 6yn,eT napa MeTpiiHecKiix TeH3opoB 

£klmn = V klVamn, 

(38) 

t*AB — i^A Vb £km£ln, £(KL)(MN) — 2 £ kl£mn- 

C noMom,bio nepBoro Teroopa mojkho noflHHMaTb h onycKaTb napHbie 
HHfleKCbi, a c noMom,bio BToporo npoflejibmaTb yKa3aHHyio onepainiio c 

OflHHOHHblMH HHfleKCaMH. 9t0 HaKJiaflblBaeT >KeCTKIIG yCJIOBHH Ha CB5I- 

3yK»mHe onepaTopbi, HanpiiMep 

1 A (mn) = ^} A kl£ KL £mn- (39) 
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TaKiie CB5i3yioiii,He onepaTopbi 6ynyT onpe^ejisiTb CTpyKTypHbie koh- 
CTaHTbi ajire6pbi OKTaB h upwepjT k flByniiCTHOMy HaKpbiTHio 
Spin(8, C)/{±1} = 50(8, C). ilosTOMy onepaTopbi t\ A kl bo mhotom 
cxo>kii c onepaTopaMH Hop^eiia rfu no cboiim CBoiiCTBaM. 

1.6 3aKJiK)HeHHe 

Cjie^yeT OTMeTiiTb, hto b Koiiue fliiccepTainiii HMeeTca ripiijiojKeHiie, 
b kotopom npHBe^eHbi Bee HeoGxoflHMbie ajire6paiiHecKiie BbiKjia^Kii. 

OcHOBHbie pe3yjibTaTbi fliiccepTauHii ony6jiiiKOBaHbi b OTKpbiToii ne- 
naTii: 

1. "O 6iiBeKTopax 6-MepHbix pinviaHOBbix npocTpaHCTB " . YTHC, Ycpa, 

1996, c. 59-61; 

2. "O CTpyKType TeH3opa KpiiBii3Hbi 6-MepHbix pinviaHOBbix npocTpaHCTB " . 
BecraHK Bry, Ycpa, N2(I), 1996, c. 44-47; 

3. "O TBHCTopHbix paccjioeHH^x c 6-MepHoii 6a3oii". MrC, Ka3aHb, 

1997, c. 13; 

4. "O rGOMGTpiin 6htbhctopob". PKCA, Ycpa, 1997, c. 85-87. 
ii flOKjiaflbiBajiHCb Ha KOHcpepeimiiax: 

1. " JIghiihckiig ropbi - 95 r. MocKBa; 

2. " He6binieBCKHe HTemiH - 96 r. MocKBa; 

3. "JIo6aHeBCKiie htghhh - 97 r. Ka3aHb; 

4. MHoroHHCJieHHbie KOHcpepeHiniii b r. Ycpe ii ceMimapbi, npoxo^HB- 
iiiiie b r. Ka3aHH (xacpe^pa reoMeTpiiii KrY). 

Abtop Bbipa>KaeT Sjiaro^apHOCTb 3a noiviomb b no^roTOBKe fliiccepTa- 
iniii CBoeMy HayHHOMy pyKOBOflirrejno flon;. Heiicpejibfly ii Kacpe^pe 
reoMeTpiiii KrY (saB.Kacpeflpoii npocp. B.H. IQanyKOB). 
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2 OcHOBHbie TO^K^ecTBa h cJ)opMyjibi 



3Ta rjiaBa nocB^meHa H3yneHHK) ajire6paiiHecKHx cbohctb HaKpbi- 

TH5I 

50(6, C) ^ SX(4,C)/{±1}. 

Ha ocHOBe SToro H30MopcpH3Ma CTpoHTCH sjieMeHTapHaa ajireGpaiine- 
CKaa 6a3a, HeoSxoflHMasi fljia flajibHeftiiiHx nocTpoeHHH. fljra SToro pac- 
CMaTpHBaiOTca pa3JiHHHbie BeKTopHbie paccjioeHHH c 6a3oii Cy 6 (CIR 6 ). 
KacaTejibHoe paccjioeHne r c (CV 6 ), co^ep^Kamee cjioh, rooMopcpHbie CM 6 , 

6yj\eT H30M0p(pH0 paCCJIOeHHK) A CO CJI05IMH, H30M0p(pHbIMH A 2 C 4 , HTO 

cjie^yeT H3 cymecTB0BaHH5i CBH3yK»mHx onepaTopoB Hop^eHa 

r a — —r> a P aai 

• — ^ I aa i ' 

iyje (a, (3, ... = 1, 2, 3, 4, 5, 6; ai, &i, a, 6, ... = 1, 2, 3, 4). KpoMe Toro, pac- 
CMaTpHBaeTca paccjioemie A c co cjiohmh, H30Mop<pHbiMH C 4 , h 6a30H 
Cy 6 (CM 6 ). OTCiofla 6yn,eT cjieflOBaTb cym,ecTBOBaHHe TaKiix onepaTO- 
POB A a/3a \ HTO 

Ti A Crp d rp a n T~i T~i 

a/3 — Aa^d ? J a = U, ± a p — —± a p. 

KaK cjie^yeT H3 pe3yjibTaT0B npeflnocjie^Hero nyHKTa stoh rjiaBbi, pac- 
CMaTpHBaioinero HH(pHHHTH3HMajibHbie npeo6pa30BaHHH, nocTpoeHHbie 
onepaTopbi hbjihiotch ajire6paHHecK0H peajiroaijHeH H30Mopqbii3Ma aji- 
re6p JIh 

so(6,C) = s/(4,C). 

3aTeM HCCJieflyiOTCH BemecTBemibie Bjio)KeHH5i /yra yKa3aHHbix H30Mop- 
(pH3M0B c noMom,bio onepaTopa Bjio>KeHH5i h hhbojhod;hh Sj 3 ' . EtpH 
3tom onepan,HH conpsiJKeHira , HHflyi^HpyeMaH b paccjioeHHH A c , pa36ii- 
BaeTca Ha ^Ba Kjiacca. B nepBOM cjiy^ae (npocTpaHCTBO ^ 9 )(^ 9 )) 
HMeeT MeTpiiKy neTHoro HH^eKca q) conpsiJKeHHe ocymecTBji5ieTC5i c no- 
MOinbio TeH3opa spMHTOBoro noji^pHTeTa s aa ' 

X a ' := s aa 'X a . 

Bo BTopoM cjiy^ae, Koiyja q - HeneTHO, - c noMom,bio TeH3opa spmhtoboh 

HHBOJI 100,1111 S a a ' 

X a ' := s a a 'X a . 

Btopoh nyHKT KaK pa3 h nocB^meH BbracHeHHio SToro cpaKra, KOTopbift 
flOKasbiBaeTca c Hcnojib30BaHHeM TeopeM H3 MOHorpaqbiin 



105 



16 



2.1 BnBeKTopa npocrpaHCTBa A 2 C 4 (A 2 M 4 ) 
2.1.1 OnepaTopw Hop,a,eHa 

H3BeCTH0, HTO MO)KHO yCT&HOBHTb H30MOp<pII3M Me^Kfly KOMIIJieKC- 
HblM eBKJIHflOBbIM npOCTpaHCTBOM CM 6 (M 6 ^) II npOCTpaHCTBOM 611- 
BGKTOpOB A 2 C 4 (A 2 IR 4 ). 3T0T H30MOp(pII3M OIipeflejIHeTCfl CB5I3yiOIII,IIMIl 

onepaTopaMH Hopfleiia [T7], yn,OBjieTBop5iioiniiMii cjie/ryioiniiM ycjiOBH- 

3M 

^aa^ 1 = raa^ 1 = 5^ 1= 2^^]^ (40) 

TaK, HTO BbinOJIHeHO 

r a = 1/2 • r] a aai R aa \ R aa ' = r] a aa W a , (41) 

iy^e (a, (3, ... = 1,2,3,4,5,6; a%, b%, a, b, e, f, k, l,m, n, ... = 1,2,3,4; 
i, j, g, h = 1, 2, 3, 4, 5, 6), npHHeM 

— 1 //I . n a cr aa i^i P aaibbi — „ aa lrl bb\ n afi 

y — - 1 / '/ aai'l bbi& i & — '/a 'IP i/ ? 

(42) 

<7a/3 = 1/4 • T] a aai '>lp bbl £aa 1 bb 1 , ^aa^h = aa x W bb x 9a^- 

Ilpii 3tom i? aai - KoopflimaTbi 6iiBeKTopa ii3 npocTpaHCTBa A 2 C 4 , a r a 
- KoopfliiHaTbi ero o6pa3a b CM 6 ; g a ^ - MeTpiiHecKiift TeH3op npocTpaH- 
CTBa CM 6 , a ero o6pa3 - TeH3op Eaaibbn KOCOCiiMMeTpHHHbiii no BCeM 
HH^eKcaM. 

3aMenaHHe 1. OrriMemuM, umo c noMov^bH) MempuuecKoso meH30- 
pa g a p, 3adaHHozo na npocmpancmee CM 6 , mu MODiceM nodnuMamb u 
onycKamb odunoHHue undeKcu, e mo epeMsi nan c noMouifiw Mempune- 

CK020 4-6GKmopa Eaaxbbu 3ad(IHH030 6 paCCJWetiUU A, MU MOCHC6M nod- 

HUMamb u onycKamb mo/ibKo napnue KOCOCUMMempuHHue undencu, u 
Htm maKoso MempuuecKoso meH3opa, c noMou^bto Komoposo mook-ho 
6ujio 6u npodejiamb nodo6Hyw onepayuw c o3uhohhumu undencaMU. 

OTCiofla cjie^yeT, hto cymecTByioT onepaTopbi A a ^° TaKiie, hto 

T a p = A a p d c T c d , T k k = 0, T a p = — T a p. (43) 
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IlpHBefleM flOKasaTejibCTBO SToro cpaKTa. 
JJoKaaameAbcmeo. fljifl chmbojiob JleBH-HiiBirra HMeeM 

£ abcd £kimn = 2^8[k a 5i b 5 m c 5 n ] d , 

£ abcd £kicd = 4^[fc a ^] 6 , 

e abcd £kbcd = 64 a , 

£ abcd £abcd = 24, 

6$ := 2fyV- 

MeTpHHecKHH, cjie/iyeT, hto 



(44) 



Kpoivie Toro, nocKOJibKy e abcd 
ct P . 83, (6.2.19)]) 



1 

2* 



n> r>c<i 



T. 2, 



(45) 



Tor^a c y^eTOM (popiviyji (41) h (42) fljra HeKOToporo TeH3opa HMeeM 



T[ a 0\ = 1/4 • r) a aai r)p bbl ■ 3/2(T a [ aiWl ] - 7] 6&ia ] ai ) = 
= l/4r/ a flai r// 61 • l/2(T afc fc ^ ai ^ 1 - T^e^) = 1/27^7//^* • 



l/4(T fcd fcc 



T fcc fcd ) = -l/2 Va bk ^ ca e adbkl ■ l/4(T kd kc - T kc kd ) 



(46) 



IlosTOMy, HTo6bi nojiyHHTb cpopMyjiy (43), cjie^yeT nojico-KHTb 
1 



A a f3d° := ■^l[a Ca Vp] kl£ dabk l , T c := l/4(Tfc c 
Taaibbi ^Ifeiaai 4£55 lC [ ai T' a ] , 



Tfcd \ 



□ 



BbinnnieM Haii6ojiee Ba>KHbie cooTHOHiemra fljra onepaTopoB A a ^ a 
A apd c A^ r s = \5 r s 5 d c - 28 r c 8 d s , A apd c A^ d = 28 [a ^^\ 

A af3d C A/ r S = {j] a CS T] lrd + T] a ck T] lkr 5 d S ) + l/2{T] a Sn T] lr J d C + ,^ 

+r] a c % dk 5 r s ) - l/4g a7 8 r s 8 d c , 



T<n 1 Aa(3 nrp rp 
YYl O ^1 777. J- Rrv 1 J- / 



m -L [iai J- [3a 



-T, 



a/3- 
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^0Ka3aTejibCTB0 sthx cpopMyii ^OBOJibHO rpoMOS^KO h, nosTOMy, Bbme- 
ceHO b npnjio>KeHHe (472)- (476). 



Cjie^yeT OTMeraTb, hto onepaTopbi Hop^eHa onpeflejiaioT HeKOTO- 
pyio KjincpcpopflOBy ajire6py. 

JJoKa3ameAt>cmeo. PaccMOTpHM TOJKflecTBO 



1^%)^ = -V(a [Cb m m 



„ [a6__ cd] 
l(a l 1(3) , 



(48) 



CBGpTKa KOTOpOrO C Ebcdn flaCT U.eilOHKy TOJKfleCTB 

„- ab^. cd~ 1 „ kl~ mn^ ^abcd^ 

l(a W0) £ bcdn — 24^(a 1(3) ^klmn^ ^bcdn, 



^?7(a lfi)bn — — XH{a 1(3) £ klmnO n 



r fl e T0T ^e, ^to H B (popMy- 116 (42). Onpe^ejiHM 



la := ^ 



aai 



-»7. 



aaai 1 1 , 



7c 



:=V2 



<7 a 



(49) 



(50) 



r^e A, ^, ... = 1,6. Tor^a onepaTopbi 7a ynpBjieTBopmoT cjie^yioineMy 

TOJKfleCTBy 

7a7^ + 7^7a = 2g\i>I, (51) 



hto cjie^yeT H3 ypaBH6HH5i (49). 3to ypaBHeHiie sibji^iqtcsi ypaBHGHii- 



eM KjiHcpcpopfla ((231 T - 2, CTp. 519, (B.l)]) Tax, hto 71, 72, 73, 74, 75, 76 
- onepaTopbi c KOMnjieKCHbiMH MaTpnn;aMH pa3MepHOCTii 8x8, g a p - 



MGTpiiHecKHH TeH3op (42), a I - eflHHHHHbiii onepaTop. 



BepHO o6paTHoe. IlycTb mm HMeeM ypaBHemie (51). Tor^a mm mojkgm 

nOCTpOHTb SJieMeHT 77 



77 := 717273747576, {nf = I- 



(52) 



B 3tom cjiy^ae, nocKOJibKy n=6 (^eTHo), 77 aHTHKOMMyTHpyeT c jik> 
6biM sjieMeHTOM 7 a , (a = 1,6). 3to 03HanaeT, hto fljra 7 a bo3mo>kho 



npe^CTaBjieHHe (50), h cjie^OBaTejibHO BepHbi TOK^ecTBa (48). 
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OTCiOfla cjie^yeT, hto onepaTopbi Hop^eHa onpe^ejisiiOT nojiHyio Kjiiicp- 
(popflOBy ajire6py, KOTopaa o6pa30BaHa KcmeHHbiMH cyMMaMii 

AI + B x lx + C x » lxlll + ... (53) 

Pa3MepH0CTb 3toh ajire6pbi paBHa 2 6 = 64. Taxaa ajire6pa mokbt 6biTb 
npe^CTaBjieHa iiojihoh MaTpHHHoft ajire6poft, sjieMeHTbi KOTopoft HMeiOT 
pasMepHOCTb 8x8 ([231 t. 2, CTp. 518-546]). □ 

2.1.2 Conpa>KeHHe b paccjioeHHH A C (S) 



B 3tom naparpaqbe (popMyjiiipyeTCH HeKOTopoe yTBep^^eHHe, Kaca- 
lomeeca BjiojKeHira BemecTBeHHbix npocTpaHCTB b KOMnjieKCHbie, flOKa- 
3aTejibCTBO npHBOflHTca >Ke b cjie^yioineM nyHKTe. 

PaccMOTpHM 6-MepHoe (nceB r ii 1 o-)eBKjiH r n,OBO npocTpaHCTBO a, bjio- 
>KGHHoe b CM 6 , c MeTpiiKOH npoH3BOJibHoro HHfleKca q, KacaTejibHoe 
npocTpaHCTBO r (R^ ? %) KOToporo 6yn,eM pacciviaTpHBaTb KaK Bem,ecTBeH- 
Hoe no^npocTpaHCTBO npocTpaHCTBa C 4 . 3to npiiBefleT k BeKTopHOMy 

paCCJIOeHHK) A (S) CO CJIOHMH, H30MOp(pHbIMH C 4 , H HeKOTOpOH CTpyK- 

Typoft s. HaM HeoSxoflHMO BbracHHTb npnpofly stoh CTpyKTypbi. J\jik 
3Toro paccMOTpHM npocTOH 6hbgktop H3 r c (r K ). HeoSxcflHMoe h ^o- 
CTaTOHHoe ycjiOBHe npocTOTbi Bbipa>KaeTC5i cpopMynoii 

R ab = X ay6 _ ^ya ? j« ya £ ^4 

iyje i, j = 1, 6; a, 6, c, d, /c, /, m, n, ... = 1,4. 



3aMenaHHe 2. i7a ocHoeanuu (fiopMyAu (41) npocmoMy 6ueeKmopy U3 
npocmpancmea A 2 C 4 cmaeumcji e coomeemcmeue u3omponHuu eeK- 
mop npocmpaHcmea CM 6 . 3mo cjiedyem U3 coomHomeHusi 

= e abcd X a Y b X c Y d = \e abcd R ah R cd = \r) a km r a rf \ m r p = r a r a = 0. 

(55) 

flajiee, jik»6oh Ghbcktop flOJDKeH 6biTb caMoconpa>KeH OTHOciiTejibHO 

TeH30pa Saa^'fx (o6o3HaHeHH5I BBefleHbl corjiacHO [23]) 

SaaxVVx = Qijrfwrf aa 1} 9ij = V 4 ■ T)i 6 ^j™ 1 S aaiVVl , (56) 
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r A e 9ij - MeTpHHecKHH TeH3op (10). llocjieflHee ypaBHemie Bbipa>KaeT 



spMHTOBy CHMMeTpiiio TeH3opa s. TaKoft TeH3op 6hji BBe^eH b pa6oTe 
[10]. B cjiy^ae MeTpiiKii HeTHoro im^eKca Teroop s aai bbl (nofliraTiie h 
cnycK flBOHHbix HHfleKCOB ocyinecTBjiaeTCH c noivioinbio MeTpiinecKoro 

4-BeKTOpa Eaaxbbx) HMeeT BHfl 

a b cjiy^ae HeneTHoro, nojryHiiM 

b'b\ _ 0tJ b' b\ 



S 



aai 



2s [ /s a / 1 , s a b sv c = ±5 a c . (58) 



Ecjih R ab npocT ii npHHa^jie^KHT KacaTejibHOMy npocTpaHCTBy r K , to 
fljra cocTaBji5noni,Hx ero bgktopob BbinojiHeHO (cpaBH. [231 T - 2, CTp. 80, 
(6.2.13)]) b cjiy^iae MeTpiiKii Heraoro HH^eKca 

X a X a ,s aa ' = 0, Y a Y a ,s aa ' = 0, X a Y a ,s aa ' = 0, (59) 
a fljra HeneTHoro 

X a ,X a s a a ' = 0, X a ,Y a s a a ' = 0, Y a ,Y a s a a ' = 0. (60) 

TaKiiM o6pa30M onpeflejraeTCsi CTpyKTypa s paccjioeiiiisi A (S). IlpH 

3TOM TeH30p Skk' B CJiyHae MeTpHKH HeTHOrO HHfleKCa BbinOJIH5ieT pojib 

MeTpHHecKoro TeH3opa, c noMombio KOToporo mo>kho noflHiiMaTb ii onyc- 
KaTb oflHHOHHbiii iiH^eKc; a b cjiy^iae MeTpiiKii HeneTHoro iiHfleKca c 
noMOin,bio TeH3opa st k ' npoHCxo^HT OTOJK^ecTBjieHHe niTpHxoBaHHbix 
(KOMnjieKCHO-conp5i>KeHHbix) ii HeniTpiixoBaHHbix npocTpaHCTB. ^OKa- 
3aTejibCTBy SToro yTBep^K^eHHsi KaK pa3 ii nocB5iiii,eH cjie/ryiomiiii na- 
parpacp. 



2.2 CnHHopHoe npe^cTaBJieHHe TeH3opoB cneijHajibHoro bh- 
^a. HaKpbiTHH, cooTBeTCTByioii],He 3TOMy pa3JioxceHHio 

2.2.1 TeopeMa o /jByjiHCTHoera HaKpfarraa rpynnw 5*0(6, C) rpynnoii SL(4, C) 

llpejKfle HeM npiiCTyniiTb k yKa3aHHOMy ^OKasaTejibCTBy, HaM Heo6- 
xoflHMO 6ojiee TmaTejibHO pa3o6paTbC5i c flByjiHCTHbiM HaKpbiTHeM 
SL(4, C)/{±1} = 50(6, C). HiDKe 6yn,eT nojiyneHO 5iBHoe npe^CTaB- 
jieHHe SToro HaKpbiTira c noMonibio CB5i3yioiii,Hx onepaTopoB Hop^eiia 
i] a ab . Hcnojib3y5i sto npeflCTaBjiemie, jier^ie pa3o6paTbC5i b tom, KaK npo- 
hcxo^ht Bem,ecTBeHHoe Bjic»KeHiie Kv 2 4) ^ CR 6 , h, cooTBeTCTBemio, KaK 
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nocTpoHTb 5iBHoe npeflCTaBjieHHe onepaTopa HHBOjnonnn b ciihhophom 
BH^e. KpoMe Toro, pe3yjibTaTbi SToro nyHKTa npnroflHTCsi b nccjieflOBa- 
Hiiii CTpyKTypbi GiiBeKTopoB npocTpaHCTBa CM 6 . 

06o3HaHHM nepe3 Kj 3 npeo6pa30BaHHH H3 rpynnbi SO(6, C), a ne- 
pe3 S a b - npeo6pa30BaHH5i H3 rpynnbi SL{4, C). Tor^a 6yn,eT BepHa cjie- 
/ryioinasi Teopeivia. 



TeopeMa 1. BcnnoMy npeo6pa3oeaHUK) Kj coomeemcmeyem dea u 
moAbKO dea npeo6pa3oeanufi ±S a b (±S a b) manux, umo det \\ S c d ||= 1 
(det || S c d ||= !)• H Hao6opom, jik>6um npeo6pa3oeanujiM ±S a b (±S a b) 
coomeemcmeyem odno u mojihKO odno npeo6pa3oeanue Kj 3 . 



JJoKa,3ameAbcmeo. IlycTb nivieeTCH HeKOTopoe npeo6pa30BaHne ±S a b (±S a b) 
TaKoe, hto 

£ := ^1234, 

qbqb i qdqd 1 ( q q q q bb x ddi c- _2 c- "\ 

&a &ax &ci ^bb\dd\ ^aa\cc\ V 'ab 1 - 1 'aifoi'-' 'cd^ 'cidi^ fc ^aa\CC\)- 

(61) 

IIocjieflHee 03HanaeT, hto det \\ S c d \\= 1 (det || S c d ||= 1). I1ojio>khm 
Kj := \ria a Vcd ■ 2/3S [a c S b] d (Kj := W«f • e/3S ak S bl e Mcd ), 



(3 := ±1. 



Tor^a Ha ocHOBaHnn (61) n (62) nojiynnivi 



3 & 

KJ K 1 gps = g ai . 



(62) 
(63) 



TaKHM o6pa30M H3 (61) cjie^yeT (63). 



Ecjih Tenepb, Hao6opoT, sa^aHO Kj^ Bn^a (63). IIojiojkhm 

K bbl ■= n a riR bbl K 13 



L fflfli 



Etpn 3tom (63) nepennnieTca KaK 

' • ' bbi TS dd l 



lv aai lv cci bbiddi °aaicci- 



(64) 



(65) 



ill 
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Oopiviyjia (65) 03HanaeT, hto npeo6pa30BaHHe K aai bbl ^oji^ho 6biTb pe- 



ryjiapHbiM, T.e. Vr afll ^ => K aa bb ^r aa ^ ^ 0, K aa bb ^r bbl ^ 0. 



JJoKa3amejihcm60. fleftcTBHTejibHO, npe,n,nojio>KHM o6paTHoe: 3r aai ^ 
Tax, hto K aa bbl r bbl = 0. 3to 6yn,eT 03HaHaTb, hto npeo6pa30BaHHe 
K aa bbl CHHryji5ipHO 

= r bbl ■ l -K aa bb -K CCl dd -e bblddl = e aaiCCl r aa \ (66) 
H3 SToro cjie^yeT, hto r afll = 0. IIpoTiiBopeHiie. □ 



fl^Jisi flajibHeiiniHx BbiKjiaflOK HaM noTpe6yeTC5i cjieflyiomasi jieMMa. 

JleMMa 1. Bu6epeM dea nenyjieeux eenmopa ri a ,r 2 ^ G r^, zde x - 
npou360JihHaa monna 6a3u: KOMn/ieKCHoeo eeKAudoeoso npocmpaHcmea 
CM 6 , cna6cnceHH020 MempunecKUM meH3opoM g a p. Tozda CAedywvuiie 
mpu ycjioeun 9KeueaAenmHu: 

1. n a (ri) a = , r 2 a {r 2 ) a = , n a {r 2 ) a = ; 

6) r a l^a yayai r a Xn a Y~ a 7 a \ ■ 

6- 1 1 — 2 / aai^ 1 ; '2 — 2 ' a &i > 

3. {n) a = \r] a a ^X a Y ai , (r 2 ) a = \j] a aa -X a Z ai ; 

zde eenmopu X a , Y a , Z a npuHadAeotcam caoto paccAoenun A c , a 
X a , Y a , Z a - KoeeKmopu deoucmeeHHoeo caor. 



JJoKa3ameAbcmeo. 1). 2). 

PaccMOTpHM nepBoe ypaBHeHHe ycjiOBH5i 1). h iiojic»khm 

ri aa i : = r/ a aai r! a , (67) 
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Tor/oa Ha ocHOBaHiiii (42) nojiynnM 



OnpeflejiHM 



(68) 



pf{r):=r a r a = K aa W aai . (69) 



Tor/aa H3 (49) cjie/jyeT 



r ab r bc = -pf(r)5 c d <=> 3r a[b r cd] = pf(r)e abcd . (70) 
OTCio^a fljiH BeKTopa r\ a nojiynaeM 

r ^ab r ^cd _ T ^ac r bd _ r bc r ^ad ^) 

IlocKOJibKy T\ d HeHyjieBoii 6iiBeKTop, to cymecTByiOT TaKiie KOBeKTopbi 
A c , Bd : hto r\ d A c B d ^Oh BemecTBeHHO. IIojio^khm 



(72) 



Tor^a H3 (71) cjie^yeT 

ri ab = p [aQb]^ (73) 
ripil 3TOM P a , Q a - JIHHeHHO He3aBHCHMbI. TaKHM me o6pa30M MO>KHO 

nojiy^HTb pa3Jio>KeHHe h ^jih 

r 2 ab = R^ a S b] (74) 

H3 BToporo ycjiOBH^ 1). Tax, hto BeKTopa R a , S a 6ynyT TaK>Ke JIHHeHHO 
He3aBHCHMbi. H3 TpeTbero ypaBHeHH5i ycjiOBH5i 1). BbiTexaeT cjie/xyioiHee 
cooTHomeHiie 

= n a (r 2 ) a = \e ahcd ri ah r 2 cd = \e abcd P a Q b R c S d = 0. (75) 

3to 03HaHaeT, hto BeKTopa P a , Q b , R c , S d - JIHHeHHO 3aBHCHMbi 

aP a + (5Q a + 1 R a + ^ a = 0, |a| + + | 7 | + \5\ ± 0. (76) 

IlpH 3tom jih6o a 7^ 0, jih6o j3 ^ 0. B hhom cjrynae (a = /3 = 0) BeK- 
Topbi i? c , S c GbijiH 6bi JIHHeHHO 3aBHCHMbi. EtycTb fljia onpe^ejieHHOCTH 
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a 0. Tor^a on^Tb jih6o 7 ^ 0, jih6o 8 7^ 0. IIojio^khm 

X a ._ pa + (p/ a )Qa = -(^/ a )R a + {6/a)S a ), Y a := Q a , 



Z a := 



(«/ 7 )^ a , 7 7^ 0. 



(77) 



TaKHM o6pa30M H3 (77) cjie^yeT ycjiOBHe 2). jieMMbi. 



2) .=>1). 

IlpoBep5ieTC5i HenocpeflCTBeHHO, HanpHMep 

ri a (r 2 ) a = \e a a lbbl X a Y^X h Z b ^ = 0. (78) 
TaKHM >Ke o6pa30M flOKaabreaeTCH h SKBHBajieHTHOCTb 1). =>■ 3). h 

3) . =^> 1). 3tH HMnjIHKaH,HH B03MO>KHbI H3-3a HajIHHHH MeTpHHecKoro 

TeH3opa b KacaTejibHOM paccjioeHHH h MeTpiiHecKoro 4-BeKTopa b pac- 

CJIOeHHH 



Bo3bMeM flBa H30TponHbix HeHyjieBbix BeKTopa 

ri a = \ji a aai M a N a \ r 2 a = \jf aai M a L a ^ 
h flBa HeHyjieBbix H30TponHbix KOBeKTopa 

yflOBJieTBOp^IOH^HX COOTBeTCTBeHHO yCJIOBHHM 2). H 3). JieMMbl[TJ IlOfleH- 

CTByeM Ha (79), (80) opToroHajibHbiM npeo6pa30BaHHeM Kj 3 h nojiyHHM 



(79) 



80) 



r 3 a ■= K/3 a r^, r A a := KfrJ, 



(81) 



Tor^a H3 ycjiOBH^ 1). jieMMbi [l| cjie^yeT c yneTOM (63) h (65) 
r3 a (r 3 )a = KjK^gpsn^ = n a ( ri ) a = 0, 

r4 a (r3)a = r 2 a (r 1 ) a = 0, r A a (r±) a = r 2 a (r 2 ) a = 0, 

rA a (h)a = r 2 a (ri) a = 0, r A a (f±) a = r 2 a (r 2 ) a = 0, 



(82) 



h a (h)a = h a ha = 0. 
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IlocKOJibKy npeo6pa30BaHiie K aai bbl peryjiapHO, to BeKTopbi h KOBeKTO- 



pbi (81) 6ynyT HeHyjieBbiMH, cjie^OBaTejibHO, H3 ycjiOBHH 2). h 3). jieMMbi 



[T] nojiy^HM 

1 (83) 

(rs)« = ^ a aa ^ a y ai , (f 4 ) = ^ a a ^x a z ai . 

PaccMOTpHM Tenepb TcwKflecTBO 

r z K A ^ = K^ a K 5 fW^r 2 5 \ (84) 



PacnnnieM ero c noMOirrbio (popiviyji (43) h (47) 



= \A^ r s M r N^M l L l -e lhskl A l5c d A^ a h ■ \{K dm ak K cm bk - K cmak K dmbk ] 

X a Y b ^X c Z c ^ CClbbl = 
= 25 r d 6 c s M r N k ^M l L l ^ hlhs ■ \{K dm ak K cm bk - K cmak K dmbk ), 



(85) 



86) 



X a (Y b ^X c Z^s CClbbl ) = 
= M d (N^M l L^e kllllC ) ■ \(K dm ak K cm bk - K cmak K dmbk ] 

Onpe,n,ejiHM 

T b := Y b ^X c Z^e CClbbl , P c := N k ^M l L l ^ kllhc , 

c a If Tscmak js ts ak jzcm \ 

J^d b •— 8V A K dmbk ~ ^dm *i bk ) 

TaK, HTO BbinOJIHeHO 

X c T c = 0, M c P c = 0, K c c b a = 0, K d c b b = 0, (87) 

K aa ^K cc dd - - K aa dd -K cc bb - = 8e CClk[ai K a] k r ^ rdd K (88) 
OTKy^a 

X a T b = -2M d P c K d c b a . (89) 

TaKHM 7Ke 06pa30M H3 TO^KfleCTBa 

(f 3 ) [7 (f 4 ) ff] = K { ^K 5 fXh) [a (r2)^ (90) 

onpe^ejiHH 

f b := y 6l X c Z Cl£ CCltol , P 6 := JVi^M,4^ Kl6 , (91) 
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MOJKHO nojiy^HTb 

X d f c = -2M a P b K d c b a . (92) 
HafifleM Tenepb o/niopoflHoe penieHHe, ynpBjieTBopsnomee ypaBHeHH5iM 



{Koj\Hopoj\YLoe)d c b a M d P c — 0, 
^oflHopoflHoe)/^^^* 6 = 0, 



M d P d = 0, 
M a P a = 0. 



(93) 



3th flBe CHCTeMbi aoji^khm coBna^aTb TO^K^ecTBeHHO, nocKOJibKy jieBaa 
CHCTeMa BepHa fljra jno6bix M a , M a , P a , P a , yflOBjieTBopaiomiix npaBofi 
CHCTeMe. 9to bo3mo>kho tojibko npn 



[KoRRopopfioe)d c b a = a5d c 5b a , a G C. 



(94) 



PaccMOTpiiM flajiee Hacraoe penieHHe, Hanpniviep, ypaBHeHH^ (89). 3to 
penieHHe aoji^kho 6biTb peryji5ipHbiM, hto 03HanaeT HeB03MO>KHOCTb Bbi- 

nOJIHeHH5I yCJIOBH5I 

3M^0,?^0, hto (^HacTHoe)/6 a M d P c = (95) 



BbinojiHeHHe ycjiOBH5i (95) paBHOCHjibHO (cpopiviyjia (88)) CHHryjiapHO- 
cth npeo6pa30BaHH5i K aai bbl ). JJ^jisi penieHH5i (89) heim noTpe6yeTC5i cjie- 
AyioiHasi jieMMa. 



JleMMa 2. IJycmb A,B,C,... - co6upameAbHue undeKcu. Tozda CAedy- 
tov^ue 3 ycAoeuA na A AB Q dKeueaAenmnu: 

1- A ab q ^q UMeem eud p A £,B $aa bcakoso £ q ; 

2. A Al[Bl ^A| A2 | B2] ^)=tf; 

3- A AB Q mochcho npedcmaeumb kqk a A (p B Q , au6o nan # a q /3b. 



ffoKa3ameAhcmeo. Oho npHBe^eHO Ha CTp. 205 MOHorpacpHH [23, t. 1]. 
IlocKOJibKy b ee ^OKasaTejibCTBe MeTpHHecKHii TeH3op ynacTH5i He npn- 
HHMaji, to 3Ta jieMMa cnpaBefljiHBa ajisi jno6oro pacnojio>KeHH5i HH^ex- 
cob: CBepxy hjih CHH3y. 

□ 
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IlpHMeHHM jieMMy[2jK ypaBHeHHio (89), Tor^a nojiyHHM 2 BapHanra: 

a)- (K*i&cTttoe)d c b a Pc = A a Bb d , b). (i^HacTHoe)d c 6 a ^c = A d a Bb 

(96) 

Bo-nepBbix. IlpeflnojiOKHM, hto ycjiOBM a), h b). BbinojiH^iOTca o,n,- 
HOBpeivieHHO. Bocnojib3yeMC5i eme oflHoii jieMMoft. 



JleMMa 3. M3 ipAs^c = Xa#bc cjiedyem eunoAnenue i/j ab = Xa£b- 
#bc = Cb^c Henomoposo £ B - 



JJoKa3ameAt)Cmeo. Oho npHBe^eHO Ha CTp. 205 MOHorpacpHH (23, t. 1]. 
H Tax >Ke, KaK h b npeflbi/jyiHeii jieMMe, pacnojio>KeHHe HH^eKCOB He 
cymecTBeHHO. □ 



IlpHMeHHM 3Ty jieMMy k ypaBHeHHio (96), hto jj^ct 



(i^acTHoe)/^ = A d B a C b . (97) 
Ho cymecTByeT TaKoii BeKTop M d ^ 0, hto M d P d = h M d A d = 0, 



nosTOMy H3 (97) cjie^yeT (95), hto HeB03M0>KH0. H3 SToro 3aKjnoHaeM, 



hto a), h b). H3 (96) o^HOBpeMeHHO BbinojiHHTbCH He MoryT. 



Bo-BTopbix. IlpHMeHHM JieMMy [2] Tenepb y>Ke k ypaBHeHHio (96). 3to 
jj,acT 4 BapnaHTa: 

/). a). (i^HacTHoe)/& a = A ac B d b, b). (i^acTHoe)/fe a = C a D c d b, 

II). a). (i^iacTHoe)/& a = S d a Eb c , b). (i^iacTHoe)/& a = U d ac Vb. 

(98) 

BapnaHTbi b). b o6ohx cjiynaax OTna^aiOT, nocKOJibKy npHBOflHT k chh- 



ryji5ipHbiM npeo6pa30BaHH5iM (cmotph no5iCHeHH5i nocjie (popMyjibi (97)). 
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onpeflejieHHOCTH paccMOTpHM cjiyHaft 1 1), a). CBepHeM o6mee pe- 
Kf b a = S/E b c + a5 d c 5 b a (99) 



Hiemie ypaBHeHM (89) 



c S c h, Hcnojib3y5i (87), nojiyHHM 



= S k a E b k + 4a6 b a 



E b k = -4a(S-y 



(100) 



(npeo6pa30BaHHe S k a HeBbipcwKfleHO, t.k. b hhom cjiynae npeo6pa30Ba- 
rnie K(f b a 6yn,eT CHHryjrapHbiM, hto noBjieneT 3a co6oh CHHryjrapHoerb 
npeo6pa30BaHH5i K aai bbl ). IIosTOMy 



K d \ a = (-a)(45/(5- 1 ) i) ' ? - 6 d %") 



(101) 



CBepHeM (88) c £dd lPPl K SSl pp \ hto ^acT c yneTOM (65) 



K bbl f 



K CCl 1 £ss 1 aai &£-ccik[ai ^-a] r 1 K SSl 1 . (102) 



CBepHeM (102) c £ ss ^ cc ^^ Hcnojib3y5i (popMyjibi (44) 

v^K bh _ nf> k [bjy- b x ]r 



(103) 



H nOflCTaBHM (101) B (103) 



$K aa bb - = (-8a)K k[ J b ^(4S a] b \S- l ) r k - S a] WS r V), 

K aa bb ^ = ^ a K k[a ;^s a] b \s-\ k 



(104) 



a/0,a^ i5/8, b hhom cjiynae npeo6pa30BaHHe K kb 6yn,eT cimry- 

JI^pHblM). riojIOJKHM 



(105) 



h nojiyniiM 



K ^ bbl ■= ^t S ia [b (M ai] b ^ + \S ai] b ^MjJ{S- l ) r k ) = 2M [ai ^S a] b l 

(106) 

IIOJIOJKHM 



M k r := 0S k r => (3 



8a 



5 -8a 



M k r (S 



1 

8" 



Tor^a H3 (106) cjie^yeT 

K aa bb - := 2/35 [fll [^5 a] 6 ] 
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(108) 



29 



IlOflCTaHOBKOH (108) B (65) HaXOJJHM, HTO (5 = ±1 



IlofloSHbiM >Ke o6pa30M paccMaTpuBaeTCH h nyHKT I). a). B stom cjiy- 
nae npeo6pa30BaHHe K aai bbl invieeT bhjj, 



K, 



bbx 



aai 



(109) 



3aivieTHM, wto MHO>KHTejib e mojkho BKjiKDHiiTb b onpeflejiemie S ac . 



TaKHM o6pa30M ot (63) mo>kho fleftcTBHTejibHO npiiftTii k (61), hqm h 



3aKOHHeHO flOKasaTejibCTBO o6paTHOH nacTH TeopeMbi. EtosTOMy npeo6- 
pa30BaHHio S a b (S a {)) 6yn,eT cooTBeTCTBOBaTb ojj,ho h TOJibKO o/jho npe- 
o6pa30Bamie Kj 3 h, Hao6opoT, jiio6oMy npeo6pa30BaHHK> Kj 5 6yn,eT 

COOTBeTCTBOBaTb JJBa H TOJibKO JJBa npeo6pa30BaHHH i^^ztS^TaKHX, 

hto det || 5 c d ||= 1 {det || ||= 1). 



BbmcHHM, KaKoe H3 npeo6pa30BaHHH cooTBeTCTByeT coGcTBeHHbiM 
npeo6pa30BaHH^M K a ". J\jik SToro paccMOTpHM cjie/xyioinee TO>Kjj,ecTBO 

KqP Kx^K^Ku Kfj^&pfi^u^ ^zCajXi/Ku, 

e f35nxu£ = e [f35fMXu£}> & := e 123456- (HO) 

ripn 3tom nojj, e{3Sfi X u}£ noHHMaeTca 6 - Bercrop, KOCOCHMMeTpHHHbiii no 
bcgm HHfleKcaM. CjieflOBaTejibHO, mm MO>KeM nojiynnTb SKBHBajieHTHyio 



(110) 3anncb 



K^K 2 s K^K^K^K^e p§ ^ = ±e 123 456 & det \\ Kj 



±1. 



Ecjih Kj 1 - co6cTBeHHoe npeo6pa30BaHHe, to b (110) Bbi6iipaeTCfl 3HaK 



"+". 3to 03HaHaeT, hto det \\ K a ^ ||= 1, b hhom cjiynae (Heco6cTBeH- 
Hbie npeo6pa30BaHH5i) Bbi6iipaeTCfl 3HaK IlocKOJibKy 4-BeKTopa 



HMeiOTca TOJKflecTBa, cjieflyromne H3 (popiviyjibi (43) 



, A a A c b d 

■'afijS ■rt-afib sijSd c j 

e a b := kV, 



(112) 



to, BOcnojib30BaBiiiHCb ero CHMMeTpn^MH, mo>kho nojiyniiTb pa3Jio>Ke- 
Hiie 



TD k A d A k _|_ A k A c 

- D a/3'fSr • -tl-apr 5 d ' -<*-af3c -<*-jSr j 

k „ r 



113) 
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(flOKasaTejibCTBO b iiphjio>kghiih (477) - (479)). B cboio onepeflb c no- 

MOIUbK) 3THX (pOpMyjI MO)KHO IIOJiy^HTb pa3JIC»KeHHe H flJIH 6-BeKTopa 

„ A a a c a k b d I 

^a^SXfi — -n-afib sljSd -^-X^jlI t-a c k 5 



e a VY = ,(2((4W - W)C + (45 k a 5 a l - 8 k l 5 a a )5, 



fejv I 



I v b\ 



dr I 



Is d\ 



(44 V - 5 k l 5 a b )5 c a - (45 k a 5 c l - 8 k l 5 c a )5, 



Is b 



d r I 



I X d\ 



;ii4) 



(flOKasaTejibCTBO b npmio>KeHiiii (480) - (489)). H3 (114) BbiTexaeT to>k- 

fleCTBO 

e ai \wa = 277 [a % 7 | ddl |77A mWl ^^il^ rri ^]^i ' ^ r d S m s S b x S h dl S mi Xl S ri Sl = 

— in, bb in ddi mmi xx x m ss\ . F F _ _ 

4 'l[a '/7 '/A '/i/ '/7T '/(tJ 6 rbiddi c -mrissi bmixxi 

— y4 , a A c A^ b -4- A , a /K M c \ 
°\- rL a r yb - rL i:aa -^Xvc i ^0:70 ^A^c era J 

(115) 

npiiMeHH^ onpe^ejieHHe (110) k co6cTBeHHbiM (Heco6cTBeHHbiM) npeo6- 
pa30B aHHHM , nojiy^HM H3 (114) h (115) 

q b q b± q d q d\~ c ( q q q Q F bb±ddi _— 2 F \ 

*~>a &ai J c &c\ ^bb\dd\ ^aa\cci \ ,J ab> J aibi >J cd> J cidi t: - fc ^aaicc\)t 

(116) 

hto flacT TOJKflecTBO (61). OTCiofla cjie^yeT, hto (108) cooTBeTCTByeT 
co6cTBeHHbiM, a (109) cooTBeTCTByeT Heco6cTBeHHbiM npeo6pa30BaHH- 

HM Kj. 

H HaKOHen,, npeo6pa30BaHH5i S a b h iS a b npimafljie^KaT o^hoh h toh 
>Ke rpynne SL(4, C). 3to 03HaHaeT, hto mo>kho b cpopMyne (108) pac- 
CMaTpHBaTb TOJibKO cjiynaH, Kor^a j3 = +1. IIosTOMy rpynna <SX(4, C) 
flByjiHCTHO HaKpbiBaeT CB5i3Hyio KOMnoHeHTy eflHHHijbi rpynnbi 5*0(6, C) 
ee Mbi o6o3HaHHM ^epe3 SO e (6, C)). 

□ 
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2.2.2 BemecTBeHHaa peajiH3au,Ha ,n,ByjiHCTHoro HaKpfaiTHa rpynnt.1 50(6, C) 
rpynnoft SL(A, C) b npHcyTCTBHH hhbojhou,hh S a @ 

TeopeMa 2. Ilycmb e 6-MepnoM komtiackchom eeKAudoeoM npocmpaH- 
cmee CM 6 3adana uneoAwyuA euda 

Sp 1 = 5 a J , Sj Sj 6 g/3>s> = g ai . (117) 

OnpedeAUM 

mozda 6ydym eunoAHenu cAedywu^ue coomnouieHUA 

Saba'V = Sa'b'ab, S a fr Q 6 S a 'b' Cd = 2S^f, (H9) 

w 6ydem cyv^ecmeoeamb dea u moAbKO dea pa3A0cnceHUA 

I) . s ab a ' b ' = 2s [a a 's b] b \ Sa b 's b ' c = ±5 a c , 

II) - S a b a 'b' = 2S[ a \ a >\Sb]V, S a b' = ±S&'a- 



(120) 



KpoMe mozo, 3aa eeu^ecmeeHHoso CAynaA 6ydym eepnu CAedywu^ue 
mocHcdecmea 

j\ ^.a'b' — r.cdn a' b' T T\ ^.a'b' — „ . lQ ca'db' 

1 )- 'li — '/.? °c s d 11 )• 'h — 'Ijca^ ° i (121) 

A-ija 1 -^-ijc S a ' Sd A-ija' -^-ijc Sda'S , 



JJoKaaameAbcmeo. ^OKasaTejibCTBO pa3Jio>KeHii5i (120) npoBOfliiTCsi TaK- 



>Ke KaK ii b npeflbiflymeii Teopeivie. Bee H3MeiieHii5i CBOflHTCH TOJibKO k 
3aMeHe npeo6pa30BaHH5i K a @ Ha npeo6pa30Bainie SoP Tax, hto aiiajio- 



roM (63) cjiy>KiiT 



Q P' q 8' - _ 



(122) 



hto flacT ypaBHeHiie aHajioriraioe (61) (cooTBeTCTByroiiniH MHC&Kirrejib 
BKjiioHeH b onpe^ejieHHe cniiH-TeH3opa s) 



^ b' b x q d n d' i ~ ^ 

^a ^ai *c ^ci ^b'b' id'd' i ^aaiccii 



ySab'Sa^^Scd'S^d'^ 



b'b'xd'd'x 



(123) 



= £ 



aa\cc\ J • 



H3 (117) ii (122) mc»kho nojiyHiiTb 

q & _ q/3' 



(124) 



121 



tfe SToro cjie^yeT 



a 



Sa'b'ab = V a'b'VPab 



iSrv'P = T]^a'VV a abS^ a = S a b a 'y 



(125) 



OTMeTHM, hto b KacaTejibHOM paccjioeHHH t c (t m ) cymecTByeT MeT- 
pHHecKHH TeH3op g a p{.9ij)i c noMom,bio KOToporo ocymecTBji5ieTC5i cnycK 
ii no^teM o^HHOHHbix iiH^eKCOB. B paccjioeHiiii A C (S) aiiajioriiHHyio 

pOJIb BbinOJIH5ieT TeH30p Eabcd- 3 a TeH30p g a > p>(£ a f b'c!d') IipiIHIIMaeTC5I TeH- 
30p, KOOpflllHaTbl KOTOpOrO COnp^>KeHbI KOOpflHHaTaM TeH3opa gapi^abcd)- 



PaccMOTpiiM i^enoHKy TO^K^ecTB, cjie^yioiniix 113 (117) 



h ' h ^syy x c ^ = 5Z\ 



aai • 



(126) 

Hccjie^yeM Tenepb cjiyHaft II). H3 nocjie^Hero TCKK^ecTBa (126) nojiy- 

HIIM 



S ad $ a\d \£ 



c'cWb'x 



s b i d Sb> ldl £ ddlffl = 28% 



^ac'^aic'i^b'd^b'idi 1 ^ ^aaidd\- 



(127) 



Onpe^ejiHM s kl cjie/iyiomiiM o6pa30M 



m 



128) 



TaK, HTO 



hi' e Wi mn' min'x __ J'Z'in'n'i 

15 "5 00 ^KK\ram\ £ 



(129) 



floMHOXHM (127) Ha s ak ' s aik> 1 s dn s dlU ' 1 h c y^ieTOM (129) nojiyniiM 



IIOJIOJKIIM 



* dn '*, IJ * d i n 'i*, l J pk'k\b'b\ _ -k'k'm'n 1 ! 
S Sb'dS Sf/^S — £ 



l\y .— S Svd, 



Tor^a (130) nepeniinieTC5i Tax 



(130) 



(131) 



(132) 



OTCiofla cjie^yeT (^OKasaTejibCTBO b npiijiojiceHiiii (490) - (495)) 



Ny n = s dn 'sy d = nby n ' = ns an s d y : n z = 1 



dri 



(133) 
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IlosTOMy H3 (128) BbiTexaeT 



Sb'd = ±Sdb> 



(134) 



IlofloSHbiM me o6pa30M pa36iipaeTC5i cjiynafi I). H3 TcwKflecTBa (126) 
cjie^yeT 

b ' X Mi-B,. c s ci — x, C X ci 



ri0JI0>KHM 



to nojiy^HM 



OTKy^a h cjie^yeT 



S[a S ai] ^S V %^ = S [a C S ai] 



N a c := s a b 's ¥ c , 



N\ C N i Cl = 5i °5 i Cl 

1 y [a 1 y ai\ u [a u a\ \ 



N a c = n5 a c = s b s b > c , n 2 = l, 



onpe^ejisra OKOHHaTejibHO cjieflyiomee cooTHOinemie 

b'- c 



S a b S b > C = ±5 



(135) 
(136) 
(137) 

(138) 
(139) 



H HaM ocTaHeTca ^OKasaTb TOJibKO (121). Bocnojib3yeMC5i onepaTO- 



poM Bjic»KeHH5i H{ a ii HHBOJiiouHeH S a " , onpe^ejieiiHbiMii no (popMyjie 
(J5|. J\jik cjiynasi II). iiMeeM 

7^' = Hf'f)^' = Hi a> 'BJ-npcdJ* s db ' = 

(140) 

= H^rj^s^ = f] lcd s ca ' s db \ 

A b' zz b'k'zz tt 7 tt 5„ „ ak „ /I a„ „&&' 

Ajo' — lj}a'k> — -Hi -Hj lijlbkllS] s aa'S ——Aij b S aa >S . 

B cjiynae I). flOKasaTejibCTBO Taxoe 



zja'zz a'b' tt a' Q B~ cd „ a' b' 

— Mi T) a i — Mi b n ' H T)R S r Sd — 



Sd 



= H t % cd s c a, s d b ' = m cd s c a 's d b ' 



Aij a b = i][i b k Vjja'k' = H i 1 Hj 5 T]] il ck r]^d k S b S a > d = 



t]{i Ck ' , ]j]dkSc b S a ' d — Aijd C S c b S a i 



b' 'tt d 



c„ V~ d 



141) 
(142) 

(143) 

□ 
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2.2.3 BjicxateHiie R^ 24 ) C CM 6 b cneu,Hajit>HOM 6a3Hce 

PaccMOTpHM Tenepb b KanecTBe npniviepa Bjio>KeHHe BemecTBeHHoro 
npocTpaHCTBa K/ 2 4) B KOMnjieKCHoe npocTpaHCTBO CM 6 . B stom cjiynae 
y HaC nOHBHTCH B03MO>KHOCTb C nOMOIUbK) TeH3opa s aa > ocym,ecTBHTb 
OTOJK^eCTBJieHHe BepXHHX HITpiIXOBaHHblX C HIDKHHMH HeiHTpHXOBaH- 
HblMH HHfleKCaMH. PaCCMOTpHM HenOHKy TO^KfleCTB 



Kj = Ki>, Kj := HfHipKj 



(144) 



OnpeflejiHM 



h nojiy^HM 



no ac b 1„ abfp.jm!n' o c k' C V ~ 

Zb[ c bd] — l^j T] J Zb m > b n * rjik'l'r) cd, 

C ac b 1 „abm'n' c k' C I' 

b[ c b^ — |S D[ m > b n '] Scdk'V, 

c ac b „amf Jm 1 c k' Q V « 

&[c ^d] — S S b[ m > b n >] S c k'Sdl'i 

Jk' c m' Cac6 C n'sr' r as b 

S bk> S am >b[ c bd] Sb n 'b r ' S — 0[ c Od] ■ 

AT I . Jk' cm' c a 

iv c . — 5 Oft o am 'O c 



(145) 



N [c a N d] b = 5 [c a 5 d { 



(146) 



(147) 



OTKyn,a 6yn,eT cjie^OBaTb Bbipa>KeHHe (^OKasaTejibCTBO b npiijio>KeHHH 
j49Qt - (ggD) 



N c * = J k S w m 8 am ,S c a = n8 e \ n = ±l. 



(148) 



BbiSnpaH 3HaK "+" b (148), mm nojiynaeivi npeo6pa30BaHH5i 113 rpynnbi, 
H30MopcpHOH rpynne St/ (2, 2), KOTopaa 6yn,eT, KaK bh^ho 113 BbiniecKa- 
3aHHoro, flByjiHCTHO HaKpbiBaTb CB5i3HyK) KOMnoHeHTy e^HHHi^bi rpynnbi 
SO e (2,4). 3Ta KOMnoHeHTa onpeflejiHTCH cjie^yioinHMH ycjiOBHHMH 

1). det\\Kj\\ = l a,/? = M>, 2). det\\Kj\\ > a, (5 = 1/1. 

(149) 

Ecjih b (148) BbiGpaTb to 3HaK b 2). H3 (149) H3MeHHTC5i Ha npo- 
THBono jio>KHbin . ^ajiee, HTo6bi jiynnie y^CHHTb KaK sto nponcxoflHT Ha 
npaKTHKe, BOcnojib3yeMC5i npe^CTaBjieHneM nojiyneHHbix pe3yjibTaTOB b 
cnennajibHOM 6a3Hce. JJ^jisi SToro onpeflejiHM 6a3nc npocTpaHCTBa CM 6 
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cjie^yioinHM o6pa30M 



t a 

y 



= (1,0,0,0,0,0), 
= (0,0, i, 0,0,0), 
= (0,0,0,0,^,0), 



v a =(0,1,0,0,0,0), 
x a =(0,0,0,^,0,0), 
z a = (0,0, 0,0,0, i). 



(150) 



EtycTb b 3tom 6a3Hce MaTpHi],a MeTpiiHecKoro Teroopa g a p HMeeT bh^ 



9a/3 || = 



(151) 



(2,4) 



c 



one- 



/ 1 \ 

1 

1 

1 

1 

V 1 J 

Onpe^ejiHM BemecTBeHHyio peajiH3au,Hio Bjic»KeHHsi R^, 
paTopoivi Hi a 

( 1 \ 
1 
i 
i 
% 
V i J 

(152) 

Tor^a 6a3HC (150) 6yn,eT caMOConp5DKeH OTHOCirrejibHO hhbojiiou,hh S a " 
BH^a 



H< a 11 = 



H rv \\ = 





( 1 
























1 
























—i 
























—i 
























—i 









\o 














—i 


J 



On 



(\ 

1 







V o o 






-1 











-1 











-1 





o \ 






-1/ 



(153) 
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IlosTOMy b npocTpaHCTBe 
9ij 6yA eT HMeTb MaTpnn;y 



)6 

'(2,4) 



HHflyi^HpyeMblH MeTpiiHGCKHH TeH30p 





/ 1 














o \ 









1 
























-1 













II 9ij 11 = 











-1 
























-1 









\o 














-1/ 





Hi a H/g a p 



(154) 



b 6a3Hce 



t =H\t a =(1,0,0,0,0,0) , v* =H i a v a =(0,1,0,0,0,0), 

w i =H\w a =(0,0,1,0,0,0) , x i = H i a x a =(0,0,0,1,0,0), 

y l =H\y a =(0,0,0,0,1,0) , z* =H\z a =(0,0,0,0,0,1). 

(155) 

Onpe^ejiHM BeKTopHbift 6a3HC b paccjioeHHH A C (S) Tax 



x a = (1,0,0,0), y fl = (0,1,0,0), 



Z a = (0,0,1,0), T a = (0,0,0,1), 



(156) 



e abcd X a Y b Z c T d = 1, e = l. 



Torfla b 6a3Hcax (154) h (156) iiMeeT MecTO pa3Jio>KeHHe 



R ab = 2(R 12 X^ a Y b ^ + R u X^ a Z b ^ + R u X^ a T b ^ + 
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+ R 23 Y^ a Z b ^ + R^ A Y^ a T b ^ + R M Z^ a T b ^) 



(157) 



= ±{R 12 + R M ) ■ V2{X^Y b ^ + Z[ ft T 5 ])+ 

+^(i? 12 - i? 34 ) • ^(x^y 6 ! - z[°r 6 ])+ 
+^(i? 13 + i? 24 ) • V2(x^z b ^ + y[«r & ])+ 

+^(i? 13 - R 2A ) ■ {-iV2){X^Z b ^ - y[«r 6 ])+ 

+ 7 §(# 14 + i? 23 ) • iV2{x^ + yt fl z 6 ])+ 

+ 7 |(i? 14 - R 23 ) ■ iy/2(X^ - Y^Z b ^) = 
= (Tf + Vv l + Ww l + Ii ! + Yy* + • r/, afe = r% 



:= ^(X^Z 6 ] + y[°T 6 ]), := -y/2i{X^ a Z b ^ - Y^ a T b ^), 

z l T] t ab := V2i{X^ a T b ^ +yt fl Z 6 ]), fr/ z afe := ^(X^T^ - y[ a Z 6 ]), 



hto onpe^ejiHT onepaTopbi Hop^eiia rji aai b sthx 6a3iicax KaK 




(158) 



^2 



12 




14 



13 



(159) 
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H3 (158) BbiTeKaiOT cjie^yioiuHe TOJKflecTBa 



T = 


i ( r>23 




V = 


1 ( r>12 

T^ R 


+ R M ) 


W = 


U Rl2 


-R M ), 


X = 






Y = 




+ i? 24 ), 


z = 




+ i? 23 ) 



(160) 



R 12 = ±{V + W), 
R u = f 2 (T + Z), 
R 24 = j= 2 (Y + iX), 



R^ = ±(Y-iX), 
R 23 = f 2 (Z-T), 
R M = j= 2 (V-W), 



TaK, HTO 06paTHbie BejIHHHHbl Tfaax HMeiOT BHfl 



1 

72' 



72' 
1 



n 2 — 1 

^ 34 - 71' 

^23- ' 



^? 5 24 = 



r/ 3 12 = 
V 14 — 



4 

7/ 13 = 



?7 14 = - 

?7 13 = ^, •/ 24 - ^ 

H, Kpoivie Toro, 6ynyT BepHbi paBeHCTBa 

— it — Jl4i 

i? 12 = R 



i? 23 



i? 34 



j_ 

V2-- 

i 

V2-> 

i 

V2-> 



R M 
R M 



T] 23 

4 

77 24 



v{2' 
i 

72' 

i 

V2- 



Rl2, 

Rsi- 



(161) 



(162) 



Bbi6epeM KOBeKTopHbift 6a3HC, corjiacy^ ero c 6a3iicoM (156) npii bm- 
nojiHeHHH (162), cjie^yiomHM o6pa30M 



X a = s aa ,X a ' = (0, 0, 1, 0), Y a = s aa Y a ' = (0, 0, 0, 1), 
Z a = s aa ,Z a ' = (1, 0, 0, 0), T a = s ml f a ' = (0, 1, 0, 0). 



(163) 



3thm onpe^ejiHTCH spMHTOBbiH nojiapHTeT, KOTopbiM HaflejieHO paccjio- 
eHne A C (S) (ero 6a3a 



12,4), 



S an! 



c MaipHijeJi 

/ 1 \ 

1 

10 

V 1 / 



(164) 
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Ta6jiHu;a 1: Bh,h MaTpHn;t>i TeH3opa s fljia ^eflcTBHTejibHbix BjicxaceHiiii. 



n-n 


IlpOCTpaHCTBO 


S 


s b cnen;. 6a3iice 


H30M0p(|)H3M 


1 


< + + + + ++> 






( 1 \ 
10 
10 

^ 1 j 




SU(4)/{±1} = SO e {6) 


2 


"(1,5) 

< H > 


V 

Sk 




/ 1 \ 
-10 
1 

\ -1 J 




SL(2,H)/{±1} * SO e (l,5) 


3 


(2,4) 

< + + > 






( 1 \ 
1 
10 

I 1 J 




5C/(2,2)/{±l} SO e (2,A) 


4 


"(3,3) 
< + + + > 


k' 

Sk 




f 1 \ 
10 
10 

^ 1 J 




SL(4,R)/{±1} SO e {3,3) 



OTCiofla cjie^yeT, hto iKpcpacpHaH GiiBeKTopa R HMeeT bh,h, 

pf(R) := \R ab R ab = 
= 2{R 12 R M - R 13 R 2A + R U R 23 ) = (165) 

= r 2 + v 2 - w 2 - x 2 - y 2 - z 2 . 

Bh/i, MaTpiiL(bi TeH3opa s b hgkotopom cnei^iiajibHOM 6a3nce ^jih ocTajib- 
Hbix cjiy^aeB bjiojkghim npHBe^eH b Ta6jiHu,e [Tj 

2.2.4 HHcpHHHTe3HMajit.Hfaie npeo6pa30BaHHH 

IlycTb HMeeTCH K a "(X) - oflHonapaivieTpHHecKoe ceivieHCTBO, ynpBjie- 
TBopaiomee ycjiOBHio 

g aS = Kj(\)K 8 \\)g Ml Kj(0) = 6j. (166) 
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HH(J)iiHHTe3HMajibHbie npeo6pa30BaHHH, eMy cooTBeTCTByioiniie, onpe- 
flejiHM Tax 



IF 



d_ 
dX 



A=0 



Tor^a H3 (166) cjie^yeT 



T a p = —T, 



(3a- 



(167) 



(168) 



CorjiacHO [231 T - 1; CT P- 224] H3 (166) Bcer^a cjie^yeT (168), a H3 (168) 

<C3KCnOHeHTII,HpOBaHHeM^> 



Kf{\) := exp(XTf) 



(169) 



MOJKHO nOJiyHHTb (166). 



IlycTb, KpoMG Toro sa^aHO oflHonapaivieTpiiHecKoe ceivieHCTBO S a (A) 
TaKoe, HTO 

S a b (X)S c d (X)S ai h (X)S Cl d ^X)E bblddl = e aaicci: S a b (0) = 5 b . (170) 
EtpoflHcpcpepeHi^HpyeM ero, npeflBapirrejibHO nojiaraa 



rp b 

1 a ■ — 



d 

dX 



A=0 



ii nojiyHiiM 



(171) 



(172) 



£b[a 1 cc 1 T a } b = O T a a = 0. 
BepHO o6paTHoe. IlycTb 

S a b (X) := exp(XT a b ), (173) 
Toiyja 6yn,eT BbinojiHeHO cjie^yiomee TcwKflecTBO 

S a b (X)S c d (X)S ai bl (X)S Cl dl (X)ebb 1 dd 1 = 

= e^(Ar a 6 )e^(Ar c d )exj9(AT ai 5l )exj9(Ar c / 1 )^& 1 ^ 1 = (174) 
= det(exp(XT a b ))£ aaiCCl = exp(Xtr(T b ))e aaiCCl = £ aaiCCl . 

EtoCKOJIbKy 



Kj(X) = \r ]a aa ^ bbl 2S [a b (X)S ai] h (X), 



(175) 
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to flncpcpepeHnnpysi no A, nojiarasi A = n onycKa^ BepxHnft HH^eKC c 
noMOiHbio MeTpnnecKoro TeH3opa g a p, nojiynHM 

T aP = ^f] a aai T] mi (T a b 5 a ^ + T ai ^5 a b ) = A apb a T a b . (176) 



Tenepb BHflHa h nejib SToro nyHKTa. Ha caMOM ^ejie (176) ecTb ajire6- 
pannecKasi HHTepnpeTau,HH H30MopcpH3Ma ajire6p J1h 

so(6,C) ^ s/(4,C), (177) 



n onpe^ejieHiie (43) b Hanajie stoh rjiaBbi BnojiHe onpaBflaHO. 



2.3 06o6ni;eHHi>ie onepaTopu Hop^eHa 

Ecjih sa^aHO aHajinrnnecKoe KOMraieKCHoe piiMaHOBO npocTpaHCTBO 
CV 6 , KOTopoe 6yn,eT 5iBji5ieTC5i 6a3oii KacaTejibHoro paccjioeHna r c ii 
paccjioeHH5i A, to cymecTByeT TeH3op g a /3(z 1 ) 7 KOTopbiii Ha stom npo- 

CTpaHCTBe 5IBJI5ieTC5I MeTpHHeCKHM H aHajIHTHneH no Z 1 (z 1 -KOOpflHHaTbl 

tohkh 6a3bi). 06o3HannM nepe3 g a p 3HaneHne SToro TeH3opa b hckoto- 
poft Tonxe 0(zj) 

IlocKOJibKy TeH3op g a p HMeeT CHMMeTpnnecKyio MaTpniry, to OHa mo- 
jk&t 6biTb npHBe^eHa k flHaroHajibHOMy Bn^y b hgkotopom 6a3nce c 
noMOinbio HeBbipo^KfleHHoro npeo6pa30BaHnsi P a 7 

ryje P a 1 {z 6 ) - aHajiHTnnecKne (pymcnnn KOop^HHaT tohkh. Ho ^jis TeH- 
3opa g a p 6ynyT cnpaBefljinBbi cjieflyroinne cooTHonieHna 

tf# = 1/4 • if aai j)\ hl e aa - hh \ e aa ^ = t^VV^, (180) 

iyje f] a a ai - CB5i3yiom,He onepaTopbi Hop^eHa, ynpBjieTBopsnomne coot- 



HoniGHHio (40). Toiyja H3 (179) cjie^yeT 



9a^ ) := g a ^p-% a (p-V = (P-^P-Vva^rjp^aa^. 

(181) 
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Onpe^ejiHM o6o6m;eHHbie onepaTopbi Hop^eHa krk 
Va aai {4) ■= (P^WW^o), 

£abcd(4) = £{4)£abcd, ^1234(4) = £ i Z o) 



182) 



B KanecTBe Kopira mo>kho B3HTb jiio6oh H3 2 BapiiaHTOB. Boo6m,e tobo- 
pa, flajiee <Chojihk^> mo>kho 6yn,eT onycTiiTb, nocKOJibKy Bee BbiKjia/b- 

KII CnpaBeflJIHBbI fl.7151 IipOII3BOJIbHOH TOHKH O, II npil 3TOM (pyHKII,HH 

Pa'iz 5 ), E { z i) ~ aHajiHTHHHbi. Tor^a H3 (180) 6yn,eT cjie^OBaTb 

g^( Z 5) = 1/4 • T] a aai {z 6 )^ bbl {z 5 y 



y 5\ s ~aaibbi / 



-.aaibb 



(z<*) = n a aai (z s )r]p bbl (z 6 )g al3 (z 6 ). 



183) 



B flajibHefinieivi mm 6yn,eM nojib30BaTbC5i o6o6m,eHHbiMH onepaTopaMH 
Hop^eHa. 
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3 Cb5I3hocth b paccjioeHHH 



B 3toh rjiaBe paccMaTpnBaeTC5i /jBa no/xxo/ja k BBe^eHHio cbh3hocth 
b paccjioeHHH A c . nepBbin onncaH b MOHorpacpnn [23], a BTopon cjie/jy- 
eT H3 TeopiiH HopMajiH3an,HH HopfleHa-HencpejibJxa. B nepBOM nyHKTe 
KaK pa3 n paccMaTpHBaeTca onpejj,ejieHne cbhshocth b paccjioeHH5ix co- 

TJiaCHO 3THM TeopHHM. 

Bo btopom nyHKTe paccMaTpiiBaeTca HopMajin3ann5i MHoroo6pa3H5i 
o/jHoro H3 /XByx ceMencTB njiocKHx o6pa3yioiri,HX KBa/xpHKH CQq 7 bjio- 
jkchhoh b npoeKTHBHoe npocTpaHCTBO CP7. 3to MHoroo6pa3ne Jjncp- 
(peoMopcpHO MHoroo6pa3HK» ToneK caMoft KBajjpnKn. PaccMaTpnBaa jj,e- 
pnBannoHHbie ypaBHeHHH HopiviajiH30BaHHoro ceMeftcTBa njiocKHx 06- 
pa3yioinHx mbi npnxoflHM k onpe^ejieHHio onepaTopoB Hop^eHa nepe3 
onepaTopBi Hencpejibixa. Ecjih b paccjioeHHH A c paccMaTpHBaTB b Ka- 
necTBe MCTpnnecKoro TeH3opa KBajjpnBeKrop £ a bcd-, kocochmmctphhhbih 
no BceM HHfleKcaM, to Ha 6a3e HH/xynnpyeTCH MeTpnnecKHH Teroop Ga$, 
hto npeBpainacT MHoroo6pa3He njiocKHx o6pa3yK>innx b BemecTBeHHoe 
pHMaHOBO npocTpaHCTBO V(qq} c KOMnjieKCHoft CTpyKTypoii /a*- Mox- 
ho nepeftTH k KOMnjieKCHoft peajin3annn Haniero MHoroo6pa3H5i c 6a3oft 
CV 6 . IlocTaBHB Ka>Kjj;oH 4-MepHoii o6pa3yK>inen KOHyca 8-MepHoro npo- 
CTpaHCTBa CM 8 (re b npoeKTHBHoii reoMeTpHH sto KaK pa3 h 6yn,eT 
3-MepHaH o6pa3yioina5i KBa/jpnKH CQq C CP7) cooTBeTCTByroinnn cjioh 
H3 paccjioeHHH A c c 6a3oft CV 6 , nojiynnivi, hto pniviaHOBa cbm3hoctb, 
BBejjeHHan no cpopMynaM 

V a ^/3 7 = 0, Vq/^y = 0, 

rjj,e (a, /?,... = 1,2,3,4,5,6), ejjnHCTBeHHBiM o6pa30M npo/jpjDKaeTCH 

JJO 3KBHa(p(pHHHOH CBH3HOCTH B paCCJIOCHHH A C (CV 6 ) BHJja 

V ' a^abcd = 0, V ' a'^a'b'c'd 1 = 0. 

CymecTBOBaHne H e/xiiHCTBeHHOCTb TaKoii cbh3hocth h jj,OKa3biBaeTC5i b 
flaHHon rjiaBe. 

flajiee paccMaTpHBaeTCH BemecTBeHHaH cbh3hoctb, HH/jynHpyeMaH 
Bjio>KeHHeM \ C CV 6 . TaKan cbm3hoctb /jpjDKHa 6bitb corjiacoBaHa 
c HHBOjnoL^nen, T.e. jjojdkho 6biTb BbinojiHeHO cjiejjyioinee cooTHomeHne 
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3aTeM, Hcnojib3y5i pe3yjibTaTbi nepBoii rjiaBbi, bbojj,iitc5i jiii6o sptviirroB 
nojrapirreT, jih6o apMirroBa iihbojiiouhh b paccjioeHiiii A c . ripii btom 
yKa3aHHa5i CTpyKTypa flOJDKHa 6biTb KOBapiiaHTHO nocTOHHHa. H3 pe- 
3yjibTaT0B 3thx nyHKTOB nojiyHaeTca 6iiTBiiCTopHoe ypaBHemie 

V a(b x c) = 

KOTopoe KOHcpopMHO-HHBapiiaHTHO ii iiHBapiiaHTHO npH npeo6pa30Ba- 
HH5IX HopMajiH3an,HH. PeiiieHira SToro ypaBHeHiie 6ynyT paccMOTpeHbi b 
cjie/jyiomeii rjiaBe. 

3.1 Cbsi3hoct£> b paccjioeHHH 

IlycTb sa^aHO paccjioemie R c 6a3oii V^ 1 ^ 11 cjiohmii, ii30MopcpHbi- 
Mii C fc . Onpe^ejiHM onepaTop KOBapiiaHTHoii npoiiSBOflHOH, ^eiiCTByio- 
nniii b paccjioeHHH R Bjj,ojib BeKTopHoro nojiH X KaK OTo6pa>KeHHe ppyx 
rjia^KHx ceneHHii cjioh C^i 

V x s : x 1 — > V x s(x), (184) 

rjj,e s(x) - ceneHHe. ilpn X = 3to jj,acT pa3Jio*:eHiie 

Vjls = V 2 s (185) 

k, ... = 1, 2n). ripn 3tom onepaTop Vj jjpjijkch yflOBjieTBopHTb cjie- 

JJ,yiOHI,HM COOTHOHieHHHM (KOTOpbie, KCTaTH TOBOpH, MO>KHO IIOJIOJKIITb B 

ero onpe^ejieHHe) 

V l (X a + Y a ) = V l X a + V l Y\ 
V l {fX a ) = fV t X a + X°Vi/, 
Vi(X a Y a ) = Y a ViX a + X a VjY\ 
V,X«' = V,X«, V,X a/ = V,X a , (186) 
V t k = 0, 
Vi(g + h)=Vig + Vih, 
V l {gh) + gV l h + hV l g 

(a, 6, c, ...,/ = l,n). ripn 3tom k,g,h - aHajiiiTimecKiie (pyHKu;nn, A: = 
const; X a , Y a - BeKTopbi cjioh C^, a X a , Y a - KOBeKTopbi ^BoiiCTBeHHoro 
npocTpaHCTBa C*^. CeHeiiiie s(x) mojkct 6biTb pa3jio>KeHO no 6a3ncy 

S a (x) CJI05I 

s = s a s a (187) 
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Tax, hto KoscpcpiiuHeHTbi CB5I3HOCTH onpe^ejiHTCH H3 cjie/xyioinero ypaB- 

HeHHH 

V,s a = Y ia c s c . (188) 
Tor/aa jjHcpcpepeHinipoBaHHe mojkho ocymecTBHTb cjie/jyiomHM o6pa30M 

V l X a = + T lc a X c , (189) 

npii 3tom noBTopHaa KOBapnaHTHaH nporoBO/THaH 3anmiieTC5i b cjie/jy- 
K»meM BH^e 

V ?: V,X a = d 2 V,X fl - T l3 k V k X a + IVX/, (190) 
vj\e Tij k onpeflejiaiOT CBH3HOCTb b KacaTejibHOM paccjioeHHH. 

TeroopoM KpyneHHH Ha30BeM TeH3op 7ij fc , ynpBjieTBopsnomHH coot- 

HOniGHIIK) 

2V [i V i] / = TifXtkf. (191) 

TeH3opoM KpiiBii3Hbi Ha30BGM TeH3op Rijk , yflOBjieTBopsnoiHHH cjie/jy- 
K)m,eMy cooTHOineHHio 

(2V [i V i] - T l3 k V k )X l = R ijk l X k . (192) 

Ecjih Kpy^eHHe HyjieBoe, to cooTBeTCTByronrHii onepaTop Vi Ha30BGM 
CHMMeTpiiHHbiM. EtycTb Vj - CHMMeTpHHHbiii onepaTop, a Vj - npoH3- 
BOJibHbiii. Tor/ja 

(Vi - V,)/ = 0, (193) 

h mojkho onpe^ejiHTb TaKOH TeH30p Qifo a , Ha3bIBaeMbIH TeH30pOM jj,e- 

cpopMain™, hto 

(Vj — Vi)X a = Q ib a X b , (Vj — V;)X a = —Q ia b X b , (iqa) 
(Vi - V,)X a ' = Qi/X 6 ', (Vi - V,)X a , = -Qi*X v . 1 J 

Ecjih Tenepb it* = T R (V^ n n )) ecTb KacaTejibHoe paccjroeHHe, to KpyneHne 
onepaTopa Vi 6yn,eT HMeTb bh/j, 

Ti/ = 2Q [z /, (195) 

rfle Qij k - TeH3op flecpopMauHH b KacaTejibHOM paccjioeHHH. 
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3.1.1 HopMajiH3au,H5i (cnHHopHaa) KBaflpaKH B CP7 

PaccMOTpHM HeBbipo^KfleHHyio KBa^pHKy CQ6, Bjio^KeHHyio b npo- 
eKTHBHoe npocTpaHCTBO CP7. OHa MO>KeT 6biTb omicaHa ypaBHeHHetvi 

-A V B 



G AB X A X B = O {X,X) = (A 5,... = 1,8). (196) 

Ha ocHOBaHHH npumnina tpohctbghhoctii KapTaHa [21 CTp. 175] MHoro- 
o6pa3ne To^eK KBaflpiiKii /nicpcpeoMopcpHO MHoroo6pa3Hio TpexMepHbix 
njiocKHx o6pa3yK>mHx, cocTaBjraioinHx 2 ceMeftcTBa (TaKHM o6pa30M mh 
HMeeM 3 H30MopcpHbix flpyr flpyry MHoroo6pa3H5i). Ba3HCHbie tohkh 
3thx o6pa3yiomHx 

A- 



X a = (X a A ) (a, 6, i,j, q, ... = 1, 4) (197) 
onpefleji^T ypaBHemisi 

(X a ,X b ) = 0. (198) 
OnpeflejiHM njiocKyio o6pa3yK»inyio ee MaTpiiHHoii KOop^HHaTOH Z = 



X a := ^ + 5 p Z£, (A, B p ) := d op , £? a := d°»B p , (199) 



Tor^a H3 (198) cjie^yeT 

Z a b = —Zba, Z a b '■= d ap Z^. (200) 

3to 03HaHaeT, hto X a 3aBiic5iT ot 6 KOMiuieKCHbix napaivieTpoB. KaK 113- 
BecTHO [TT], HopMajiH3an,H5i MHoroo6pa3Ha njiocKHx o6pa3yiomHx KBa/b- 
Phkh onpeflejiaeTCH sa^amieM Taxoro BemecTBeHHoro flHcpcpepeHiniajib- 

HOrO COOTBeTCTBHH MeTKflJ ee njIOCKHMH 06pa3yK)IHHMH MaKCHMajIbHOH 
pa3MepHOCTH 

/: CP 3 PQ ^CP 3 (iy, (201) 

hto o6pa3yK)m,eH C¥^(X a ) cooTBeTCTByeT njiocKOCTb C¥^(Y P ) : He ne- 
peceKaiomaH nepByio. ,ZJjih 6-MepHoft KBaflpiiKH sth njiocKHe o6pa3y- 
romae HeoSxoflHMO npHHafljie^KaT o^HOMy ceMeficTBy. Mbi 6yn,eM Tpe- 
6oBaTb, HTo6bi HopMajiH3an,H5i 6bijia rapMOHHHecKoft [221 CT P- 209] . B 
jiOKajibHbix KOopflHHaTax HopMajiH3an;H5i onpe^ejisieTCfl napaMeTpiiHe- 

CKHMH ypaBHeHHMMH 

,A\ \z _ \r /„.A 



X a = X a (u A ), Y a = Y a (u ) (A,*,... = 1,12). (202) 



136 



EtpH 3T0M BbinOJIHeHbl COOTHOHieHH5I 

(X a , X b ) = 0, (Y p , Y q ) = 0, (X a: Y p ) = c ap . 
Bbh^y HGBbipoK^eHHOCTii c ap Mbi MO>KeM onpeflejiHTb 
y a :=c a %, c a % b = 5 a b , (X a ,Y b ) = 5 a b . 

3.1.2 OnepaTopw Heiicpejifa,zi,a 



(203) 



(204) 



^HepiiBaijHOHHbie ypaBHemra HopMajirooBaHHoro ceMeiicTBa njiocKHx 
o6pa3yK)m,Hx HMeiOT bh^ [11] 



V A X a = Y b M Aab , 
V A Y b = X a N A ab . 



(205) 



flajiee, H3 (203) BbiTexaeT 

M A{ab) = 0, 7V A (a6) = 0, r Aa c = f Aa c , 



(206) 



r^e r Aa C - K03(p(pHD;HeHTbI KOHCpOpMHO-nCeBflOeBKJIHflOBOH CBH3HOCTH 

b KOMiuieKCHOM BeKTopHOM paccjioeHHH, 6a3a KOToporo ecTb MHoroo6- 
pa3He njiocKHx o6pa3yronrHx. Otmgthm, hto KOMnjieKCHoe BeKTopHoe 
paccjioemie MeTpii3yeMO b tom CMbicjie, hto b hgm mo>kho sa^aTb nojie 
MeTpHHecKoro 4-BeKTopa e a bcd, H nocKOJibKy HopMajiH3an,HH rapMOHH- 
HecKaa, to onpe^ejieHHaa Bbinie CB5i3HOCTb - SKBiiacpcpiiHHa, a 4-BeKTop 

Zabcd KOBapiiaHTHO IIOCT05ffieH. 9t0 n03BOJI5ieT HCnOJIb30BaTb erO flJIH 

nepeGpocKH HH^eKCOB. OnepaTopbi M A ab ecTb CB5T3yiomHe onepaTopbi, 
KOTopbie Ka^K^OMy 6iiBeKTopy cjioh CTaB^T b cooTBeTCTBiie Bein,ecTBeH- 
Hbifi BeKTop KacaTejibHoro paccjioeHM 



V ab := M A a0 V 



(207) 



9to cooTBeTCTBiie 6yn,eT BsaHMHOoflHOSHaHHO. OTCiofla cjie^yeT, hto 
mo>kho onpe^ejiHTb 

f M Aab M Acd = 5% 
1 M Ka ' b 'M Acd = 0, 



det 



M Aab 
M Aa ' b i 



(208) 



Tor^a onepaTop 



A A * = ^a* + *7a*) = ^Ma^M 



(209) 
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(210) 



ecTb eflHHHHHbift acpcpiiHop HopfleHa [17] TaKoft, hto 

f^M Kcd = -iM* cd , 

iyje /a* eCTb onepaTop KOMiuieKCHoft CTpyKTypbi 

f = ~E. (211) 

Onpe^ejiHM corjiacHO paGcxre [ID] onepaTopbi m a A TaKHM o6pa30M, hto 

( m a A m p A = Sj, 
1 m a k mP\ = 0, 



m a 

- a' 

m a 



(212) 



h Tor^a 



A A * = i( V + i/ A *) = ro a A m«* (a, (3, ... = 1, 6) (213) 
ecTb Bee tot >Ke efliiHHHHbiii acpcpHHop Hop^eHa [T7]. Etpn stom 

/aW = -m/. (214) 

3to 03HanaeT, hto BepHO cjie^yiomee pa3Jio>KeHHe 

1 



m a A = -7 ]a ab M\ b . 



(215) 



fljiH HeKOTopbix r] a ab = —r] a ba . JJ^jisi npoH3BOJibHoro TeH3opa 6yn,eT 
iiivieTb MecTO cjie^yiomee pa3Jio>KeHHe 

[ CL a bcd = M A abM* c dAAy, 
\ CLa'b'cd = M K a iyM^ C( }A^. 



a a p = m a A m^A A y, 
a a >p = fh a A m^ 'A A y, 



(216) 

IlpH 3tom MeTpH^ecKOMy 4-BeKTopy 6yn,eT cooTBeTCTBOBaTb MeTpiine- 

CKHH TeH30p G A y TaK, HTO 



9af> = m a A m^G A *, 

9 a' (3 = 0, 



£abcd = M A ab M^ c dG A ^, 



(217) 



06paTHbie cooTHorneHHH HMeiOT bh^ 



1 



Ca* = -^{M A ah M^, cd E ahcd + Ma &5 M^ cd £ a 'Vdd'), 

r] a ab = m a A M A ab , jf a , h , = rh a \M A a , b ,, 



(218) 



rf a6 = m a A M A ab 0, ifW = m a A M 1 \ l y 0. 



.a ji /tA 
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IlocjieflHsra napa ypaBHeraiH noaBjriieTCsi BBiifly aHajiirriiHHOCTii M A a b. 
OTCiofla c y^eTOM (208), (2 12), (2 15) 6yn,eT cjie^OBaTB 

cd ^cd 



TabVa cd = M A ab M A cd = 5% \r]a a VcdS c a d b = 6 C 



(219) 



TaKHM o6pa30M MHoroo6pa3He njiocKHx o6pa3yK»mHx KBaflpiiKii CQq 
CHa6>KeHO MeTpinecKiiM TeroopoM h nosTOMy flHcpcpeoiviopcpHO nceB- 
^opHMaHOBy Bem,ecTBeHHOMy npocTpaHCTBy V^?^ c komhjigkchoh CTpyK- 
TypOH ; A • 



3.1.3 Bem,ecTBeHHaa h KOMiuieKCHaa peajiH3au,HH cb»3hocth 

riepeftfleM k nocrpoeiiiiio 6ojiee o6meii cbh3hocth. Ha30BeM ^Be 
CBH3HOCTH SKBHBajieHTHbiMH, ecjiH ohh onpeflejraioT oflHH ii tot me na- 
pajuiejibHbiii nepeHoc B^ojib jik»6oh KpiiBoii 6a3bi. Bem,ecTBeHHa5i h kom- 
njieKCHaa peajiH3an,HH ^aiibi corjiacHO [H c. 169-178]. 



TeopeMa 1. Ilycmb Vufn) ' 6em ) ecm6eHH0e nceedopuMcmoeo npocmpan- 
cmeo c KOMTLA6KCHOU cmpyKmypou, a CV n - komtiaqkchoq aHajiumune- 
CKoe puMaHoeo npocmpaHcmeo: KOMruieKcnan peaAU3auuH V?™s. Tosda 
cjiedywmue dea onpedejiemitt dKeueajienmnu (onpedeAHwm odny u my 

9fCe C6Sl3H0Cmb) 

1. B KacamejihuoM paccjioenuu t (V?"^) cymecmeyem puManoea cesi3- 
Hocmb 6e3 KpyuenuM mama, umo meH3op m a KoeapuanmHO no- 
cmoRHen 

V A GW = 0, (220) 
V A m/ = 0, V A m Q * = 0. (221) 

2. B KacamejibHOM paccjioenuu r c (CV n ) cymecmeyem puManoea cesi3- 
Hocmb 6e3 Kpyuenun maKaji, umo meH3op m a ^ Koeapuanmno no- 
cmosmeH 

f Y a 9h = °' / = °' (222) 

{^ m % = ° n (223) 

u cdejiano onpedeAenue 

V a := m/V A , V a > := m^ A V A - (224) 
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JJoKaaamejibcmeo. 

Bo-nepBbix. IlycTb CB5i3HOCTb 1). cymecTByeT, Tor/oa ^omho^khm (221) 
Ha m^, to c y^eTOM onpe^ejieHHH (223) nojiyHiiM 



V A m a * = 0, 
= m/VAm/ = V^ 1 ", 
= m/?' A VAm a $ = V^m/. 



(225) 



06paTHO. IlycTb BbinojiHeHO (223), Tor/oa c yneTOM onpeflejiemiH (212) 



V a := m a A V A , 

m a f V Q = Avi/ A V A O m a 'vi,V a ' = A VJ/ A V A . 
Cjioxchm jjBa nocjie/jHirx ypaBHemra ii nojiyniiM 

V A = (A* A + A„ A )V A = m%V a + m a \V a ,. 



(226) 



Tor/ja H3 ycjiOBHH (223) cjie/jyeT 

VhrnP^ = m%V a m ,5 f + m a A V a 'm^$ = 0. 



(227) 



(228) 



Bo-BTopbix. IlocKOJibKy H3 (221) iijiii H3 (223) cjie/xyeT KOBapiiaHT- 
Hoe nocTO^HCTBO onepaTopa KOMiuieKCHoft CTpyKrypbi H3-3a BbinojiHe- 
Hii5i (214), to corjiacHO [H t. 2, c. 135-139] H3 stoto BbiTexaeT cyin,e- 
CTBOBaHHe acpcpHHHoft cbh3hocth b KacaTejibHOM paccjioeHHH r c (C14). 
PacciviaTpHBaa piuviaHOBy CB5i3HOCTb 6e3 KpyHemra nojiyniiM, hto ecjiH 

H3BeCTHa CB5I3HOCTb BHJJ,a l)., TO MO>KHO OIipeflejIIlTb CHMBOJIbI CBH3HO- 

cth Biijja 2)., pacnncaB ycjiOBiie (221) 

T A / := T AQ *m a @ m^ + m^d A m a * , 

A eCJIH H3BeCTHa CB5I3HOCTb BHfla 2)., TO MO>KHO OIipeflejIIlTb CHMBOJIbI 

CB5I3HOCTH Biijj,a l)., pacniicaB ycjiOBHe (223) 

T/3 := T/j a 7 m a e m 7 vl/ + f p a P 'fn a ' e m 7 * - m a Q dp m a * - fn a ' '®dp m a /*, 



(229) 



m~eOi3>m a = - m a edp>m a > 

(230) 
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ripii 3T0M BbinOJIHeHO 



p \J' A p $ _ p * 



dp = mp^dv, dpi = mp^d®, <9 A = m^ A dp + mP\dp. 



(231) 



B-TpeTbHx. H3 (212) h (213) cjie^yeT 



SW? = G^Am a ^mp 



A 



GW A A A* T = 
^(Ga* + iG®(Afe 

1(Gmi - *Ge(A/*) e ) = rfi a 'A^'^9a'/3', 



m a A m l3 yg a p : 
6 ) = rn a A m^g a p J 



(232) 



= m a A m l3 ^g a p + m a ' Am p ' ^g a 'p 



P. 



riosTOMy H3 ycjiOBHH (222) cjie^yiOT ycjiOBira (220). 06paTHO, npii bbi- 
nojiHeHHH (220) HMeeM 



m, 



A 



m /3 *m 7 e VAG'^e = O V a gp 1 = 0, 



a_* 



(233) 



m a '^m' prrij VaG^q = O V a 'gpj = 0. 
B-HeTBepTbix. EtocKOJibKy piuviaHOBa CB5i3HOCTb 6e3 KpyHeiiiisi ycjio- 



BH5I 1). e^HHCTBeHHa, TO II e/JHHCTBeHHa CB5I3HOCTb yCJIOBHH 2). 



□ 



TeopeMa 2. Ylycmb e Kauecmee 6a3U paccAoenuA 3adano eeu^ecmeeH- 
noe nceedopuManoeo npocmpaHcmeo V^ Q y Tosda dee c6A3Hocmu 6e3 
Kpyneima, 3adannue e paccAoenuAx ^(V^^) u A c dKeueajieumHu: 

1. PuMdHoea c6H3Hocmb, 3adaHHatt e paccAoeHuur R (V^Q 6 ^) ycAoeueM 

V A GW = 0. (234) 

2. PuManoea c6A3Hocmb, 3adaHHan e paccAoenuu A c ycAoeuxMU 

V A e a &cd = 0, V A^a'b'c'd' = 0. (235) 

Hpu smoM KoacficfiuyueHmu cen3Hocmu 2). odH03HauHo onpedejifim- 
ca U3 ycAoeun 

V A M* a6 = 0, V A M/ 6 ' = 0. (236) 

JJoKasameAbcmeo. PiiMaHOBa CB5i3HOCTb 6e3 KpyneHirH, 3aflaHHafl ycjio- 
BiieM (234) b KacaTejibHOM paccjioeHiiii Bceiyra cymecTByeT h e^HHCTBeH- 
Ha. PacnnnieM nepBoe ycjiOBHe (236) 



V A M* 



(Mil 



d A M^ aai - r A * e M e aai + r Ac a M^ cai + r Ac ai M* ac = o. 



(237) 



^omho^khm 3to ypaBHeHHe Ha 



aci 



r Aci fll = -^(M* aci a A M^ aai -r A ^ M aai M* aci +r Aa ^ 



Cl 



(238) 



Kpoivie Toro, H3 ycjiOBHii (235) h (208) cjie/jyeT 



24 



1 r abcd 

~ 24 fc 



^M^M* cd «9 A (M e a6 M e «f) 



1 ^abcApi _ 

£ OA^abcd — 



24 



(v A e a 6 C d + 4r A [ a £|fe|6 C d]) = g£ a c r Aa £ fc&cd = r 



(239) 



Afc 



HcxoflH H3 3-Toro, mo>kho nojio>KHTb ypaBHeHHe (238) b onpe^ejieHHe 

CHMBOJIOB CB5I3HOCTH 2). 

IlycTb b paccjioeHHH A c cymecTByeT eme o^hh onepaTop CHMMeT- 

pHHHOH KOBapHaHTHOH npOHSBOflHOH V A TaKOH, HTO 

V A £ abcd = (V A -V A )e aW = O Qaa* = 0, (240) 

r^e TeH3op Qha - TeH3op flecpopMai^HH, onpeflejieHHbift b paccjioeHHH 
A c . IlycTb TeH3op Q A ^ e - Teroop flecpopiviaHHH b KacaTejibHOM paccjioe- 
HHH r (y^QQ^)- PaccMOTpHM fleiicTBHe TaKHx onepaTopoB Ha 6nBeKTopax 
R ab = M*°V* 



(V A - V A )R ab = (Q Ak a 5 t b - QAk% a )R kt = 



= M^ ab {V A - V A )r* = Mv^QmA 9 
(V a - V A )R ab = -M e ab Q Ae *r^. 

OTCiofla cjie/jyeT uenoHKa TOK^ecTB 



(241) 



M* ab Q Ae *rU = 2Q A[k a 5 t] b R k \ 



• T)kt 



M^Q^r" = 2Q A[k a 5 t] b M Q 
Mv ab Q A e* = M e kt 2Q A[k a 5 t] b _ = 2M e ^ b Q_ Ak 
Qaq^ = MQ kb M^ ab Q Ak a + MQ kb ^ Mya'vQ 
= -M^ kb M Qab Q Ak a - M^ b 'M Qalbl Q Akl 



(242) 



Ak' 
a' 
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OTKy^a nojrynaeM 

Qab* = —Qa^o- (243) 

B OTCyTCTBHH KpyHCHHH HMeeM 

Qaq^ = QeA*, (244) 

nosTOMy 

Qaw = 0, (245) 

H 3T0 03HaHaeT eflHHCTBeHHOCTb CB5I3HOCTH 2). □ 



Cjie^cTBHe 1. IJycmb e Kauecmee 6a3u paccAoenuA 3adano komtiackc- 
noe aHdAumuuecKoe puManoeo npocmpancmeo CV 6 . Tosda dee coa3ho- 
cmu 6e3 KpyuenuA, 3adaHHue e paccAoenuAX r c (Cy 6 ) u A c sneuea- 
AewnHu: 

1. PuMcmoea aHaAumuuecKan ceA3H0cm'b ; 3adaHHaA e paccAoenuu 
r c (Cy 6 ) ycAoeuxMU 

V a ^ 7 = 0, Va'^gy = 0. (246) 

2. PuMcmoea aHaAumuuecKaA c6A3Hocmb, 3adannaA e paccAoenuu 
ycAoeuAMU 

^a^abcd = 0, V 'a'Za'b'c'd' = 0. (247) 

TIpu smoM K09(fj(fjuyueHmu c6A3Hocmu 2). odH03HauHo onpedeAAm- 

CA U3 yCAOGUA 

V a 7?/ 6 = 0, V a ,f]/ b ' = 0. (248) 



JJoKa3ameA , bcmeo. ^OKasaTejibCTBO cjie^yeT H3 TeopeM [T][2j aHajiHTHH- 

HOCTH (218) H ypaBHeHHH (214). B HaCTHOCTH, aHajIHTHHHOCTb T]p ab 03Ha- 



naeT d a 'T}p ab = 0, a H3 ypaBHeHH^ (214) cjie/ryeT T^p 1 — 



□ 
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3.1.4 Hhbojiioli,h5i b CP 7 

EtycTb Tenepb b CP7 HaM sa^aiia hhbojiioijhh b CMbicjie 

S A , B S B D ' = 6 A , D \ (249) 
Tor^a ycjiOBHe fleftcTBiiTejibHOCTii tohkii X a npiiMeT bii^ 



S A B 'X A = X 



B' 



(250) 



IloTpe6yeM, htoGm 3Ta hhbojhohhsi onpeflejrajia bjiokghhg ^eHCTBHTejib- 
hoh KBa^pHKH b komii jieKCHy kd , hto paBHOCHjibHO TOMy, hto onpe^ejiH- 
k)lu,hh ee TeH3op TaK>Ke 6yn,eT caMoconpa>KeH OTHOCHTejibHO stoh hhbo- 
jnon,HH. Tor^a njiocKHe o6pa3y 10 mil e MaKCHMajibHofi pa3MepHOCTii Be- 

LU,eCTBeHHOH KBa^pHKH flOJIJKHbl yflOBJieTBOp^Tb yCJIOBII5IM 



1). SA' B X£s a a =X£, 2). Sa'^X^s 



-A' „ a 
'a 



B 



BvA' aa! 



X 



aB 



(251) 



Sflecb TeH3opbi s a a 11 s aa onpeflejraioT b KOMnjieKCHOM paccjioeHiiii coot- 

BeTCTBeHHO SpMHTOBy HHBOJIK)I],HK) II SpMHTOB IIOJI5ipHTeT COOTBeTCTBeH- 

ho. 9th flBa cjiyHaa B03HHKaK»T H3-3a Toro, hto y Hac b paccjioeHiiii co 

CJI05IMII, H30MOp(pHbIMH C 4 , BXT TeH30pa, C nOMODXbK) KOTOpOrO MO>KHO 

no^HHMaTb 11 onycKaTb ofliiHOHHbie iiHfleKCbi. nepBbift cjiyHaft 03HaHaeT, 
hto caivia o6pa3yioina5i h conp5i>KeHHa5i eii npimafljie^KaT oflHOMy ceivieii- 
CTBy; bo-btopom >Ke cjiynae yKa3aHHbie o6pa3yioiii,iie npeflCTaBjraiOT ^Ba 
pasjiiiHHbix ceMeiiCTBa. Ha ocHOBaHHH pe3yjibraTOB BTopoft rjiaBbi sthm 
HCHepnbmaiOTCH Bee B03MO>KHbie cjiynan BemecTBemioro Bjic»KeHii5i. H3 
( pOt , J249t - ([251]) cjie^yeT 



!)• 



s a 's , b 



Sn.n' S 



(252) 



flajiee, 6yn,eM pacciviaTpHBaTb TOJibKO cjiyHaii 2). KaK Haii6ojiee iiHTe- 
pecHbiii c tohkii 3peHii5i (pii3iiKii [23], t. 2, c. 86]. CjiyHaii 1). pacciviaT- 
piiBaeTCH aHajioriiHHO, h ero mm onycTiiM. Toiyja 



X b ' = s oa X, 



b'a 



(253) 



IlosTOMy Mbi MOJKeM HanncaTb 3KBHBajieHTHbie (203), (204) Bbipa^emra 
(X a , X b ) = 0, (Y p , Y q ') = 0, (X a , Y v ) = s ab , (254) 
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ri0JIC»KHM 

f V A X a ' = Y y M K a ' b \ 
\ V A Y b , = X a 'N Ka ,y 



(255) 



Tor^a H3 (254) 6ynyT cjie^OBaTb To^c^ecTBa 

1 



M Aa > b > = --s ca ,s dV £ cdab M Kab , V K s aV = 0. (256) 

EtoSTOMy paBeHCTBOM 

S A e = \(M Aab M e ddl s c ' a s d ' b + M Aa , b ,M Q cd s ca 's db ') (257) 

Mbi onpe^ejiHM BemecTBeHHyio hhbojiiou,hk) BH^a 

Sa°Sq^ = <5a*, MAa'v = —SA^MiHa'v, S A e fQ A = — f A e So A . 

(258) 

Kpoivie Toro mo>kho onpeflejiHTb em,e o^Hy hhbojiioii,hk) (coraacHO [TP] ) 
r g /? _ q 

{ o 8' A - 8' o * 'S'/?' 7 = ^a 7 - (259) 

[ £ a p = niaTn 13 ^b A , p 

3.1.5 PHMaHOBa cbh3hocti>, corjiacoBaHHaa c HHBOJiioi],HeH 

Cjie^cTBHe 2. Ilycmb e Kauecmee 6a3U paccAoenuA 3adano komtiaqkc- 
noe aHajiumuuecKoe puManoeo npocmpaHcmeo <CV®. Tosda dee eei^e- 
cmeeHHue c6A3nocmu 6e3 KpynenuA, 3adaHHue e paccAoenuAX r c (CV 6 ) 
u A C (S) dKeueaAeniriHU 

1. PuMcmoea eemecmeeHHCui c6A3Hocmb, 3adannaA e paccAoenuu r c (Cy 6 ) 
ycAoeuAMU 

VaQfr = 0, V a S/ = (260) 

(maKyK) puManoey c6A3Hocm , b na3oeeM coeAacoeanHou c uneoATO- 
VAieu). 

2. PuManoea eev^ecmeeHHan c6A3Hocmb, 3adannaA e paccAoenuu 
ycAoeujiMU 

V a £ abcd = 0, V a s aba iv = 0. (261) 
IIpu dmoM KoacfjcfjuyueHmu c6A3H0cmu 2). odno3HaHHo onpedeAAm- 

CA U3 yCAOGUA 

VaT]p ah = 0. (262) 



145 



JJoKasameAbcmeo. B ycjiOBirax cjieflCTBiisi fl] paccMOTpHM CB5i3HOCTb 1) 



sa^amiyio ycjiOBHHMH ( 248 ) , Tor^a H3 ycjiOBiift BemecTBemiocTii cjie^yeT 

(263) 



.S^ 7 <9y = d, 



nosTOMy H3 KOBapnaHTHoro nocTO^HCTBa TeH3opa hhbojiioijhh nojiyHiiM 

V 7 = S/Vp, (264) 
hto onpe^ejiHT BemecTBemiyio CB5i3HOCTb. Ecjiii nojia>KiiTb 

Saba'V ■= r) a abf)p>a>vSc/ , (265) 

(266) 

□ 



to H3 (262) ii (260) BbiTexaeT 

^aSaba'V = 0. 



Cjie^cTBHe 3. IJycmb e Kauecmee 6a3U paccAoenuA 3adano eei^ecmeew- 
noe puMaHoeo npocmpancmeo Tozda dee eeu^ecmeeHHue C6A3H0- 

cmu 6e3 KpyuenuA, 3adanHue e paccAoenuAX t (VP 24 ^) u A C (S) aneu- 
QajienrtiHu 

1. PuManoea eew^ecmeeHHaA ceA3Hocmb, 3adannaA e paccAoenuu r R (V^ ^) 
ycAoeuHMU 

V igjk = 0. (267) 

2. PuManoea eev^ecmeeHHan c6A3Hocmb, 3adannaA e paccAoenuu 
ycAoeuHMU 

V t e abcd = 0, V lSab , = 0. (268) 
IIpu dmoM KoacficfiuyueHmu c6A3H0cmu 2). odno3naHHo onpedeAAm- 

CA U3 yCAOGUA 

V l T] J ab = 0. (269) 
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JJoKa3ameAbcmeo. 9to cjieflCTBiie BbiTexaeT H3 npeflbiflymero cjie^CTBHsi 
[2]npH ycjiOBHH KOBapnaHTHoro nocTOHHCTBa onepaTopa Bjic»KeHH5i i^ a , 

HTO Onpe^ejIHT COOTBeTCTByiOmHe K03(p(pHHHeHTbI CB5I3HOCTH. HaM OCTa- 

HeTCH TOJibKO ^OKasaTb KOBapiiaHTHoe iioctohhctbo TeH3opa spmhtobo- 
ro nojiapHTeTa. EtocKOJibKy 

VaSabdd' = V a S[a\d\ s b]£ = 0> (270) 

pa3BepTbiBa5i ero no npaBHiry JleiiSHHHa h CBepTbma^ c s ac \ nojiyHHM 

V a Sbd' = -l/2s M s ac 'V a s ad . (271) 

Ilocjie CBepTKH c s bd ' SToro ypaBHeHHsi OKOHnaTejibHO HMeeM 

s ac 'V a s ac , = 0, W a s ad = 0. (272) 

□ 



3.1.6 BnTBHCTopHoe ypaBHeHHe 



H3 BbinojiHeHHH (205), (208), (2 15), nojiaraa 



Oil 



nojiyHHM 

TaK, hto 6yn,yT BbinojiHeHbi ypaBHeHHH 

v c(rf x a) = o, v c ( d x a ) = o, 



(273) 



(274) 



(275) 



nocjieflHee H3 KOTopbix mh Ha30BeM 6htbhctophbim ypaBHeHneM. C no- 
Mom,bio SToro ypaBHerara mo>kho nccjieflOBaTb KOHcpopMHyio CTpyKTypy 
npocTpaHCTB BH^a CM 6 . Cjie/ryeT OTMeTHTb, hto 6iiTBHCTopHoe ypaBHe- 
HHe He MeH5ieTC5I npH KOHCpOpMHblX npeo6pa30BaHH5IX MeTpHKH H HHBa- 

pnaHTHO npn npeo6pa30BaHirax HopMajiH3an,HH b CMbicjie [TT], |13] . 

JJoKa3ameAbcmeo. ^HeHCTBirrejibHO, iiojic»khm, hto KOHcpopMHoe npeo6- 
pa30BaHne MeTpHKH HMeeT Bn,n 

9af3 1 > 9aP = rfgap- (276) 
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Tor^a H3 cpopMyiibi 

V a £abcd = ^a^abcd = (277) 

cjie^yeT 

o = v a (n 2 e abcd ) = e abcd (2nv a n - n 2 e ak k ) = o. (278) 

ri0JIC»KHM 

B a := l -Q ak k . (279) 

IloCKOJIbKy V a H V a CHMMeTpHHHbl, TO BbinOJIHeHO 

Qa/3 7 = Q/3aj (280) 

b KacaTejibHOM paccjioeHHH r c (Cy 6 ). Torjja b paccjioeHHH A c Bbinoji- 

HeHO 

©cda 6 = B ca 5 Cl b — B Cia 5 c b , B ab = —B ba . (281) 

OTKyzra 

B a = X -T) a ah B ab = n'VM. (282) 

IIOJIO^KHM 

X c = X c . (283) 

Torjja c yneTOM 

V ab X c = V ab X c + 2B [a]k] 5 b] c X k (284) 

nojiy^HM 

ya(6^c) = ^-2 V a(6 X c)_ (285) 

3T0 3HaHHT, HTO 6lITBHCTOpHOG ypaBHCHHe KOH(pOpMHO-HHBapiiaHTHO. 

□ 
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4 TeopeMbi o TeH3ope kphbh3hm. KaHOHHHecKaa (^op- 
Ma 6HBeKTOpOB 6-MepHbIX (nCeB^O-) eBKJIH^OBBIX 

npocTpaHCTB n c MeTpHKOH neTHoro HH^eKca q 

Tax KaK BBefleHHaa b KacaTejiBHOM paccjioemiii k CYq CB5i3HOCTb 
yflOBjieTBopaeT ycjiOBHio 

V a g 7 j = 0, Va>g 7 >5> = 0, 

a CB5i3HOCTb b paccjioeHHH A c onpeflejiaeTCH H3 ypaBHeHHH 

V a r] P ab = 0, V a >fj/ b ' = 0, 

TO MO)KHO Bbl6paTb HeKOTOpblH HerOJIOHOMHblH cnerrHajibHbiii 6a3HC Ta- 

koh, hto MeTpHKa g^s 6yA eT HMeTb b HeM fliiaroHajibHbift bh^ c <C+1^> 
Ha rjiaBHoii fliiaroHajiii, a o6o6meHHbie onepaTopbi Hop^eHa 6ynyT HMeTb 



nocTOHHHbie cymecTBeHHbie KOopflimaTbi HanofloGiie cpopMyii (159) - 
(161). H3 SToro cjie^yeT, hto onepaTopbi A a a a b b stom 6a3Hce TO>Ke 



HMeiOT B Ka^eCTBe KOOpflHHaT KOHCTaHTbl. Tor^a TeH30p KpHBH3HbI c 

noMombio onepaTopoB A aj 3 a b mo>kho npe^CTaBHTb b cjie^yioineM BH^e 

r? A b a dry a c 

ripii 3TOM, 3HaH CTpyKTypy TeH30pa Rb a d C i MO>KHO BOCCTaHOBHTb CTpyK- 

Typy TeH3opa KpiiBii3Hbi. Ho iiccjieflOBaHiie erpyKTypbi TeH3opa Rb a d c 
oSjiernaeTCH TeM, hto oh iiohth He co^epjKHT HecymecTBeHHbix komiio- 
HeHT B 4-MepHOM cjiynae no,n,o6Hbie Rb a d° TeH3opbi, Ha3BaHHbie cnn- 
HopaMH KpiiBii3Hbi [23], CHjibHO ynpomaiOT KjiaccH(pHKan,Hio TeH3opa 
KpHBH3Hbi 4-MepHoro npocTpaHCTBa, BnepBbie ocymecTBjieHHyio EteT- 

pOBblM np^MblMH TeH30pHbIMH MeTO^aMH. IIoSTOMy CJie^yeT OJKH^aTb, 

hto jier^e KjiaccHcpiiiriipoBaTb 6yn,eT Teroop Rb a d c He>KejiH 3aHHMaTb- 
C5i KjiaccH(pHKan,HeH TeH3opa R a /3j5 6-MepHoro npocTpaHCTBa. EtepBaa 
nacTb 9toh rjiaBbi h nocBsmreHa cb^3h Taxnx TeH3opoB. 

B TpeTbeM nyHKTe paccMaTpiiBaeTC^ Bonpoc o KaHOHH^ecKOM BH^e 

KOCOCHMMeTpHHHOH 6llJIHHeHHOH CpOpMe flJM MeTpiIKH HeTHOrO HHfleKCa 

q b npocTpaHCTBe ^L^v YKa3aHHa5i qbopMa b HeKOTopoM 6a3iice HMeeT 
l -R a pX a Y? = R l6 X^ + R 23 X^ + R Ab X^Y h \ 
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Kpoivie Toro, ycTaHaBjiHBaeTCH TaKoft (paKT, Kax cooTBeTCTBiie BGKTopa 
H3 cjioh paccjioeHHH A c c 6a30H CV 6 h H30TponHoro npocToro 6hbck- 
Topa, npHHafljie^Kamero H30TponHOMy KOHycy Kq cjioh KacaTejiBHoro 
paccjioeHHH Ha/i, o^hoh h toh >Ke tohkoh x. 9to cooTBeTCTBiie c toh- 
hoctbio flo MHC»KHTeji5i re z6> 6 C onpe^ejiHT yKa3aHHbift BeKTop cjioh. 
Ha ocHOBaHHH 3Toro cootbctctbhh Mbi MO>KeM roBopiiTb o reoMeTpiiHe- 
ckoh HHTepnpeTan,HH H30TponHoro (b CMbicjie s aa >X a X a ' = 0) TBiiCTopa 
H3 C 4 b npocTpaHCTBe R%£\- ^ Jl5{ ee ocymecTBjieHHH HaM HeoGxOflHMO 
HayHHTbca cpaBHHBaTb H30TponHbie BeKTopbi, npHHafljiejKamne KOHycy 
Kq. IlosTOMy c noMombio CTepeorpacpHHecKoii npoeKUHH mbi HHBapH- 

aHTHBIM (KOOpflHHaTHO-HeSaBHCHMbIM) o6pa30M OnpCflejIHeM HeKOTOpblH 
KaCaTejIBHBIH K Kq BeKTOp, npHJIO>KeHHbIH K TOHKe P. ErO HOpMa, B35I- 

Ta^ co 3HaKOM conocTaBjraeTCfl H30TponHOMy BeKTopy K c HanajiOM 
b BepniHHe KOHyca, a kohhom b tohkg P h Ha3braaeTCH npoT5DKeHHO- 
ctbkd BeKTopa K. Tor^a mo>kho Bbi6paTb BeKTop k eflHHHHHoft npoTH- 

JKCHHOCTH H BCe H30TpOIIHbie BGKTOpa CpaBHHBaTb C 3THM BCKTOpOM. 
IlpH 3TOM HeOflHOSHaHHOCTb COOTBCTCTBH5I yCTpaH5ieTC5I TaK! I - eCTb 

npoT5i}KeHHOCTb jno6oro H30TponHoro BeKTopa, onpeflejieHHoro yKa3aH- 
HbiM H30TponHbiM npocTbiM Ghbcktopom, npHHafljiejKaiBHM KOHycy Kq 
(cpjiarniTOK) , a O ecTb yroji noBopoTa 3-nojiynjiocKOCTH n (iiojiothh- 
me cpjiara), HaraHyTOH Ha 6hbcktop h hckotopbih BeKTop, opToroHajib- 

HblH njIOCKOCTH 111, OnpeflCJIHCMOH GHBCKTOpOM, BOKpyr 3TOH njIOCKOCTH 

111. riojiyHeHHafl HHTepnpeTanH5i aHajiorHHHa cootbctctbhio cnHHopoB 
h H30TponHbix BeKTopoB npocTpaHCTBa MnHKOBCKoro, paccMOTpeHHoro 
b MOHorpacpHH |23| . 



4.1 TeopeMa o 6nTeH3opax 6-MepHbix npocTpaHCTB 

IlpoKfle hgm nepefiTH k CBOHCTBaM TeH3opa KpHBH3Hbi npocTpaH- 
CTBa CV 6 , paccMOTpHM cjie/xyioiiryio TeopeMy. 

TeopeMa 1. Kjiaccu^uKai^wo 6umeH3opa, o6jiadawmezo ceoucmeaMU 

Rafi-yd = R[aP][jS] > Ra/3j5 = R^Safi, R a p^5 + RaS/3-f + R a ~/6p = (286) 

u npuHadjiewcauijezo nacamejihHOMy paccAoenuto r c (CV 6 ) Had mecmu- 
MepnuM CLHajiumuuecKUM puManoeuM npocmpaHcmeoM CV 6 , mochcho 
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ceecmu k KAaccuajuKav^uu meH3opa R a b c d 4- Me P H02 ° KOMUAeKCHozo een- 
mopnozo npocmpaHcmea C 4 manozo, umo 



Ro?— A OJ c A ? s R d r 

1 L apjo -^apd -tirydr ±L c s • 

KpoMe moso, eunoAnenu CAedywu^ue coomHomemiA 



p k r ~D r k r\ p a r p 

Kk s — Rs k — U, U c s — it, 



r k 



d r 



r d 
s c • 



(287) 



(288) 



Pa3A09fceHue 



p d r d r p dr 



R(S5 s d 5 c r - 25 s r 5 c d ) (289) 



rs d\ 



40 



coomeemcmeyem pa3A0MceHuw meH3opa R a (3 7S 



(290) 



na nenpueoduMue opmosonaAbHUMU npeo6pa3oeaHUAMU KOMnoHenmu, 
Komopue 6ydym ydo6Aemeopjirm> CAedywmiiM coomHomenuAM 



P cs rd = -4(R { J r s] d ^ + R^ ^5^), 

/nt d r r> (d r) , 1 r>£ drr /^i d r S7 (d r) 
G c s = it( c v s ) + — • Kdf s O c ) , O c a = G( c v s ) ; , 



(291) 
(292) 



R = R^ = -2- R k r r k , P kc kd = 1/2 • itf 

1 



d 

C 5 



(293) 

Ri d s l = -l'R5 s d , (294) 



nocAednee U3 Komopux ABAAemcA aKeueaAenmoM mootcdecmea EuaHKU 



JJoKadameA'bcmeo. Ha ochobcIhiiii (41) BepHO cjie^yiomee paBeHCTBO 

Ra^S = 1/16 ■ Va^'S^VS^Raa^dd,. (295) 

ri0JI0>KHM 



1 

4" 



1 

4 



/ := ^Rck dk st Tt , Rp 1 = T • V^V^/rd ■ Pes' • (296) 



H3 SToro c y^eTOM (43) BBiTeicaeT (popiviyjia (287) 



Ra/3^8 — A a {3d C A^$ r R, 



d r 
c s • 



(297) 
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OTCiofla cjie^yeT, hto 

R/36 = Ra/3 a S = A af 3d C A a § r s R c d s r = (f]f3 CS r]Srd + V^VSkr^d 3 ) Rc° '/ = 



ri0JI0>KHM 



Tor^a 



= W s mrd-±(R[c [ ^] r] -R[c%\ [r s s ] d] )- 



P c / d :=-4(R[c [r s ] d] -R[c k \k\ [r S s] d] ): 



Rf35 = -^lp CS, ri8rdPcs rd , 



(298) 
(299) 

(300) 



neivi h flOKasaHa cpopivryjia (291 ). IIocKOJibKy CKajrapHaa KpiiBii3Ha HMeeT 

r> _ p /3 _ 1 p aai _ 1.-. cci p aai _ 1 p aai _ _np r fc 

J L JL p 4 /p / aai- 4 cci 4 c aai J cci 2 aa i ZiJL fc r 

(301) 

h, Kpoivie Toro, BbinojiHeHO 

p ks M = -4(iV V ] + Vi*i [r V ] ) = 



At ^T3dk\\(T)rkzd\j\T)dk or? d k\\ r? r fe X d 1 r>£ d 

— — 4( — s + ji-ttfe r S + s — ZKk s )) — ~^k r O s — ^Xttfg , 

(302) 



to cpopMyjibi (293) fleftcTBirrejibHO 6ynyT BepHbi. 



TojKflecTBa BiiaHKii (286) mo>kho nepeniicaTb cjie/jyioiniiM o6pa30M 
{A a pd ''A 1 s r s + A ai d c Asp r s + A a $d c Ap ir s ) ■ R c d s r = 0. (303) 
CBepHyB 3to ypaBHemie c A a ^ t l A 7S m n , nojiyHiiM, npiiHiiMasi bo BHiiMa- 



Hne (47) 



a id l k s n i a r> n r r I n r> I k r n n D n k 5: I 
4-ftjfc m ^ + f m — Zitjfc f m — ZKk m t " 

— 2Rk r r k S t n S m l + R r k k r S m n 5t = 0. 



(304) 



CBepTKa SToro ypaBHeHira c <v H npiiBe^eT Hac k cpopMyne (294). IIpii 



3tom Bee 15 cymecTBeHHbix ypaBHGHiiH coxpaHeHbi. (Bee BbiKjia/iKii Bbi- 



nojiHeHbi b npnjio>KeHHH - cpopMyjibi (496) - (498)). 
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IIOJIOJKHM 



r i jS a c ajS ssy d r 

•— s±a(3d s± r s 5 

Caf? 6 := Raff* - R [a b 9p] 5] + l/lORg [a b g0l Q 



(305) 



Hs Q, J29TD , ( |93| ) cjie^yeT 



1 

4" 



9[a [l 9 P ] 5] = A aM c A^ 5 r s ■ ](l/25 s r 5 c d - 2(5/(5/), 



(306) 



OTKy^a nojiy^HM pa3Jic»KeHH5i (289), (292). (BbiKjia^KH Haxo^HTCH b 

□ 



npnjio>KeHHH - (popiviyjibi (499) - (504)). 



4.1.1 Cjie,n,CTBHa TeopeMM 

Cjie^cTBHe 1. 1. YcAoeuA npocmomu 6ueeKmopa 6-Mepnozo npocmpan- 
cmea CRq 3anucueawmcsi e cAedywmeM eude 

p[«V* ] = 0. (307) 

KoopdunamaM manozo 6ueeKmopa mochcho conocmaeumb 6eccAC- 
doeyw KOMnACKcnyw Mampuyy 4 x 4 c nyAeeuM cAedoM maKyw, 
umo eunoAneno CAedywu^ee ycAoeue 

Pl d p s l - l/4( Pl k p k % d = 0. (308) 

2. npocmoMy (eunoAnen nynnm 1). smozo CAedcmeun) u3ompon- 
HOMy (p a ^p a j3 = 0) 6ueeKmopy npocmpancmea CM 6 MOJfcno co- 
nocmaeum'b eupootcdeHHyw nyAb-napy Po3encf)eAt)da: KoeeKmop u 
eeKmop npocmpancmea C 4 ; ceepmna Komopux ccmt nyAt. IJpu 
dmoM yKa3annue eeKmop u noecnmop onpcdcAAmcA c monnocmbK) 

do KOMnACKCHOZO MHODtCUmCAA. 
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JJoKa3ameAbcmeo. 1). BiiBeKTop npocT Tor^a h TOJibKO Tor^a, Kor^a 
HMeeT MecTO pa3Jio>KeHHe 



V 



a/3 j^-ay^/3 Y OL X^ 



(309) 



EtosTOMy, ecjiH BbinojiHeHO (309), to 6yn,eT BepHa cpopMyna (307) 



06paTHO, ecjiH BbinojiHeHbi ycjiOBH5i (307), to hx mo>kho pacrmcaTb 
cjieflyiomHM o6pa30M 



P a V* - p a 1 p 136 + v Pl v aS = 



(310) 



CBepHeM 3to ypaBHeHHe c TaKHMH HeHyjieBbiMH KOBeKTopaMii T§ h Z 7 , 
HTO j9 7<5 z 7 r (5 ^ 

p aP = ^^(p a "Zy s T 6 - P ^Z lP aS T 5 ). (311) 



ri0JI0>KHM 



(312) 



OTKyn,a h 6ynyT cjie^OBaTb ycjiOBH^ (309). IlocKOJibKy TeH3op i? a 



PapP-yS yn,OBjieTBop5ieT ycjiOBHHM TeopeMbi 1, to (popMyjia (308) ecTb 



np^Moe cjieflCTBiie To^^ecTB BiiaHKH (294). 



2). B ycjiOBirax nepBoro nyHKTa floSaBHTca ycjiOBiie H30TponHOCTH 

p aP P*p = 0, (313) 



KOTopoe BBHfly (popMyji (47) npiiMeT bh^ 

A^ a b A aPc d p b a Pd = 0, 



(314) 



Pb a Pa = 0. 

OTCiOfla cjie^yeT, hto cymecTByiOT TaKiie HeHyjieBbie X a h Y bl hto 

^ a 6 = X a n, X a Y a = 0. (315) 

3Ty (popMyjiy mo>kho paccMaTpiiBaTb h KaK cjie^CTBHe jieMMbi [T] BTopoft 
rjiaBbi (fljia SToro ^ocTaTOHHO paccMOTpeTb 6iiBeKTop p a @ = r^ a r2^\ 



154 



65 



iyje r\ a h Te >Ke, hto h b ycjiOBHH jieMMbi). IIpH stom X a h Y& 
onpe^ejieHbi c tohhoctbio flo npeo6pa30BaHH5i 

X a i— > e^ a , y 6 i— ► e~^n. (316) 

□ 



OTMeraM, hto napa (X a , Y&) 6yn,eT HBjiHeTCH Hyjib-napoii Po3eH- 
(pejibfla. B npocTpaHCTBe CP 4 =' C 4 /'C (r^e 'C s = C s /0) X a onpe- 

flejIHT TOHKy, alt - njIOCKOCTb C yCJIOBIieM HHHHfleHTHOCTH 

X a Y a = 0. (317) 

IloSTOMy MO>KHO OnpeflejIHTb npOCTpaHCTBO CI1 4 =' C* 4 /'C, flBOHCTBeH- 

Hoe npocTpaHCTBy CP 4 . Toiyja npocTpaHCTBO CP 4 x CI1 4 6ya;eT npo- 
CTpaHCTBOM Hyjib-nap PoseHcpejib^a. Cjie,nyeT OTMeTHTb, hto TaKiie npo- 
CTpaHCTBa H3yHajiHCb BnepBbie Chhhobbim [34] h KoTejibHHKOBbiM [6]. 



Cjie^cTBHe 2. B cAyuae deucmeume/ibHocmu 6umeH3opa U3 meopeMU 
[7] na coomeemcrneywu^uu meH3op HaKJiadueaemca yc/ioeue 

Rab'cd' = Rb'ad'c (318) 

djin MempuKU Herrmozo undenca u 

Ra"'/ = R^/ (319) 

djiR MempuKU Heuemnoeo undeKca. 

JJoKa3ameAbcmeo. Oho ocHOBatio Ha CBOHCTBax TeH3opa Bjio>KeHH5i s... ". 

□ 
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4.2 OcHOBHbie CBOHCTBa H TCOKfleCTBa TeH30pa KpHBH3HBI 

B KanecTBe npniviepa paccMOTpiiM ocHOBHbie CBOHCTBa TeH3opa Kpn- 

BH3HbI pHMaHOBa npOCTpaHCTBa <CV 6 . EtoCKOJIbKy B HeKOTOpOM Herojio- 

homhom 6a3Hce onepaTopbi A a p a b hbjihiotch KOHCTaHTaMii, to Bee cboh- 
CTBa TeH3opa KpiiBH3Hbi Mbi MO>KeM nojiyHHTb, paccMaTpHBaa TeH30p 

Ra C d - TeH30p KpiIBH3HbI npOCTpaHCTBa CVq B HeKOTOpOH OKpeCTHOCTH 

U yflOBjieTBopaeT cooTHOineHH^M TeopeMbi [1} IIojiojkhm 

□« d := |(VafcV* - V dfc V a ,), 

(320) 

□ a/3 := 2V[ a V J g]. 

Bbh^y KOBapiiaHTHoro nocTOHHCTBa o6o6meHHbix onepaTopoB Hop^eHa 
6yn,eM HMeTb 

= lr)a aai rjp bh ■ |(V a[ai V 66l] - V[6 5l V a ] ai ) = 
= ba aai r]p bh ■ l{S [ai k S b n S bl] ^V ak V nni - S [b n S b ^5 a] k V nni V kai ) = 

1„ aai~, bbi 1/^ ^knnidxj V7 c ^nnikdyj \-7 \ 

— T]p ■ l{£a lbb id£ V a fcV nni — £bb ia d£ V mi V kai ) — 

= \r) a aai r)p hh ■ \(e aibbld e M nni V ak V nn * + 2e bbiaid V kd V ka ) = 
= |r/ a aa V 61 • y aibbl d{^[n k K] d ^akV n ^ + 2V M V fca ) = 

= lVa aai V0aA^anV nd + V M V fca ) = A a p d a ■ \(V ak V dk ~ V dk V ak ). 

(321) 

EtosTOMy 

□a/3 = A apd a U a d . (322) 

CcpopMyjinpyeM HecKOJibKO ocHOBHbix yTBep^KfleHHH, KacaiomHxcH one- 
paTopa O a d : 

1. H3 TOJKfleCTBa Phhhh 

□a/?^ = iW*^ + ^«/3A^ 7A , D^r 7 = R a ^r x (323) 
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6ypyT cjie^OBaTb TOJK^ecTBa (k a/3 = —k^ c 



kd Ra m ^e? Ra d k n , D a T R a m T ~\~R a m T 

(324) 

A y>Ke H3 hhx OKOHnaTejibHO nojiy^HM 



i—i b vc r> o c ym n V r> o to 

U a A — K a m A , U a A c — — it a c A 



6 c x^m 



6 m 



a// 



flOKasaTejibCTBO b npn jio>KeHiiH : (507) - (521)). 



2. ^HcpcpepeHijHajibHbie TOJK^ecTBa BiiaHKH 

V[ a R^]s\ = 



npiiMyT BHfl 



^[cmRt] k r S — 5[ m k \7 c \ n \Rt] 



n s 
r 



(^OKasaTejibCTBO b npmio>KeHiiH : (522) - (529)). 



3. CBepHeM (327) c 5k c h nojiyHHM 

^c(mRt) C r S = 0, 

a CBepTKa nocjie^Hero c 5 s m ^acT 

hto SKBHBajieHTHO H3BecTHOMy ypaBHeHHio 

V a {R a ? - i/2Rg a ?) = 0. 



(325) 



(326) 



(327) 



(328) 



(329) 



(330) 



4.3 KaHOHHHecKaa qbopMa 6HBeKTopoB 6-MepHbix (nceB^o-) 
eBKJIHflOBblX npocTpaHCTB ^p q \ c MeTpHKoit neTHoro HH- 
Renca q 

TeopeMa 1.(0 KanoHuuecKou cfiopMe 6ueeKmopa). 
JJam npocmpaHcmea ^fp q \ c MempuKou Hemnozo undenca q=0,6 neeu- 
pooicdeHHan KococuMMempunecKan 6uAUHeunan (fiopMa Mootcem 6umh 
npueedena e neKomopoM 6a3uce k KanoHunecKOMy eudy 



\R a pX a Y p = R m X [1 Y 6] + R 2i X [2 Y i] + R 45 X [4 Y 5] 



(331) 
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JJoKa3ameAbcmeo. IIocKOJibKy b cjiynae npocTpaHCTBa ^ pq ^ c MeTpn- 
koh neTHoro HH^eKca q BepHO 



p a b p a p a pa pa n> 

Map — A af 3 a K b , Kb — —K 6, K a — U, 



(332) 



hto 03HanaeT spMHTOBy ciiMMGTpiiio iRb a b cjrynae q=0,6. BBH^y sto- 
ro MaTpnna TeH3opa Rb a npnBOflHTCsi k flnaroHajibHOiviy Bn^y c no- 
Mom,bio npeo6pa30BaHHH H3 HeKOTopon rpynnbi, H30Mop(pHOH SU(4). 
3thm npeo6pa30BaHH5iM cooTBeTCTByiOT npeo6pa30BaHH5i H3 opToro- 
HajibHoii rpynnbi SO e (6,R). OTCio^a cjie^yeT, nro MaTpnna TeH3opa 
Rb a b cnennajibHOM 6a3nce nivieeT bh^ 



pa 



/ Ai \ 

A 2 

A 3 

V A 4 / 



(333) 



9 = 0,6, Ai, A 2 , A3, A 4 G iR, Ai + A 2 + A 3 + A 4 = 0. 
Ilpn 3tom BbinojiHeHbi 2 paBeHCTBa 

pa Q c r> d na n b qc r c 

Kb = Ob K c D d, O a o b = O a . 



(334) 



JJoKa3ameAbcm60. Byn,eM pacciviaTpHBaTb npeo6pa30BaHH5i Kj* H3 cb^3- 
hoh KOMnoHeHTbi 5'0 e (6,IR) n ero cooTBeTCTByioinee cmiHopHoe npe^- 
CTaBjieHne H3 rpynnbi SU (4) Bn^a S a b 



KjKjRpi = -A^ a h K [a ak K m A p5c d R d c = 

= -§(§<W ~ 25 a % b )K [a ak K m R d c = 
= K [a ak K m R a b = \A afjc d K dr ak K cr bkR a b = 



(335) 



1 17 ak ts sl c pinner p b A d p A d p c 

— g-^-dr J^-mn ^slbk^ s±af3c — — ^a/Jc -^d 
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Ymho^khm o6e nacTH (335) Ha A a ^ v l h nojiynHM 

It/ ak jy- sl~ -mntr r> 6 r> t 

gi\p r i\ mn c. s ibfct n a rip , 

1 Q a Q fcc so / c.mntr ~D b 1 c a f Q & Q sol- \ ^mntr ~D b 

2°[p °r] °[m °n] ^slbk^ - rl a — 2 [p \ r ] 171 n t kslb) t - rl a — 

1 O at I Q—\\ q c \ c mntr n> b 

— 2 [P VV '\ b \ t r]mnqJ t n a — 

= i(6S p (S'- V - ^Sr a {S- 1 )^5 [q t 6 p] r R a b ) = 

Cap b{ Q— IN i Q an bat p i 

— Op ii a ^O jfr — Op Jl a O^ — iip . 

(336) 

□ 

Hcnojib3y5i cneHiiajibHbiii 6a3nc, HaftfleM b cjiynae q=0,6 cooTBeT- 

6 

^16 = ^16a 5 ^6 a = --^61 j 

^23 = ^23a 5 ^6 a = ~ ^32, (337) 

54- 

□ 



CTByiomHe KOop^HHaTbi KoGnBeKTopa H3 10(1 



R45 — ^-A5a b Rb a — Rt 



OTMeTHM, hto noxc»Kee yTBep^KfleHHe mojkho 6bijio 6bi cqbopMyiiHpo- 
BaTb 11 fljia cjiyHasi q=2,4. O^HaKO s^ecb B03HiiKHyT HeKOTopbie cjiojk- 
hocth, CB5i3aHHbie c npo6jieMOH flHaroHajiHsai^iiH, nocKOJibKy b stom 
cjiynae MaTpnua TeH3opa spMHTOBoro nojrapHTeTa b cneHHajibHOM 6a- 

3HCe 6yp$T OTJIIIHHa OT e^HHHHHOH. 



4.4 TeoMeTpHHecKoe npe^cTaBJieHHe TBHCTopa b IR/ 2 4) 
4.4.1 CTepeorpacJ)HHecKaa npoeKu,Ha 

B stoh HacTH onpeflejraeTCH noH5iTiie npoT5i>KeHHOCTii H30TponHoro 
BeKTopa npocTpaHCTBa K^ 2 ^ c MeTpHKoii iiH^eKca 4. Hii>Ke 6yn,eT no- 
Ka3aHO KaK Bbi6paTb BeKTop GflimiiHHoii npoT5i>KeHHOCTii. Toiyja BeKTO- 
pbi, KOJiJiHHeapHbie Taxoiviy BeKTopy, 6ypyv OTjinnaTbcsi ot nocjie^Hero 
Ha HeKOTopbiii ^eHCTBHTejibHbiH MHO>KHTejib r - "npoT5i;>KeHHOCTb qbjiar- 

HITOKa". 
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MeTpiiKa npocTpaHCTBa M.% ^ iimgct bh^ 



dS 2 = dT 2 + dV 2 - dW 2 - dX 2 - dY 2 - dZ 2 . (338) 

IlycTb, Kpoivie Toro, sa^aHO ceHemie CBGTOBoro KOHyca Kq 

T 2 + V 2 - W 2 - X 2 - Y 2 - Z 2 = (339) 

njiocKOCTbio V+W=l. PaccMOTpHM CTepeorpacpHHecKyio npoeKn,Hio sto- 
ro ceHeHHH Ha njiocKOCTb (V=0,W=1) c nojiiocoM N(0, \, \, 0, 0, 0) Tax, 
hto TOHKe P(T,V,W,X,Y,Z) cooTBeTCTByeT p(t, 0, 1, x, y, z) Ha iijiocko 
cth V=0. Tor^a BbinojiHeHO 



T/t = Xj x = Y/y = Z/z = 



l 

2 



(340) 



C^ejiaeM 3aivieHy 

<^ = —ix + y, u = —i(t + z), rj = i(z — t) 



h nojiyHHM 



-iX + Y 



-i(T + Z) 



i(Z-T) 



2V-1 7 2V-1 7 2V-1 

IlosTOMy HHflyi^HpoBaHHaa MeTpHKa HMeeT bh/i, 

dqdq + dudij 



(341) 



(342) 



ds 2 := dT 2 - dX 2 - dY 2 - dZ 2 = 



[qq + rju) 2 



(343) 



(^OKasaTejibCTBO SToro (paKTa BbmeceHO b npHjic»KeHHe (530) - (535)). 

IIOJIOJKHM 



X :-- 



oj q 
-q 7] 



dX := 



duo dq 
—dq drj 



_d_ 

dX 



d_ d_ 
_d_ d_ 

<9<r drj 



Tor^a (343) npHMeT bh^ 

2 det(dX) 



ds 1 = 



X T + X = 0. 



{det{X)) 2 ' 



(344) 



(345) 
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PaccMOTpiiM rpynny flpoSHOJiHHeftHbix npeo6pa30BaHHft L 
X= (AX + B)(CX + D)-\ s -=yQpJ, detS = l. (346) 

YcjiOBHe fleficTBHTejibHOCTH, HaKjiaflbmaeMoe Ha X (X* + X = 0), ^acT 
noflrpynny yHHTapHbix flpoSHO-jiHHeiiHbix npeo6pa30BaHHH LU(2,2) TaK, 



hto MaTpHi],a S H3 (346) yflOBjieTBopaeT ycjiOBHio 



S*ES = E, E:= 



E 
E 



(347) 



Onpe^ejiHM ,n,ajiee b cnei^najibHOM 6a3Hce corjiacHO (160) [221 T - 2, c. 
(6.2.18), c. 361, (9.3.7)] 



R 12 = 


1/V2(V + W) 


= u°e 




R M = 


l/y/2(V-W) 


= 7T°f] 1 




R u = 


i/y/2(T+Z) 


= LU°f] 


-(Of 


R 2S = 


i/V2(Z - T) 


= e* 1 


— CO fj 


i? 24 = 


l/y/2(Y + iX) 


= LO l jf 




R 13 = 


1/V2(Y -iX) 


= 





(348) 



3Ta (popiviyjia npiiMenaTejibHa TeM, hto b Heii noKa3aHO Bbipa>KeHHe 
6iiBeKTopa R ab Hepe3 ero cniiHopHbie KOMnoHeHTbi. 11ojio>khm 



X:=YZ \ Y = AY + BZ, Z = CY + DZ, 



Y = 



z 



7T 7/0 

7fi r)i 



(349) 



Tor^a H3 (348) 6yn;eT cjie^OBaTb 



R :=|| i? ab 11 = 



(detY)J 
\YZ- l {detZ)J) 



T 



YZ-\detZ)J 
(detZ)J 



( Y z )j(Y T Z T ) 



(350) 



J:= 



E 
-E 



i? = S RS^ . 
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ri0JI0>KHM 



S:=ISr\ I:=-^=( 

V2 V 



E E 
-E E 



Tor^a nojiyHHM 



S*ES = E. 



(351) 



(352) 



MaTpnnbi S o6pa3yK»T rpynny SU(2 : 2), no_3TOMy H3 (352) cjie/ryeT, hto 



MaTpnnbi S o6pa3yiOT rpynny SU(2,2) n (351) ycTaHaBjiHBaeT H30Mop- 
(pH3M 3thx rpynn. Ha30BeM npeo6pa30BaHH5i H3 rpynnbi LU(2,2) tbh- 

CTOpHblMH npeo6pa30BaHHHMH. BBHfly flByjIHCTHOCTH HaKpbITH5I CB5I3- 

Hoft KOMnoHeHTbi eflHHHi^bi rpynnbi 5*0(2,4) (KOTopaa o6o3HanaeTCsi 
nepe3 5'0 e (2,4)) rpynnon SU(2,2) n flByjincTHOCTH HaKpbiTna rpyn- 
nbi KOHcpopMHbix npeo6pa30BaHHH C| 4 (l,3) ([231 T - 2, c. 359, (9.2.10)]) 
rpynnon S'O e (2,4), cjie^yeT cymecTBOBaHne nenomtn H30MopcpH3MOB 

5*7(2, 2)/{±l;±i} ^ LU (2,2) ^ C^ 4 (l,3) ^ SO e {2, 4)/{±l}. 

(353) 

3to 03HanaeT, hto rpynna LU(2,2) ncnepnbmaeT Bee KOHcpop MHbie npe- 
o6pa30BaHnH H3 rpynnbi C+ 4 (l,3). Ilpn stom iviaTpnna S H3 (346) boc- 

CTaHaBJIHBaeTCH C TOHHOCTbK) J\0 MHO)KHTejI5I A TaKoro, HTO A 4 = 1 

(det(S)=l), OTKy^a n no5iBji5ieTC5i yKa3aHHa5i HeoflHOSHanHOCTb. Ha oc- 

HOBaHHH TOrO, HTO BepHbl TO^KfleCTBa 



Y = AX + B 



dX = AdY, Y = X 



dX 



-X~ l dXX~ l , 
(354) 

r,n,e A n B - HeKOTopbie nocT05iHHbie MaTpnnbi, n ncnojib3y5i ycjiOBira 



(345) - (350), HMeeM 



Z* dX Z = Z* dX Z. 



(355) 



3to ypaBHeHne HHBapnaHTHO OTHOCHTejibHO npeo6pa30BaHnn H3 rpyn- 
nbi LU(2,2). (^OKasaTejibCTBO SToro cpaKra paccMOTpeHO b npnjio>Ke- 



hhh (536) - (549)). flpyroH HHBapnaHT mo>kho nojiynnTb, paccMaTpnBasi 

TOJKfleCTBa 



Y = AX+B 



d =AT d 



dX 



dY J 



Y = X 



9 = _ Y T^_ Y T 



dX 



dY 



(356) 

r^e A n B - TO>Ke HeKOTopbie nocT05iHHbie MaTpnnbi. Oh 6yn,eT HMeTb 

BHfl 

Z^-t^Z* 1 = Z~ l JLzZ* 1 (357) 



dX T 



dx T ' 
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(^OKasaTejibCTBO mo>kho Haft™ b npHjio>KeHnii ( 550 ) - ( 564 ) ) . 3to 03Ha- 
naeT, hto cym,ecTByeT fleftcTBHTejibHbift KacaTejibHbift BeKTop L k rnnep- 
6ojiOHfly, nojiyneHHOMy ceneHneM KOHyca Kq njiocKOCTBio V+W=l, hh- 
BapiiaHTHbift OTHOCHTejibHO npeo6pa30BaHHft 6a3Hca H3 rpynnbi LU(2,2) 
T.e. KoopflHHaTHO-HesaBHCHMbiH Ha KacaTejibHOM npocTpaHCTBe k flaH- 



HOMy rHnepSojiOHfly) h oflHOSHanHO onpe^ejieHHbift MaTpnneft 

f 1 /y-l d y* -1 y-1 9 -1\ _ 





Hopivia SToro BeKTopa b MeTpiiKG (345) 6yn,eT TaKoft 



2(^(y)) 2 (F + VK) 2 ' ^ 

Ha30BeM H30TponHbiH BeKTop k BeKTopoM, HMeioinHM eflHHHHHyio npo- 
T5i>KeHHOCTb nepBoro THna (cpaBH. [23li t. 1, c. 57, (1.4.16)]), b tom cjiy- 
nae, Kor^a k 6yn,eT sa^aBaTb TOHKy Ha H30TponHOM KOHyce, npHHa/r- 
jie^Kainyio ceneHHio njiocKOCTbio V+W=l. Tor^a || L ||= —1 h jik>6oh 
H30TponHoft BeKTop K, KOJiJiHHeapHbiH k, onpe^ejiHTCH KaK 

K = (- || L \\)h. (360) 

OflHaKO, npn V=-W nojiynaiOTCsi BeKTopa c 6ecKOHenHoft nporajKeHHO- 
CTbio nepBoro THna. Hto6bi HaynnTbCH nx pa3JinnaTb mojkho sa^aBaTb 
ceneHne Kq He njiocKOCTbio V+W=l, a T+Z=l h BBecra nofloSHbiM 

06pa30M HeKOTOpblft BeKTOp L C HOpMOft 

II l 11= - W ^ W - (361) 

Ha30BeM H30TponHbiH BeKTop k BeKTopoM, HMeioinHM eflHHHHHyio npo- 
T5i>KeHHOCTb BToporo THna b tom cjiynae, Kor^a k 6yp,eT sa^aBaTb Tonxy 
Ha H30TponHOM KOHyce, npHHafljie^Kamyio ceneHino njiocKOCTbio T+Z=l 
h npoT5i>KeHHOCTb nepBoro Tnna He 6yn,eT KOHenHoft. Onpe^ejiHM npo- 
T5i>KeHHOCTb BeKTopa K KaK KOHenHyio npoT5i>KeHHOCTb nepBoro Tnna, 
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a ecjiH TaKoft He cymecTByeT, to KaK npcxrajKeHHOCTb BToporo THna. 

OTMeTHM, HTO BeKTOp L He 5IBJI5ieTC5I KOOpflHHaTHO-HeSaBHCHMbIM B 

npocTpaHCTBe R^ 2 ^ , xotsi h siBjisieTCsi HHBapnaHTOM KacaTejibHoro npo- 
CTpaHCTBa k rHnep6ojiOHfly, nojiyneHHOMy ceneHiieM KOHyca Kq njioc- 
KOCTbio V+W=l. Cjie^yiomeH Hanieii sa^a^en h 6yn,eT Haxo^KfleHne hh- 
BapnaHTa npocTpaHCTBa IR( 2 4)- 

4.4.2 TeoMeTpHHecKoe H3o6pa>KeHHe TBHCTopa b 6-MepHOM npocTpaH- 

CTBe 

Tenepb no^BHjiacb B03MO>KHOCTb HarjraflHO H3o6pa3HTb tbhctop b 
npocTpaHCTBe ^ 2 4) - P acCM0T P HM na PY BeKTopoB H3 IR^2 4) P aBH °H npo- 

T5DKeHHOCTH 

K a = jf ah iT [a X b \ N a = jf ah T [a Z b] . (362) 
H3 jieMMbi [I] BTopoft rjiaBbi cjie^yeT, hto 

K a K a = 0, N a K a = 0, N a N a = 0. (363) 
Bbi6epeM BeKTop Y a TaKiiM o6pa30M, HTo6bi Gbijiii BbinojiHeHbi ycjiOBiia 
Y a Y a = 0, Y a X a = 0, Y a Z a = 0, (364) 

e abcd X a Y b Z c T d = X c Z c Y d T d = 1, e abcd = 24X [a Y b Z c T d] . (365) 

TaKHM o6pa30M nojiyHiiTCH 6a3HC 113 BeKTopoB X a , Y a 1 Z a , T a cjiepjm- 
m;ero BH^a (HanoMHiiM Y a = s aa 'Y a ') 

Y a Y a = : Y a X a = 0, Y a Z a = 0, X a X a = : X a T a = 0, 
Z a Z a = 0, Z a T a = 0, T a T a = 0. 

(366) 

OTKy^a 

£abcdT [c Y d ^ = -2X [a Z b] . (367) 

IloSTOMy BeKTOpbl 

L a = r] a ab {-T^ a Y b ^ + XK^), M a = r] a ab {-i){T^Y b ^ + X^ a Z b ^) 

(368) 

yn,OBjieTBop5iK)T cjieflyiomHM cooTHOineHHHM 

L a = L a , M a = M a , 
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L a K a = 0, L a M a = : M a K a = : L a N a = 0, M a N a = 0, 

L a L a = -2, M a M a = -2. (369) 

BOT Tenepb MH MO>KeM IIOCTpOHTb TpHBeKTOp 

P a ^ = QK [a N p L l] . (370) 
3Ha5i K a , mm 3HaeM T a h X a c tohhoctbio ,0,0 

X a i— > AiX a + /i!T a , T a i—). z/iX a + 6^ a , rfet^ 1 ^ J = 1. 

(371) 

A eCJIH HQM H3BeCTeH N a 1 TO npOH3BOJI B Bbl6ope T a II Z a TaKOB 

Z a i— ► A 2 Z a + ^ 2 T a , T a i— ► z/ 2 Z a + £ 2 T a , de* ( A2 ^ 2 ] = 1. 



^2 6 



2 



(372) 

IlosTOMy V\ = z/ 2 = h £ 2 = £i- A- 7151 ^ a nojiy^HM 

y a i — ► al a + /3y a + 7 Z a + <5T a . (373) 



Ecjih Tenepb noTpe6oBaTb coxpaHemie (366) (coxpaHemie 6a3iica BH^a 



(366) Ha caMOM ,a;ejie 03HaHaeT, hto ^Ba TaKHx 6a3iica CB5i3aHbi npeo6- 



pa30BaHiieM 113 rpynnbi LU(2,2)), to nojiyniiM 

X a , ^ T -l X a + ^ T a ? ra , y ^ 

Z a i — > r- l Z a + x^ a , Y a i — ► -xX a + rF a - /iZ a + 5T a , 

XH J rjlx J rT5 + f5 = 0, rf = 1. (374) 

OTKy^a 

X [a T b] , ^ X [a T 6] ^ K a \ ► # a , 

Z [a T 6] , y Z [a T b] ^ ]V Q l > N a , 



(375) 



ri0JI0>KHM 

r =: e* e , (376) 

L a i— > L a cos(26) + M a sin(2e)- 
-z(xr-f X )^ a +(^ + r/i)iV a ), 
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M a i — > M a cos(26) - L a sin(26)+ 

+ (XT + f X )K a - i^f - rJi)N a ). (377) 

TaKHM o6pa30M 3-nojiynjiocKOCTb HaTsmyTaa Ha BeKTopa K a , N a , L a 
6yn,eT KOop^HHaTHO-HesaBHCHMa b npocTpaHCTBe M^ 2 4 x. HTaK, Haniy koh- 

CTpyKI],HK) MOJKHO IipeflCTaBIITb B CJie^yiOmeM BRflfi. IIpOT5I}KeHHOCTb 

BeKTopoB K a ii N a flOJiJKHa 6biTb o^HHaKOBa. K a h N a onpe^ejra- 

K)T 2-njIOCKOCTb, MHO>KeCTBO BeKTOpOB KOTOpOH C npOT5I>KeHHOCTbIO, 

paBHoii npoT5i>KeHHOCTH BeKTopa K a ii HanajiOM, coBnaflaiODxiiM c Ha- 
najiOM BeKTopa K a : Ha30BeM cpjiariiiTOKOM. K a 7 N a 7 L a onpe^ejisrr 3- 
nojiynjiocKOCTb, KOTopyio Ha30BeM nojiOTHHmeM cpjiara. TaKHM o6pa- 

30M, 3Ha5I K a H N a , Mbl 3HaeM TBHCTOp T° C TOHHOCTbK) flfl (pa3bl 

G. B cbok) onepeflb 2G - sto yroji noBopoTa nojiOTHiima (pjiara - 3- 
nojiynjiocKOCTH P a ^ - b 2-iijiockoctii (L a , M a ) BOKpyr cpjiarniTOKa - 
2-njiocKOCTii (N a ,K a ). IIosTOMy, noBopoT cpjiara Ha 2tt npiiBe^eT k 

TBIICTOpy — X" 2 , II TOJIbKO IIOBOpOT Ha 4:7T BGpHGT Haniy KOHCTpyKHIIK) K 
HCXOflHOMy COCT05IHI1IO. KpOMe TOrO, KOJIJIHHeapHbie TBHCTOpbl pa3JIH- 

naiOTC5i npoT5i>KeHHOCTbio BGKTopa K a Tax, hto npii npeo6pa30BaHHH 
T a i — > rT a , Y a i — > T -^ya ^ r ^ i?\{0}) cpjiarnrroK yMHO>KaeTC5i Ha r, 
a nojiOTHiime ocTaeTca Heii3MeHHbiM. Cjie^yeT, HaKOHeiL OTMeTiiTb tot 
(paKT, hto yKa3aHHa5i reoMeTpiinecKasi CTpyKTypa oflHOSHaHHO BOCCTa- 
HaBjiHBaeTC5i no TBiicropy T a . 



166 



5 TeopeMa o ^Byx KBa^pHKax 



B 3toh rjiaBe HCCJie^yiOTca peniemisi 6iiTBiiCTopHoro ypaBHeHHH 

( X a = X a -ir ab Y b , 
I Y b = Y b , 

npHBOfl^mHe k HyjiB-napaM PoseHcpejib^a 

X A := (X\Y h ). 

3a X a , 1^ npHHHMaioTca HeKOTopBie nacTHbie penieHH^ 6htbhctopho- 



ro ypaBHGHH5i (275). Hac 6yn,eT HHTepecoBaTb reoMeTpHnecKoe Meero 



tohgk, onpe^ejieHHoe ypaBHeHHeM 

X a = 0. 

rioKa3BiBaeTC5i, hto penieHHH TaKoro ypaBHeHHe npiiBOflsiT k 2 KBafl- 
pHKaM, fljiH KOTopBix cnpaBefljiHB MOflHcpHi^HpoBaHHBiii npHHHHn Tpoft- 

CTBeHHOCTH. ^OKaSaHO, HTO MOflHCpHHIipOBaHHblH npHHHIin TpOHCTBeH- 

hocth 5iBji5ieTC5i o6o6meHHeM npHHHima TpoftcTBeHHOCTH KapTaHa II co- 
OTBeTCTBira KjisiiiHa, hto no3BOJisieT peajiH30BaTb ero b hbhom bii^g c 
noMoni,bio HeKOTopbix onepaTopoB ija KL ', KOTopbie 5ibji5iiotc5i o6o6me- 
HiieM onepaTopoB Hop^eiia r] a ab 11 yn,OBjieTBop5iiOT ypaBHeHHio Kjiiicp- 
cpop^a, hto npiiBOfliiT k HiicjiaM Ksjih. ^OKasaTejibCTBO stoh TeopeMbi 
5iBji5ieTC5i npniviepoM npnjio>KeHH5i 6-MepHoro cnHHopHoro (popMajiii3Ma, 

pa3BIITOrO BblHie, II TeCHO CB5I3aHO c 4-MepHbIM CnilHOpHbIM cpopMajiii3- 
MOM 



5.1 PeineHHH 6HTBHCTopHoro ypaBHemia 

PaccMOTpiiM paccjioeHiie A c co cjiohmh, iraoMopcpHbiMii C 4 , h 6a3oii 

CV 6 - aHajIIITHHeCKHM KOMnjieKCHbIM npOCTpaHCTBOM C KBaflpaTIIHHOH 

MeTpnKOH. YpaBHeHHe 

V a(b X c) = Q ( a ,b,... = l^) (378) 

Ha3BaHO HaMH 6lITBIICTOpHbIM ypaBHeHHeM (X C - aHajIHTHHHbl) . Ilo flO- 

Ka3aHHOMy Bbinie 6HTBHCTopHoe ypaBHeHHe 6yn,eT KOHcpopMHO-imBapiiaiiTHbiM. 



Kpoivie Toro, ycjiOBHe HHTerpnpyeMOCTH ypaBHemia (378) HMeeT bh/i, 



\e ak mrN m[n ^ m X^ = \c a c { d X l = (379) 
l 
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(flOKasaTejibCTBO b npnjio:>KeHHH (565) - (568)). OrpaHnnnMCsi cjiynaeM 
KOHcpopMHO-njiocKoro npocTpaHCTBa (cmotph (305)) 



C a c i d = 0. 



(380) 



3to 03HanaeT, hto npocTpaHCTBO CV 6 KOHcpopMHO npocTpaHCTBy CM 6 , 
KOTopoe, He orpaHHHHBaa o6ihhocth, 6yn,eM paccMaTpHBaTb ^ajiee. Ec- 
jih X c - penieHHe (378), to BejrnnnHa X7 ab X7 cd X r aHTiicuMMeTpuHHa no 
rd, OHa >Ke aHTHCHMMeTpnnHa no br BBH^y Toro, hto npocTpaHCTBO 
njiocKoe n nponsBO^Hbie KOMMyrapyiOT. KpoMe Toro, HMeeTCH anm- 
CHMMeTpna no napaM ab, cd, rc, ra. 3to 03HanaeT, hto \7 ab \7 cd X r aH- 
THCHMMeTpnnHa no abcdr n, cjie^OBaTejibHO, paBHa Hyjno. OnKcnpyeM 
b CM 6 TonKy O - Hanajio KOop^HHaT. Bee ocTajibHbie tohkh onnnieivi 
BeKTopaivin r a c HanajiOM b Tonite O, Toiyja fljra r a ^ HMeeM 

V a r p = 5j. (381) 

riosTOMy V ab X c ecTb nocTOHHHaa BejinnnHa, aHTHCHMMeTpnnHaH no 
abc, hto cjie^yeT H3 (379). IIojiojkhm 



V cd X a = 



-ie cdab Y b . 



(382) 



ripoHHTerpnpyeM sto ypaBHeHne, hto flacT pemeHne 

- ir ab Y b , 




(383) 



3/recb r - 6nBeKTop H3 (popiviyjibi (41), npnneM MHO>KHTejib i BbiGpaH 



fljra y^oGcTBa (bto bbmchhtcsi npn paccMOTpeHHH Bem,ecTBeHHoro cjiy- 
naa). 3a X a npnHHMaeTC5i nocT05iHHoe BeKTopHoe nojie, 3HaneHne ko- 
Toporo coBna^aeT co 3HaneHneM nojra X a b Hanajie KOop^HHaT O. Ilpn 
3tom, b cjiynae npocTpaHCTBa M/ 2 4)' HanpHMep 

Y k = s km Y m \ Y m> = F™ (384) 



Kpoivie Toro, pa^nyc-BeKTop r 7 (= \rp ' ab R 

IITHM COOTHOnieHHHM 



yflOBjieTBopaeT cjieflyio- 



1 



r ab r ab 



pf(r), r ah r hc = -^pf{r)5 c 



1 



(385) 
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5.2 Hyjib-napbi Po3eH(J)ejib^i,a 



06o3HaHHM nepe3 A c * npocTpaHCTBO, flBoftcTBeHHoe A c h o6pa3yeM 
8-MepHoe KOMnjieKCHoe npocTpaHCTBO T 2 KaK npHMyio cyMMy A C Q)A C *. 
To ecTB, ecjiH X a - Koop^HHaTbi BeKTopa b A c , a Y b - KoopflimaTbi 

KOBGKTOpa B t4* C , TO 



X A :={X a ,Y b ) (A,B,... = 1,8) (386) 



6ynyT KoopflHHaTaMH BeKTopa H3 T . E[peo6pa30BaHHe (383) HBjineT- 
ch jiHHeftHbiM npeo6pa30BaHHeM, oflHaKO, He coxpaHHioiHHM CTpyKTypy 
ynoMHHyToft npHMoft cyMMbi. Byn,eM paccMaTpiiBaTb KOop^HHaTbi 6h- 
BeKTopa r ab KaK KOop^HHaTbi tohkh acpcpHHHoro npocTpaHCTBa CA 6 . 
Hac Sy^eT HHTepecoBaTb mhojkgctbo ToneK, saflaHHbix ypaBHeHiieM 

X a = O X a = ir ah Y b . (387) 

3T0 eCTb CHCTeMa H3 4 JIHHeHHblX ypaBHeHHH C 6 HeH3BeCTHbIMH. fljIH 

BbiacHeHHS ee paHra paccMOTpHM o^HopoflHoe ypaBHetiHe 

r ab Y b = 0, (388) 

KOTopoe HMeeT HeHyjieBbie peineHHH Tor^a h TOJibKO Tor^a, Koiyja 6h- 
BeKTop npocToii 

£a bfc r ab r cd = -pf(r)5 f d = (389) 
h, cjieflOBaTejibHO, npe,a;cTaBHM b BH^e 

= P a Q b - P b Q a , (390) 



npiiHeM P a h Q a onpeflejieHbi c TOHHOCTbio hx jiHHeftHbix KOM6nHa- 
i^hh. H3 SToro cjie^yeT, hto 

P a Y a = 0, Q a Y a = 0. (391) 

06o3HaHHM nepe3 X a ,S a J Z a Bee peineHHH ypaBHeHHH 

X a Y a = 0, (392) 



KOTopbie o6pa3yK»T 6a3nc npocTpaHCTBa, onpeflejieHHoro (392). Tor^a 



ypaBHeHHe ([390 ) npnivieT bh^ 

Cp e = + A 2 Xt fl Z 6 ] + A 3 S [fl ^ (393) 
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h, cjieflOBaTejibHO, onpe^ejiHT b npocTpaHCTBe 6iiBeKTopoB 3-MepHoe 
no,n,npocTpaHCTBO. OTOio^a nojiynaeTCH o6mee penieHHe ypaBHeHHH (387) 

B BHfle 



r ab = rl THOe + AiS^X 61 + \ 2 X^Z b ^ + X 3 S [a Z b \ (394) 
r A e r HacTHoe _n P 0H3B0JIbHb ™ 6nBeKTop, HBjiHioinHHCH HacTHbiM peinemieM 



,ab 

11 

(13871). 



5.3 IlocTpoeHHe KBa^pHK CQq h CQq 

Onpe^ejieHHoe paHee npocTpaHCTBO T 2 sibjisiqtcsi KOMnjieKCHbiM eB- 

KJIHflOBblM npOCTpaHCTBOM, B KOTOpOM CKajI5ipHbIH KBa^paT BeKTopa 
OIipeflejIHTCfl KBaflpaTHHHOH CpOpMOH 



e AB X A X B = 2X a Y a 



(395) 



b CMbicjie onpeflejieHHH (386) Tax, hto MaTpima TeH3opa sab HMeeT bh^ 



6 a c 

s b d o 



(396) 



Oopivia (395) 6yn,eT HHBapiiaHTHa no OTHonieHiiio k npeo6pa30BaHHio 



(383) 



X a Y a = {X a - ir ab Y b )Y a = X a Y b 



(397) 



ripii (pHKcnpoBaHHOM r ab ypaBHeHiie (|387| onpe^ejiHT b T 2 4-MepHoe 



npocTpaHCTBO, KOTopoe 6yn,eT 5iBji5iTbCfl 4-MepHOH iijiockoh o6pa3yio- 
meft KOHyca 



£abX X 



0. 



(398) 



TaKHM o6pa30M mbi Ma>KeM paccMaTpiiBaTb KBa^piiKy CQq 7 sa^aBae- 



Myio ypaBHeHHeM (398), b npoGKTHBHOM npocTpaHCTBe CP7. Ee 4 6a- 



3HCHbie TOHKH 6ynyT yn,OBJieTBOp5ITb yCJIOBHK) 



zabX} X 



A V B 



J 







:i,j,... = l,4). 



(399) 



ri0JI0>KHM 



Xf:=(X a ,Y b ), X?:={Z\T h ), X£ := (L a , xf:=(!T*,M 6 



(400) 
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Ha ocHOBaHHH (394) Ka^^on tohkc KBa^pHKH CQq mm mojkgm nocTa- 
BiiTb b cooTBeTCTBHe 3-MepHyio H30TponHyio njiocKOCTb npocTpaHCTBa 
CAg. ToHKy npocTpaHCTBa CA@ (t,v,w,x,y,z) mojkho npe^CTaBHTb npa- 
moh (AT, XV, XU, XS, AW, AX, AY, XZ) npocTpaHCTBa CM 8 , oGjia^aioine- 

rO MeTpHKOH 

dL 2 = dT 2 + dV 2 + dU 2 + dS 2 + dW 2 + dX 2 + dF 2 + dZ 2 . (401) 

3th np^Mbie 6ynyT o6pa3yioinHMH H30TponHoro KOHyca CKg 

T 2 + V 2 + U 2 + S 2 + W 2 + X 2 + Y 2 + Z 2 = 0. (402) 

flajiee, nepeceneHHe 7-iuiockocth 

U-iS = l (403) 

c yKa3aHHbiM KcmycoM CKg oSjia^aeT HH^ynHpoBaHHOH MeTpuKofi 

dL 2 = dT 2 + dV 2 + dW 2 + dX 2 + dY 2 + dZ 2 . (404) 

3to npocTpaHCTBO HMeeT bh^ napaGojiOH^a Ha CKg h TOJKflecrBeHHO 
npocTpaHCTBy CM 6 

U = l + iS = -(l-T 2 - V 2 - W 2 - X 2 - Y 2 - Z 2 ). (405) 



BcaKaa o6pa3yioina5i 3Toro KOHyca (mhojkcctbo tohck, npHHa^jiOKa- 
innx CKg c nocTOHHHbiM OTHOHiemieM T : V : U : S : W : X : 
Y : Z), He jiemamafl Ha rHnepnjiocKOCTH [/ = iS, nepecexaeT napaGo- 

JIOHfl B eflHHCTBeHHOH TOHKC 06pa3yK>mHM KOHyca, Jie^KaiHHM Ha TH- 

nepnjiocKOCTH U = iS, cooTBeTCTByiOT tohkh, npnHa r n,jie:>Kaiii,He 6ecKO- 
HenHOCTH npocTpaHCTBa CM 6 . TaKHM o6pa30M, np^MbiM CM 8 , npoxo- 
fl^inHM nepe3 Hanajio CM 8 , cooTBeTCTByiOT tohkh npoeKTHBHoro npo- 
cTpaHCTBa CP7. CTepeorpacpHnecKaa npoeKnira yKa3aHHoro ceneHH^ Ha 
njiocKOCTb U = c nojnocoM X(0, 0, |, |, 0, 0, 0, 0) OTo6pa>KaeT Tonxy 
P(T, V, [/, 5, W, X, y, Z) rnnepGojionfla Ha Tonxy u, 1, 0, w, x, y, z) 
njIOCKOCTH U =1,5 = 

AT = t, XV = v, XW = w, XX = x, XY = y, XZ = z, 
A = 7J ^, XU = |(1 - t 2 - v 2 - w 2 - x 2 - y 2 - z 2 ) = -XiS + 1, 

VfiT) = 

(406) 

06pa3yiom,HM >Ke KOHyca CKg cooTBeTCTByeT KBaflpnita CQq b npoeK- 
thbhom npocTpaHCTBe CIP7 

G AB R A R B = 0. (407) 
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5.4 CooTBeTCTBHe CQq i — > CQt 



Ha ocHOBaHHH (394) 

r ab = <Loe + C— = <L Hoe + AiS^ 1 + A 2 Xt fl Z & ] + A 3 S^, 

(408) 

nosTOMy (394) onpe^ejiHT 4-MepHyio njiocKyio o6pa3yioiiryK) Kcmyca CKg. 



YpaBHeHH^ (399), (400) onpe^ejisiT CHCTeMy 



ir ab Y b = 


X a 


ir ab f b = 


Z\ 


ir ab N b = 




ir ab M b = 


k a 


0, L a N a 


= o, 



(409) 



C yCJIOBHHMH 



X a T a = -Z a Y a , X a N a = -L a Y a , X a M a = -K a Y ai 
Z a N n = -L a T a , Z a M n = -K a f n , K a N n = -L a M n . 



(410) 



a- 



TaKHM o6pa30M H3 16 ypaBHeHHii c 6 HeH3BecTHbiMH r ab cymecTBeHHbiMH 



6ynyT tojibko 6 ypaBHemiii (10 ycjiOBiift CB5I3H (410)), hto onpeflejiHT 

TOHKy CAg, a 3HaHHT H TOHKy KBa^pHKH CQq. 



Ecjih H3 CHCTeMBi (|409j) HaM H3BGCTHO o/jho ypaBHeHHe 

\ 

c ycjiOBiieM 



ir ab Y b = X a 



X a Y a = 0, 



(411) 



(412) 



to H3 4 ypaBHeHHii cymecTBeHHbiMH 6ynyT jihhib 3 (o/xho ycjiOBHe cbh- 
3h). 9to 03HanaeT, hto TOHKe KBa/jpHKH CQq 6yn,eT cooTBeTCTBOBaTb 
njiocKa^ 3-MepHaa o6pa3yioina5i CP3, npHHafljie^amasi KBa/jpHKe CQq. 



3to cjie/ryeT H3 (394). 



Ecjih H3 CHCTeMbi (409) HaM H3BecTHbi jjBa ypaBHeHHH 

f ir ab Y b = X a , 
1 ir ab f b = Z a 



(413) 
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C yCJIOBHHMH 



X a Y a = 0, Z a T a = 0, X a T a = -Z a Y G 



(414) 



to H3 8 ypaBHeHHH cymecTBeHHbiMH 6ynyT jihhib 5 (HeH3BecTHbix >Ke 6 
ii 3 ycjiOBii5i cba3h). 3to 03HanaeT, hto npHMOJiHHeiiHOH o6pa3yioiHeH 
CPi KBaflpiiKii CQq 6yn,eT cooTBeTCTBOBaTb npHMOJiiiHeiiHaH o6pa3yio- 
irrasi CPi, npHHa^jiejKamasi KBa^piiKe C-Qq. Ilpii stom MHoroo6pa3He 
o6pa3yioinHx CPi(CQe) 5 npHHafljie^camHx oflHoii h toh >Ke o6pa3yio- 
meft CF^(CQq), onpe^ejiHT nynoK o6pa3yioiiriix CFi(CQq) : npHHa/yie- 

5Kani;HH KBa^piIKG CQq (STOT nyHOK 5IBJI5ieTC5I Ha CaMOM flejie KOHyCOM). 



IleHTp nynita onpeflejiirrai CHCTeMoft (409) 



ECJIH H3 CIICTeMbI (409) HaM II3BGCTHbI Tpii ypaBHeHHH 



aby b 


= X a 


abf b 


= z\ 


ab N b 


= L a 



(415) 



C yCJIOBHHMH 



X a Y a = 0, Z a T a = 0, 
X a f a = -Z a Y a , X a N a = -L a Y a 



L a N a = 0, 

, Z a N a = -L a f a , 



(416) 



to H3 12 ypaBHeHHH cymecTBeHHbiMH 6ynyT jinnib 6 (h HeroBecTHbix 6 
c 6 ycjiOBH5iMH cb5I3h). 3to 03HanaeT, hto 2-MepHoii o6pa3yioiHeH CP2 

KBa^pHKH CQ6 6yA eT COOTBeTCTBOBaTb TOHKa KBa^pHKH CQ6- ^IpH 3TOM 

MHoroo6pa3He o6pa3yK>iHiix CP2( ( CQe) 1 npHHafljiejKamHx o^hoh h toh 
ym o6pa3yK»Hi,eH CP3(CQ6), onpe^ejiHT e ^HHCT BeHHyio TOHKy KBa^pHKH 
CQ6- 9 Ta TOHKa onpe^ejiHTCH CHCTeMoft (409). 
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5.5 CBa3yK>m;He onepaTopw t\ A kl 

Hcxofla H3 BbiniecKa3aHHoro, paccMOTpiiM npHMOJiHHeHHyio o6pa3y- 
K>myio KBa^pHKH CQq 7 onpeflejieHHyio 6iiBeKTopoM 



ab _ v [a v b] _ ( X a Z b - X b Z a X a T d - Y d Z a 



R AB = 



Y c Z b - T c X b Y c T d - Y d T c 



_ / -2r^r b ^ r Y k f r 2ir ar Y [r f b] \ _ 

~ V ie kbmn r ck Y [m T n] + 5 b X k f k 2Y [c f d] ) ~ 

= fyi( -\ti\rir n r ar \ ( ie kbmn Y m f n 
1 V r ck -i$c r J ' V Sr b r mn Y m f n 2iY [r T d] 

= R A K P KB . 



(417) 



IIOJIOJKHM 



R AB := £ BC R A C = tiX l ( r . sn 2-«''7] (418) 



(III 



RAB ■= £ACR°B = TiX 1 ^ _l Ja^ r7 ^ % r tn J ■ ( 419 ) 

IlpH btom 6yn,eT BepHO ypaBHeHne 

R A C R AB = 0. (420) 



OHeBHflHO, hto jik)6oh TeH3op (417), npeflCTaBjiaiomHH o6pa3yK»myio 
CPi(CQ6) 5 6yA eT coflep^KaTb o^hh h tot >Ke TeH3op b cbogm pa3- 
jio>KeHHH, npn 3tom BTopoft TeH3op pa3Jio>KeHHH P KB 6yn,eT OTBeHaTb 
3a nojio^ceHHe CPi b CP3. rio3TOMy ecTb pe3QH nocTaBHTb b cooTBeT- 



CTBiie TOHKe KBaflpiiKH CQ6 MaTpimy (418), KOTopoii cma onpe^ejiHTca 



OflHOSHaHHO. EtpH nepexo^e k npocTpaHCTBy CM. , ncxoflH H3 

r 23 = ^(iz-t), r 24 = ^(-x + iy), r M = ^(v-iw), 

(421) 

onpeflejiHM oflHopoflHbie Koop^HHaTbi CM 8 cjieflyiomiiM o6pa30M 



A = 



pl2 . pl3 . pl4 . p23 . p24 . p34 . pl5 . p51 
It It It It It It . It it 

-1 

(422) 



ry 12 ■ /y, 13 4 ry 14 . /y, 23 . ry 24 * ^ 34 * 1- ^ fy^f <y • ^ 
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R 12 
R u 
R 2A 
R 51 



S-iU, 



i? 13 
R 23 
R M 
R 15 



\{iU + S), 



(423) 



R 12 = 


-R 21 


= R 78 = 


-R 87 


R ri = 


-R 31 


= R m = 


-R 68 


R u = 


-R Al 


= R 67 = 


-R 76 


R 23 = 


-R 32 


= R 58 = 


-R 85 


R 2A = 


-R A2 


= R 75 = 


-R 57 


R M = 


-R A3 


= R 56 = 


_ R 65 


R 15 = 


R 26 


= R 37 = 


i? 48 , 


R 51 = 


R 62 


= R 73 = 


R 8 \ 



R ab Rab = 8(R 12 R i4 - R 13 R 24 + R U R 23 + R 15 R 51 ) = 
4(T 2 + V 2 + U 2 + S 2 + W 2 + X 2 + Y 2 + Z 2 ) := Anf(R) 



(424) 



R AB RcB = \nf(R)5 c A R AB R AB = 4nf(R). 
JXrk Toro, HTo6bi (R{) A onpe^ejiHJiH o6pa3yK»myio KBa^piiKH CQq Heo6- 

XCflHMO H flOCTaTOHHO BblllOJIHeHHe yCJIOBHH 

G AB R A R B = 0. (425) 
Onpe^ejiHM HeKOTopbie CBH3yioii];He onepaTopbi t\a BC Tax, HTo6bi bm- 

nOJIHHJIHCb yCJIOBHH 

Ra = \t ] a BC Rbc, R A = \ti A bcR BC (426) 

H 6bIJIO BepHO TOJK^eCTBO 

G AB S K L = IakVr + lBK R r]A L R- (427) 
IlosTOMy mojkho onpe^ejiiiTb HeKOTopbie onepaTopbi ja 

lA := V2 ( ^ "* ) , VA := nA **, a A := ( VA f RL . (428) 
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Toryja 7^ 6ynyT yn,OBjieTBop5iTb ypaBHeHHio KjiiKpcpopfla 

1A1B + iBlA = 2GabI- 



(429) 



ripii 3TOM CnyCK II UOfl^eM OflHHOHHblX HH^eKCOB npOHSBOflHTCH C nOMO- 

mbio MGTpHHecKoro TeH3opa eab, onpe^ejieHHoro Bbinie. Onpe^ejiHM 



£PQRT '■= T] pQf] RT^AB, £PQRT = ^RTPQ, 



(430) 



hto flacT eni,e o^hh MeTpiinecKHH TeH3op Epqrt-, c noMonibio KOToporo 
mojkho no^HHiviaTb ii onycKaTb napHbie iiHfleKCbi. ^eiiCTBHTejibHO, ecru 
(427) CBepHyTb 5l K , to nojiyniiM 



(431) 



CBepHeM (430) c r]c P ® , to 

Icrt 



VC EPQRT- 



(432) 



Tenepb TO^K^ecTBO (427) mo>kho nepeniicaTb b Bii^e (cBepHyB c r\ A st^] B ' pq) 

£STPq5k L = £STK R £PQ L R + EPQK^EST^ R- (433) 

CBepTKa >Ke (433) c Sl ^acT 



1 



ESTPQ — ~^ £ ST £ PQKR- 



(434) 



Ilpii 3tom pe3yjibTaT npiiMeHeHira flByx MeTpimecKirx TeH3opoB flOJi^eH 

6bITb OflHHaKOB 

MT (435) 



1 



£pq — ~t£pqrt£ 

TaKHM o6pa30M, npii HajiiiHiiH 3 MeTpH^ecKHx TeH3opoB Gab-, epqrt-, £rt. 



mo>kho ot ypaBHeHHH KjiHcpcpop^a (429) npiiftTii k ypaBHeHHio (427), h 
rjA 5IBJI5HOTC5I o6pa3yiOHi,HMH cooTBeTCTByiomeii ajire6pbi Kjiiicpcpop- 



fla. OnycTHM Tenepb iiH^eKC L b (433) h CBepHeM ero c e , to nojiyniiM 



1 

£pq(kl) — 2 £p Q £KL ' £ [pq](kl) — 0, 



(436) 
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hto npHBe^eT k TOJK^ecTBy 



1)A 



{MN) _ 



8 



„ KL C MN 



Ecjih >Ke TeH3opbi Gab h ekl hmgkdt bh^ 



(437) 



Gab 11 = 



(I 




















o\ 





1 


























1 


























1 











o 














1 








o 

















1 


























1 


o I 


v° 






















/o 











1 








o\ 

















1 


























1 


o 























1 


1 


























1 


























1 

















v° 








1 














(438) 



to cym,ecTBeHHbie KOopflHHaTbi onepaTopoB r\ kl b hgkotopom 6a3iice 
6ynyT T&KiiMii 



^78 
^14 
^67 

4 

r\ 15 

4 

»T37 
4 

^48 



J_ 

72' 
J_ 

z 

72' 
i_ 

72' 
i_ 

72' 

i 

72' 

J_ 

72' 
J_ 

72' 

J_ 

72' 

J_ 

72' 



^34 
^56 
^23 
^58 
^ ? 24 

^ ? 57 

4 

»7 51 
^62 

^73 

4 

^84 



J_ 

72' 
J_ 

72' 
72' 



72' 



72' 



I 

72' 

J_ 

72' 

J_ 

72' 

J_ 

72' 

J_ 

72' 



T] 5 12 = 
1 5 78 = 

T] 8 U = 

„8 

V 67 ~ 

?7 13 

?7 68 

As 

^26 
^37 
^48 



J_ 

72' 



i 

72' 

f' 

72' 



J_ 

72' 

72' 

i 

72' 
_i_ 

72' 
_i_ 

72' 



T34 
^56 
^23 
V 58 
24 
57 
r/ 3 51 
^62 

r] 3 73 



i 

72' 

i 

1 

v/2' 
72' 

72' 

i 

72' 
_i_ 

72 



(439) 
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TcLK, HTO B COKpaiII,eHHOM BHfle MOJKHO 3aniicaTb 

ab X5%\ 1 



VA 



MN 



(440) 



r^e Eabcd ~ KBa^pHBeKTOp H3 (42). Ilo CyTH, SfleCb HCnOJIb30BaH TOT >Ke 



6a3HC, hto h b (popiviyjie (423). 

PaccMOTpHM flajiee 6iiBeKrop Bii^a (417) Taxon, hto ero co- 



CTaBji5nom,He BeKTopa X\ A , onpe^ejieHHbie (popMyjioft (|400|), SyayT 



yflOBjieTBop^Tb CHCTeMe (409). 3thm onpeflejiiiTcsi uenoHKa To^yrecTB 
ir ab Y b = X\ ir ab Z b = pf(r)f a , 



m ; 



2^Tcd£ ^b^aklm X ^akl 

3«V[ W y m ] = x a £ ak i m , 

ir k iY m + 2ir m [ k Y^ = X a e akh 



(441) 



CBepHeM nocjie^Hee To^flecTBO c Z m h 6yn,eM HMeTb 

ir kl Y m Z m = X a Z a s klmn +pf{r) ■ 2%%. (442) 

TaKHM o6pa30M, 6iiBeKTop R AB onpe^ejiHT npHMOJiHHeifflyio o6pa3y- 
lomyio CPi(CQe) 5 npHHafljie^Kamyio HeKOTopoft iijiockoh o6pa3yK)ineft 
CP3(CQ6), KOTopaa onpe^ejiHT HeKOTopyio TOHKy c KoopfliiHaTaMii r a& , 
npHHafljie^Kamyio KBa^piiKe CQ6- Mbi mojebm onpeflejiiiTb HeKOTopbifi 

TeH3op R AB 



R 



AB 



R AK P K B , P K » := 



B 



2fi k 







-2pf{r)i5 7 



(443) 



TeH3op R AB no npejKHeMy 6yn,eT npeflCTaBjraTb npHMOJiKHeftHyio 06- 
pa3yK»myK) CPi(CQq) : npHHafljie^Kamyio HeKOTopoft iijiockoh o6pa3y- 

romeH CP^(CQq). IlpHMeHHM onepaTopbi t] A kl k TeH3opy R AB 11 nojiy- 

MHM TOJKfleCTBO 



t) a klR KL = V A K L Y m Z 



A 



-id" 



■\i5 a k r 1 r~ 
r c k 



V A klR 



KL 



(444) 
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iyje Y m Z m HopMiipoB&HO Tax, hto BbinojiHeHO (|423|, a TeH3op R yn,o- 



BjieTBopaeT Bbipa>KeHHio (418). TaKiiM o6pa30M, onepaTopbi rj kl ocy 



mecTBjiaioT cpaKTopnsannio npHMOJiHHeftHbix o6pa3yioinHx CPi(CQe) 
no npHHafljie^KHOCTH k o^hoh njiocKon o6pa3yK>inen CF^CQq), h 3to 
onpe^ejiHT Tonicy KBa^piiKii CQq. B oflHopo^Hbix >Ke Koop^nHaTax TeH- 
3op R KL onpe^ejiHT KOopflHHaTbi tohkh R npocTpaHCTBa CM 8 . 



CBepHeM c 5l b TO^K^ecTBO (427) 
<^ak — £km, &a ■— Va Vl r + Va rVl 



(445) 



IloCKOJIbKy GaB,£RL HMeiOT BHfl (438), TO || Sa M II OyZTGT TaKOH 

\ 



Sa m || = 



/ 1 

1 

1 

1 

1 
1 
1 

yOOOlOOOO 



(446) 



/ 



IloSTOMy Sa OyfleT TeH30pOM HHBOJIK>UHH, a KBa^pHKH - B-UHJIHHflpaMH. 

BbmcHHM, Kaxoiviy ceMeftcTBy npiiHafljie^aT paccMaTpnBaeivibie Bbi- 
nie o6pa3yK)inne CP3(CQe). fljra SToro paccMOTpHM ycjiOBnsi 



(447) 



£AsXi Xj — 0, 

X ABCD ._ e ijkl X .A X .B Xk C X D^ 

vj\e e l 3 kl - KBaflpiiBeKTop, KococnMMeTpnnHbin no BceM HH^eKcaM. Kpo- 
Me Toro, paccMOTpnM 8-BeKTop e abc dklmn ■> TO)Ke KococnMMeTpnnHbin 
no BceM HH^eKcaM. Tor^a, ecjin b ycjiOBnn 

1 



24 



gabcdklmnX 



ABCD 



P£kr£lt£mu£nvX 



RTUV 



p 1 = 1 (448) 



p = 1, to 6yn,eM roBopnTb, hto njiocKne o6pa3yK)inne CF^CQq) npn- 
Hafljie^KaT I ceMencTBy, a ecjin p = — 1, to - II ceMencTBy. B HanieM 
cjiynae 

X i A = (X i a ,Y ib ), (449) 
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h (448) flacT TaKoe, HanpHMep, Bbipa^Kemie 

eWxlXfXfX? = peWX^XfXfXf. 



(450) 



ripii 3tom TeH3op £kl HMeeT BHfl (438). OTKy^a p = 1. 9to 03HaHaeT. 



hto HaniH o6pa3yioiiriie HeoSxofliiMO npimafljiejKaT I ceMeftcTBy. 



V2 



cym,ecTByeT TeH3op Sk 






( % 








—i 











\ 


% 











— i 













i 











—i 













i 











—i 




1 








1 













1 











1 













1 











1 







v 





1 











1 


/ 



det II Sk 



L 



I. 



TaKOH, HTO BbinOJIHeHO 

£abSr A Sl B = Gkl- 

EtoSTOMy MO>KHO IIOJIC»KHTb 

v A _ q A-p K 



(451) 
(452) 

(453) 



ii (447) nepeniinieTC5i Tax 

GABRi A Ri K = 0, 

vABCD _ q An Bo Co D nKLNM 
A — Ok iJL ijn &m ft 

IlocKOJibKy p = 1, to 6yn,eM HMeTb r^enoHKy TO^flecTB 

1 _ vABCD _ _ _ _ _ vRTUV 

24 ^-abcdklmn^- — ^kr^lt^mu^nv^ i 

^abcdklmnSu a Ss b St c Sv d R ustv = 
= £kp£lq£mx£nySg p Sh®Sz x Sw y R ghzw 

I qAqBqCqDqKqLqMqN r>USTV _ 

24^ABCDKLMN^>U <->T OP *JQ Ox oy rC — 

— r r r r uGhzw 

— ^PG^QM^XZ^YW-K , 

■^det || Sp A || epQXYusTvR USTV = GpgGqmGxzGywR ghzw \ 
^GpQXYusrvR 118 ^ — GpgGqmGxzGywR ghzw ■ 



(454) 



(455) 
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OTCiofla BHflHO, hto ii o6pa3yioni,He CF^(CQq) HeoSxofliiMO npimafljie- 
>KaT I ceMeficTBy. fljra Toro, hto6m nojiyHHTb TaKoft >Ke pe3yjibTaT fljia 
o6pa3yioinHx II ceMeftcTBa, b KanecTBe MeTpiinecKoro TeH3opa, c noMO- 
mbio KOToporo noflHHMaiOTCH h onycKaiOTCH oflHHOHHbie HH^eKCbi, cjie- 
flOBajio 6bi Bbi6paTb TeH3op 



= Vi» 



1£kl- 



(456) 



5.6 CooTBeTCTBHe CQ6 1 — > ^Qe 

IIpHMeHHa onepaTopbi t]a kl k (425) nojiyniiM 

o ((^) Ai3 - (i? ? )^)((i4W - (iii)Afl) = & 



Rf B Rj AB = 



((rr-hf)((^-(nU) = o. 

(457) 

S^ecb i,j, KaK oGmhho, HOMepa 6a3HCHbix ToneK. 9thm onpeflejnrrca 
CHCTeivia 



i( n ) ab Y b = x a , 



i(r 2 ) ab Y b = X\ 
i(r 3 ) ab Y b = X a , 



H r 4 



i(( ri )a6 
z((r 3 ) afe 



ab Yb 



T2Y b )Y b = 0, 

{r,) ab )Y b = 0, 
(r 4 ) a5 )y 6 = 0, 
= X a . 
(458) 

flajiee mm 6ya,eM paccMaTpiiBaTb TOJibKO npaByio CHCTeMy. OHa CTpo- 
htc5i cjieflyion],HM o6pa30M. Bcer^a cymecTByeT TaKoii KOBeicrop Y a: ko- 
Topbift o6Hyji5ieT 3 pa3JiiiHHbix npocTbix 6iiBeKTopa. 3to yTBepjK^eHiie 

CBOflHTCH K CymeCTBOBaHIIK) KOBeKTOpa, OpTOrOHajIbHOrO flaHHMM TpeM 

BGKTopaM, nocKOJibKy Ka^Kflbift ii3 npocTbix 6HBeKTopoB pacKjia^MBaeT- 
C5i no cpopMyjie r ab = 2P^ a Q b l Ho neTBepTOMy >Ke ypaBHeHiiio onpe^e- 
JIHTC5I HeKOTopbiH BeKTop X a . IIosTOMy Taica5i CHCTeMa Bcer^a onpe^e- 
jieHa. C flpyroii ctopohm, Ha ocHOBaHHH Toro, hto Bee ri ab iiMeiOT bur 



(394) (npii (pHKCiipoBaHHbix Ai,A2, A3), BepHO paBeHCTBO 



((r i ) ab -(r j r)((rkU-(riU) = 0. 



\ab 



(459) 



HTaK, nycTb HaM H3BecTHO nocjie/niee ypaBHemie ciiCTeMM (458) 

in ab Y b = X a , (460) 

Tor^a mm iiMeGM 4 ypaBHemra, KOTopbie Bee 6ynyT cymecTBeHHMMH. 
IIocKOJibKy y Hac 8 Heii3BecTHbix (X a ,Y b ) npii (piiKCiipoBaHHMx (ri) a& , 
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to TOHKa KBaflpiiKH CQq onpe^ejiHT 3-MepHyio njiocKyio o6pa3yK»myK) 
CP 3 (CQ 6 ). 



ECJIH H8M H3BeCTHbI BCe ypaBHeHHH CHCTeMbi (458) C yCJIOBHHMH 

{{ri) ab - (r 2 ) a6 )((ri) a6 ~ faU) = 0, {{ri) ab - (r 3 ) ab )({n) ab - (r 3 ) ab ) 



= 0, 



(ri) ab (r 2 ) ab = 



{U)ab) = 0, 



{{r S ) ab - {r,) ab ){{r 3 ) ab 

ri) ab {r 3 ) ab = 0, {r^inU = 0, 
(r 2 ) ab (r 3 ) ab = 0, (r 2 ) ab (r A ) ab = 0, (r 3 ) ab (r A ) ab = 0, 



(461) 

to H3 16 ypaBHeHHH cymecTBeHHbiMH 6ynyT 7 (8 HeH3BecTHbix h 9 ycjio- 

BHH CBH3H). IloSTOMy 06pa3yK)HI,eH CF^CQq) 6yp£T COOTBeTCTBOBaTb 
TOHKa KBa^pHKH CQq. 



Ecjih HaM H3BecTHbi 3 ypaBHeHHH CHCTeMbi (458) 

sab )Y h = 0, 



i{{n) ab 

i((ri) ab - (r 3 ) ab )Y b = 0, 
i(n) ab Y b = X a 



\ab\ 



(462) 



C yCJIOBHHMH 



{{ri) ab - {r 2 ) ab ){{ri)ab ~ (r 2 ) ab ) = 0, ((n) fl6 - (^((nU - (r 3 ) ab ) = 0, 
(ri) ab (r 2 ) ab = 0, (n) ab (r 3 ) ab = 0, (r 2 ) ab (r 3 ) ab = 0, 

(463) 

to H3 12 ypaBHeHHH cymecTBeHHbiMH 6ynyT TO>Ke 7 ypaBHeHHH (8 Hen3- 
BecTHbix h 5 ycjiOBHft cbh3h). 3to 03HanaeT, hto o6pa3yK)meH CF^CQq) 
6yn,eT COOTBeTCTBOBaTb TOHKa KBanpHKH CQq. EtpH 3tom MHoroo6pa3He 
o6pa3yioHj,Hx CF 2 (CQq), npHHajjjieHcaiHHx ojjhoh o6pa3yK)meH CF 3 (CQq), 

OnpeflejIHT e/JHHCTBeHHyiO TOHKy KBa/ipHKH CQq. 



Ecjih HaM H3BecTHbi TOJibKO 2 ypaBHeHHH CHCTeMbi (458) 

[r 2 ) ab )Y b = 0, 



ab 



i((n 
i(n) ab Y b 



C yCJIOBHHMH 
\ab 



((n 



rfWiU - (r 2 ) ab ) = 0, (nr(r 2 ) ab = 0, 



ab i 



(464) 



(465) 
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to H3 8 ypaBHeHHii cymecTBeHHbiMH 6yn,eT TOJibKO 6 ypaBHeHHii (8 Heii3- 
BecTHbix ii 2 ycjiOBHH CB5i3ii). EtosTOMy o6pa3yioineii CFi(CQq) 6y^eT 
cooTBeTCTBOBaTb npHMOJiHHeftiiasi o6pa3yioiri;aH CPi(CQe)- ripH stom 
MHoroo6pa3He o6pa3yioiniix CP^CQg), npHHa/yie^KaiuHx oflHoii o6pa- 
3yioiii,eH CFs^Qq), onpeflejiiiT nyHOK npsiMbix CPi^CQe), npiiiiafljie- 



>Kam,Hii KBaflpiiKe CQq. Hemp nyHKa onpe^ejiHTCii CHCTeivioii (458). 
5.7 TeopeMa o A B Y X KBa^pHKax 



TaKiiM o6pa30M ^OKasaiia TeopeMa: 

TeopeMa 1. (Tlpunyun mpoucmeennocmu djin deyx B- yuAundpoe) . 
B npoeKmuenoM npocmpancmee CP7 cyu^ecmeywm dee neadpunu ( dea 
B - yuAundpa), o6Aadaiouj ) ue CAedywuiiiMU o6m i UMU ceoucmeaMu: 

1. Uaockga o6pa3y , \om i aA CP3 odnou neadpunu 63auMoodno3nauno onpe- 
deAum moHKy R dpyzou. 

2. IlAOCKaA o6pa3ywm i aA CP2 odnou neadpunu odno3Hauno onpede- 
Aum mouKy R dpyzou. Ho mouKe R mochcho conocmaeumb mhoso- 
o6pa3ue uaockux o6pa3yK>m i ux CP2, npunadAedicawxix odnou uaoc- 
kou o6pa3yTOW l eu CP3 emopou neadpuKU. 

3. IIpAMOAUHeuHaA o6pa3y70ui ) aA CPi odnou neadpunu 63auMoodno- 
3hclhho onpedeAum npAMOAUHeunyw o6pa3yK>ud i yK) CPi U3 dpyzou. 
IJpuHeM ece npAMOAuneunue o6pa3yK>ui i ue 1 npunadAeotcau^ue od- 
nou uaockou o6pa3yTouj ) eu CP3 nepeou KeadpuKU, onpedeAAm ny- 
hok c yenmpoM e mourn R, npunadAeotcau^uu emopou KeadpuKe. 

9Ta Teopeivia Ha caMOM ^ejie 5iBji5ieTC5i o6o6memieM cooTBeTCTBira 
KjiHHHa. rUpicajKeM sto. 



JJoKasameAbcmeo. PaccMOTpiiM Ha KBa^piiKe CQq tojibko Te o6pa3yio- 

HTIie, KOTOpbie HMeiOT BHfl 

X A = (0,Y b ). (466) 

MHoroo6pa3He TaKHx o6pa3yioiii,irx fliicpcpeoMopcpHO CP3. IIpii stom 
KajK^OH TaKofi o6pa3yK»Hi,eH mo>kho nocTaBHTb b cooTBeTCTBiie TOHKy 
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KBa^piiKH CQ4 C CQ6. CorjiacHO CHCTeivie (409) nepBoe ee ypaBHeraie 

6yPfiT HMeTB BHfl 



r ab Y b = 0. (467) 



flp KOHu,a flOKasaTejibCTBa iiojic»khm A, B, A', B', ... = 1,2. Kpoivie to- 
ro, paccMOTpHM cnHHopHoe npe^CTaBjieHHe tbhctopob corjiacHO [231 T -2, 
c.63, (6.1.24) h c. 83, (6.2.18)] 

Y b = (ir B ,Cu B '), 



r ab = const 



(468) 



\e r c r it B 
-if A B e A > B > 



IlosTOMy nepBoe ypaBHeHHe nepenHineTCH b BH^e 



^e AB r c r c 7r B + ir A B >u B ' = 0, 

B • 1 = ,-,B' 



(469) 



-ir A > ■ 7Tb + £a'b'W b = 0, 
H3 KOTopbix 6y r a;eT cymecTBeHHbiM TOJibKO oflHO 

^r AA '^ = cj A . (470) 

(Sflecb Mbi Bocnojib30BajiHCb onepauHeft conp5i}KeHH5i h mctphhcckhmh 
cniiHopaMH e A 'wi £ab, c noMombio KOTopbix noflbiMaiOTca h onycicaiOTCsi 
cnHHopHbie HH^eKCbi h KOTopbie npn conpa>KeHHH nepexofl^T flpyr b 
flpyra.) EtosTOMy CHCTeMa (409) onpeflejiHT CHCTeMy 

A A' — • A 

ir 7r A ' = UJ , . . ^ 

• Y& T 6 = (77 B ,f B '). (471) 

ir ?7a' = £ , 

3Ta CHCTeMa coBna^acT c chctcmoh (6.2.14), KOTopaa, b cboio OHepe^b, 
npHBO^HT k cooTBeTCTBHio Kji^HHa corjiacHO [23]. □ 



Cjie^yeT b saKjnoHeHiie otmcthtb, hto h3 stoh TeopeMbi cjie^yeT 
npHHunn tpohctbchhocth KapTaHa: cymecTByeT 3 flHcpcpeoiviopcpHbix 
MHoroo6pa3H5i - MHoroo6pa3iie tohck KBa^piiKH h 2 MHoroo6pa3H5i njioc- 
khx o6pa3yK)m,Hx I h II ccmchctb. 3to fleHCTBHrejibHO TaK, nocKOJibKy 
flBe nocTpoeHHbie KBa^pHKH mojkho OTO^K^ecTBHTb, HanpHMep, c no- 
Moinbio Teroopa Sk l ■ Ilpn stom MHoroo6pa3He tohck KBaflpiiKii 6yn,eT 
^HcpcpeoMopcpHO MHoroo6pa3HK) njiocKHx o6pa3yioiii,Hx I ceMeficTBa. 

Kpoivie Toro, nocKOJibKy npHHunn tpohctbchhocth KapTaHa Bbinoji- 
hch, to onepaTopbi t] A kl onpeflejraT ajire6py OKTaB, nocKOJibKy ohh 
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yflOBjieTBopaioT ypaBHGHHio Knncpcpopfla. 9to yTBepjKfleHne ocHOBaHO 
Ha pe3yjiBTaTax, npHBCfleHHbix b MOHorpacpnii [221 T -2, c. 543-544], r^e 
paccMaTpHBaiOTCH CTpyKTypHBie KOHCTaHTBi stoh ajire6pbi. 



5.8 3aKJiK>HeHHe 

Ha 3ain,HTy BbmocHTCsi cjie^yioiirHe ocHOBHbie nojio>KeHHsi: 

1. Bjio>KeHHe KjLg) C CM 6 ocymecTBjiaeTCH c noMOinbio onepaTopoB 
Hi* TaKHM o6pa30M, hto cniiHopHoe npe^CTaBjieHHe hhbojhohhh 

HMeeT BHfl 



S/ = \va a y'c-d> ■ 2s a c 's b d \ s/s/ = ±5 C 



d 



npii q - HGHeTHOM h 

" „ OH - > ,Vr llii _ L 77 

"'/q '/ era ' * * ^knabi *ac ^^e'e 



5/ = V^-^'''' f ' 



4 

npn q - nemoM. 

2. HaH^eHbi b mbhom BH^e onepaTopbi A a p a h ', c noMOinbio KOTopbix 
onpe^ejiHeTCH cooTBeTCTBHe MOK^y 6iiBeKTopaMii npocTpaHCTBa 
CM 6 h GeccjieflOBbiMH onepaTopaMH npocTpaHCTBa C 4 . 3to no3- 
bojihct H3ynaTb ajireSpannecKyio CTpyKTypy Teroopa KpHBH3Hbi 
npocTpaHCTBa CM 6 R a ^5 no ero cnHHopHOMy o6pa3y - Teroopy 

r> b d 
J^a c ■ 

3. ^OKasaHO, hto npocron H30TponHbin Ghbcktop npocTpaHCTBa A 2 C 6 
onpe^ejiHT BbipojK^eHHyio Hyjib-napy PoseHcpejibfla - BeKTop h ko- 
BeKTop npocTpaHCTBa C 4 , CBepTKa KOTopbix ecTb Hyjib - c tohho- 

CTbK) flO KOMnjieKCHOrO MHO^CHTejia. 

4. yTBepjKflaeTesi, hto 6hbcktop npocTpaHCTBa A 2 R^^ npn hcthom 
q mo>kct 6biTb npHBe^eH b HeKOTopoM 6a3nce k KaHOHnnecKOMy 
BH^y 

5. ^OKasaH o6o6meHHbin npHHnnn tpohctbchhocth /yra napbi B-hhjihh^pob. 

6. OnpeflejieHbi onepaTopbi t]a KL ', ynpBjieTBopsnomne ypaBHeHnio Kjinqb- 
(pop^a h OTBenaroinne 3a cootbctctbhc Mex^y npHMOJiHHenHbiMH 
o6pa3yioni,HMH yKa3aHHbix B-nnjinHflpoB. Kpoivie Toro, sth onepa- 
Topbi onpeflejiaiOT CTpyKrypHbie KOHCTaHTbi ajire6pbi OKTaB. 
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6 nPHJIOKEHHE 

6.1 ^},OKa3aTejibCTBO (popMyji BTopoii rjiaBbi 

6.1.1 ^OKasaTejifaCTBO cpopMyji, coflepacamHx onepaTop A al3a b 

Onpe^ejiHM (a, /?,... = 1, 2, 3, 4, 5, 6; ai, &i, a, 6, e, /, /c, Z, to, n, ... = 
1,2,3,4). IlocKOJibKy 

>W = V^Vp]^ (472) 

TO 

— 4V'/a 77 c airad 'lotaa'lj c air '/a l l^fa\r c ad T ' laad 1 ljair c J — 

Iflri ca ri r-klsai~ „ „ sa\(s era r as c\_ 

— 4V2 l a 'nklt ^airad <\aad<\^ \ u a\ u r u a\ u r J 

-ria Ca %aASa S Sd ai ~ W^d*) + IVa^a^klad^ 1 ) = 

= \{-3r] a ca r] l[ra 5 d] s - ijard^ 80 + ■q aad r} 1 aa 5 r c - 

a ud Vjair — 

= \{-r] a r] irk 5 d s + 

T]a f]jrd Vet IJjkd^r VardV"f VaadV^i 
T]a V-fdr ~\~ Vol V^ar^d T]a 'H'ydr H - Vol Vjkr^d Va Vjkr^d ) = 

= \{^ a cs T] ird + 3rj a c % kr 5 d s + r] a ck T] ldk S r s + 

+VadrVl SC + VakdVl Sk ^r° + Va* V^ d°) = 

(473) 

VadrV^f H - VukdJ}^ $r = 

— IfV, mmi ZZisc , mm^ _ Ihsks. c\ 

— 4\'/a ' ljlli c mmidr& i '/a ' lqlli c mmikd c u r J — 

= 677 a ^77 7/Zl (5 [m ^ mi ^(5/(5 r] c - l Va mm ^ ¥h 6 [m l 6 mi l ^ d] s 6 r c = 

= -g al $r S $d C + r] a k % k d$r S + Va^kr^d" + T] ks J] lkr b d C + T]a S %dr- 

= r] a cs r] ir d + r] a ck r] lkr 5 d s + l{r] a ck r] ldk 5 r s + r] a sk r] irk 5 d c ) - \g ai 5 r 3 5 d c . 
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Cbgphgm ee c g ai 

A c A ad s 

A-a(3d A H r — 



= € r d CS + £kr Ck 5d + \{£ Ck dk5r S + £ Sk rk5d C ) ~ f^r^/ = 

= 5 r c 5 d s - 5 r s 5 d c - 35 r c 5 d s + § W + § W - \5 r s 5 d c = 
= \5 r s 5 d c - 28 r c 8 d s . 

Kpoivie Toro 

A apd c A^ c d = 

= h^llpr^adnn, • \r, [> aiC 6 d ^ h = 
= \V[ a Ca Vp] nni V [X lh^ ] a lC - (-QS[a ai Sn l S ni] h ) = 

= ~2S [a %f + l^V^ X aki r ] a lC ~ ^a^VV^Uc) = 
= 25^5^ + l^aV^ak^a.c ~ ^N^V V^U ) = 

H, HaKOHen, 

A a ^ m n T aP = A al3 m n A al 3 k l Ti k = 
= (\5 m n 5 k l - 25 k n 5 m l )T t k = -2T m n , T aP = -T Pa . 

6.1.2 ^OKasaTejifaCTBO cpopMyji o 4-BeKTope e a/3l s 



(474) 



(475) 



(476) 



IlycTb 

„ „ A a A c b d k d „ b k a 

t-a/370 — ^[a(3-fS] — -^^Sd &a c i &k c — &a k — u > 

b d _ d b t k _ r> 



(477) 



187 



CBepTKa c A al3 m n A lS r s ^acT 

4 a/3 n A-fS s A a A . c b d 
m jt\ r -TLapb ^"fdd c a c — 

= (§ W - 25 r c 5 d s )(\5 h a 5 m n - 25 b n 5 m a )e a b c d = 4e m V = (478) 

— _ A 0a n A-f8 s A a A c p b d ^ 

— m ■<*■ r ^"fab ^-pod D a c — 

= -«Vm6 + VVfriA" + ^ ak ^ bk 5 m n ) = 

= {flfrprd + Tj^trSd 8 + \r}p Ct T] 1 dA S )ea b c d = 
■^mfe H - ^to6 ^fcr &d 2 £m b ^dk $r ~\~ &rd ^km &b H - 

i r^ak ~ct r sr n i l r afc r sr n i 1_ afc,. csr n i 

tr^ fcm^rf Of, + 2 £ <*t e fc"A <Jb + 2 £rd d "» + 

L ctr- aks ns s i 1 ct~ afcf nz s\„ b d 

= (WW - <WVV + WW - S r a 6 d n 6 b c 6 m 8 + 
+^m C ^ fc 4 a ^^/ " S m k S b c S k a S r n S^ + 8 m k 8 h c 8 k n 8 r a 8^ - <Wtfft^WV+ 

-t6 m %% n 6k a Sr a + 6r a S d % c 6 m a 6b n ~ 8 r k 5 d a 5 k c 5 m s 5 b n + 8 r k 8 d a 8 k a 8 m c 8 b n - 
-5 r a 5 d k 5 k s 5 m c 5 b n + 8 m a 8 r c 8 d 8 8 b n + 28 m e 8 r a 8 d a 8 b n - 
-\o~m a o~d c o~r s h n - S m c 5 d a 5 r s 5 b n + 1^/^ V+ 

-5 WW - 8 b c 8 r a 8 m n 8 d " + \8 b a 8 d e 8 m n 8 r " + \8 b c 5 d a 8 m n 5 r ')e a h c d = 

s n „s 'A n ^ p n A s * n A s is A n -i-/3 is A n 

— m &t m u r \ &k t u r u m e r t °m e m t y r i e r i °m 

_ n s I l p n ts s _l tps ns: s , 1 in; s _ n U s + P « *A s _ 
c-r m i 2 t 171 r 2 P t 171 r 2 m * r * r m * m u r 

n s , n s , n n s _ n tr s , I t t£ n , I n ir sr n, 

J_l/p s *A n _ « * S A n -I- I/3 P *A n A 
1 2 * r TO r * m ' 2 t P 171 r >' 
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OTKy^a 



p s ._ lp t s _± Op n s _ n(p SS n , nx s\ _ ( p SS n , «I s\ 

(479) 



6.1.3 ^OKasaTejibCTBO cpopMyji o 6-ueKTope e Q( g 7 5 p(T 



IlycTb 



p „ /I a A c c A r P 

e ap7oper ^[a^Spcr] -^a^b -^jod -^-pas e a 



r „ b d s 
c r • 



(480) 



Bocnojib3yeMC5i (478) h nojiyHiiM (e m s p q := e m k s P q = &k 



k s q p s q 



p m 



p. p n q s _ n( p s qs n , p n qx s\ _ ( p s qx n i p n qx s\ 
wc -m p r to p u r i °r p u m / V r P TO ' TO p u r J 

— 2(V <? S A ™ + P ™ S A 9") _ (V 9 S A n 4- e n S S q ) 



(481) 



CBepHGM (481) c (L p ii nojiyniiM 



= 6p « s p — 



— 9(V n s , n s\ _ / p si n -\- dp n s ) — —(p P s \ ■ A n — fl 

to r i c-m r / V P ^ to i ^c-to r J V P ?* / to u 5 



p ps_ sp_n 



CBepHeM (481) c # n r h nojiyniiM 



S P s 9 _|_ Opt qfi s _ p s q _ s q _ 



(482) 



— 0( P qstpkss; q\ _ ( p q s , k sS q\ 
to p i c-p fc u m ) V P to i c-to k u p )i 



(483) 



(Sp s 9 _l p g s _ o P q s _ n p t SS q _ P k sS q 
wc -m p i c-p to -^c-to p -^c-p t u m c-m fe u p • 



CBepHeM (483) c 5 q m ii nojiy^HM 



s k^s_ SPp t t s_ Pp k k s^ 



66fc p ~\~ Gp k 



p t ,1 = p,1 1 

°P E °t p ■ 



(484) 
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CBepHeM (483) c 5 s m h nojiy^HM 

10c := e t \\ 



(485) 



t q _ 5e r g 
7 i o P ' 



CBepHeM (481) c 5/ h nojiyniiM 



Op k,qxn_i_n n q _ kqs n 



p n q 
°m r 



— Op 9 " _l Op, n 9 _ p, <7 fcA n _ p "9 



(486) 



p n 9 — p 9 n 



Tor^a H3 (483), (481) cjie^yeT 



o "m u p 5 



n [s g] _ 15ex [qs s] 
•J^m p 2 m P ' 



5p s g , 4 p [s q] _ csi s _ 5e r s r g 

5 p s g _ ptAfi 9A «_A «A 9) 
wc -m p °V w u p u m u p 



Cm r'p^ — c(2((4(5p (5 r ^ 5p^5 r )(5 m -H (4(5^ <5m^ ^p^^m ~)&r 



-((4<W - 5 P q 5 m n W + (4(5/(5^ - 8 p «5 r s )5 m n )). 

BblHHCJIHM e 

720 = e a ^e ah6 p V = 



(487) 



„ b d n p bi d\ tlx 



H\5h ai s b a - s bl a 6 b a ^as d ^s d c - s dl c s d ^y 



'1 x TO A TO A m i N \p ^ ^ n p ^i ^i n i 

v4 "i °i J a, c m c-ai ci mi 



D b d n p a c m 
'a c m &b d n 



(4* 
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= -8e 2 (85 m b 5 c n 5 a d - 45 m n 5 c b 5 a d + 85 m d 5 a n 5 b - A5 m b 5 a n 5 c " 
+25 m n 5 a b 5 c d - 45 m d 5 c n 5 a b )- 
{8S n a S d m S b c ~ 45 n m 5 d a 5 b c + 85 n % m S d a - 45 n a 5 b m 5 d c + 
25 n m S b a S d c - 45 n c 5 d m 5 b a ) = 



OTKyzra 



= -720 ■ 64e 2 . 



1 

e = -i. 



6.1.4 ^OKa3aTejiBCTBO cpopMyji, co,a,ep:>Kaiii,Hx onepaTop Nj 



EtycTb Tenepb 

N [a b N c] d = 5 [a b 5 c f 
Tor^a CBepTKa SToro TOJKflecTBa c 5 b a ^acT 

N a a N d - N a d N c a = 35 c d , 



N a d N c a = N a a N c d - 3(5/. 



^OMHOXHM (490) Ha Nj 



N [a b N c] d Nj = 5 [a b N c 



IloflCTaBHM (491) b (492) 



N [a b N c] fN r r - 3N [a b 5 c] f = 6 [a b N c y 



CBepHeM (493) c 5f, to 



a i 



EtosTOMy 



3S a b N r r = N/5 b + 8N ( b 
N a b = \N/5 b . 

N b = n5 b , n 2 = 1. 



6.2 ,H,OKa3aTejit>CTBO (popMyji HeTBepToii rjiaBbi 
6.2.1 ^OKasaTejifaCTBO Toac^ecTBa BnaHKH 

To^fleCTBO BliaHKH HM66T BHfl 

Ra/3-f5 + RajS/3 + Ra5fo = 0, 

(496) 

(A a f3d c Ajs r s + A a jd c Asi3 r s + A a S(f Aj3 ir s ) R c d / = 0. 
CBepHeM ero c A af3 t l A^ 5 m n 

A c A s ~n d r A ad I Aj8 n ~n d r 

^-a/3d -n-^dr s Si t Si m -^c s — 

= {\5 d % 1 - 25 d l 5 t c )(\5 r s 5 m n - 26 r n 6 m s )R c d / = 4R t l m n 
{A a jd c As(3r s + A a $d c Apj r s ) R c d / A a @ t A^ m n = 

_o a s aSj n A c Aa/3 I r> d r __ 
— z/1 c5/3r Si m Si a ^d Si t -^c s — 

ivjVtd + v^kM + ^ 7 C NV^RV = 

n/_ srij- cZ _i_ j-cfc _ sns I _i_ cfc c snf Z_i_ 

— ^Kptd <^mr ~r c mr^kt u d T 2 mr dk u t T 

sfc_ cZr n 1 _cfci _ sZcr Zr n 1 
+£td £km O r + £ 'km^ht <Jd <J r + 

~l~2^- 1 km^dki 

+ +!(£ C/ r fc£td S ^TO n + 

1 -sfc c-cfci J k n\ 1 l r cfci _sfc r Zr n\~n d r 

M £ rfcdd <5m J + 4 £ rfc£ dfcA O m )K C s — 

= —2{R m n t + Rk r k $t n bm l — Rm h k l 3t n ~ R^k^^m — 
D I n r? Z k x n 1 r> Z Zcr n 1 

1 1 / d k n Z I \ ~n n k s I r> r Ze r Z £ «A 1 E> Zc n r Z 
+ 2^™ fc ^ + ttk m Ot — tik r t m ) + fc <>i ~ 

T) I n T) k nf Zior? I n 1 t> I n 1 or? Zc nf Z 1 
— ^Cm i — Zc Cm + ^-H-m Z + ^ m — 2 ' k <Jt ~r 
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I 1 ( d k Is n I D I ks n ~D r kx nr l\ P k Is n i 1 p r kx Is 
+ 2^* k <Jm + tik t dm ~ tik r O m O t ) ~ K t k dm + 2 Uk r dt ' 

o/o p n I op I fcr n n p i; nr I \ p I ks n \ 

— —Z{ZK m t — ^tik m dt — lri t k m + Kk t <Jm + 

i d k nf I i r> r kx ns I 1 p r fcr nr Z\ 
k t + Hk r t m — 2-ftjfc r <>m ^ J 



^Rk l m k $t n + ^Rt k k n bm — ^Rkt k 5 



I k: 



2Rm k k n 5t l — 2Rk \ k bt n $m + Rkr k bm n bt = 



(497) 



CBepTKa c 5n flacT 



1 <s p 2 k i a ~n k t z I np I fe n p fc I op r fc r I \ p r k r Z n 

p 2 fc lp r fcr Z I F?A ' 

(498) 



hgm ^OKasaHa (popMyjia (294). 



6.2.2 ^OKasaTejibCTBO TO>K/],ecTB, Kacaioiii,Hxca TeH3opa Befljia 



BepHO cjie^yiomee cooTHomeHiie 

A c AjS s 1 ( jpkdnr r p nr r kd _i_ p ^kdnr pfcd _ nr\ 

■rt-apd r ]_6 \ ^kcns r kc fc ns i r kcns^ 1 ns^kc ) 



/t C/J7^ sj_fpkd l p mminr- p _i_ p mrnil- 
■rt-afid r \Q\ mm\2 ^kcns "T" -Tfcc 2 



ns c te 
-.kdnr 



2°mm 1 ns 



£ 



-Pkc nr (S n k S s d - 5 n d 5 s k ) - P kd ns (5 k n 5 c r - 5 k r 5 c n )) = 
= A aPd c A^ r s ^{P M kc 5 s r - P kd kJ c r + P rrf cs + 

_i_ p /cdx r p krx d 1 p dr p fcrr d , p dr pfcd J[ r 1 p 

1 J fcc u s ^fcc u s 1 r sc £ kc u s > r sc 1 ks u c ' 1 



>rd 



A c Aj5 sl( p dr 1 pkd f r 1 1 p fcc?r r In fcrr 

-rt-afid r 4V ^sc 2 fcs'-'c "T 2 kc u 3 2 kc u s J 



(499) 
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AHajioriiHHO 



7 a^ ] = A apd c A^ r s \{e sc dr 



l^kd r r I Ic-fcd, X r _ 1 _ fcr r d\ 



= A aM c A^ r %\5/5 c d - 28 s % r ). 

TaKHM 06pa30M, H3 

Caff* := R a ^ S - R[a [l 9p] 5] + l/WRg^ 9 ^ 



(500) 
(501) 



cjie^yeT 



Co?* = A apd c A^ r s {R c d ; - \P s dr + \R8 d 5J 



-25/6/)) = A apd c A^ r s {R { d s f + R[c k \k\ [r 6 a] d l + isR(3S a % r - 25/5 d )). 

(502) 

Tor^a 

Cy 5 = A apd c A^ r s (R { d s) r + ±R6*6 c r ). (503) 
CBepHeM ero c A a/3 /A 7 § t n 

4C k l t n := 

= A^dA^s^Cap 16 = 74 a/? fc^ a/ 3/74 7<5 r S 74 7( 5 i "(i?( c d s ) r + -^R5 s d 5 c 7 ) = 
= - 24^) (fW - 2W) (iJ^V + \R s d c r + &RSs d Sc r ) = 

(O r> I n I 1 D ri far i; n 1 p I k-yK n 1 p fci nr I j_ 

— l^-flfc i + g-rCfc! Vi ^fc Of — 2^Cfe x fc ^ — 2^ *i °k + 

+2i?A n + ioRiWSk 1 ~ S/5 k l - 5/5/ + 45 t l 6 k n ) = 
= (4R( k l t) n - TeRSk% n + &RSk% n + + i~ R(W5k n - 5/5/)) = 



4(R(k l t) n + -^Rb{k L bt) 



(504) 



hto 3aBepniaeT flOKasaTejibCTBO (popiviyji (292). 
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6.2.3 ^OKasaTejifaCTBO TO>K/],ecTB Phhhh 



Ilo onpeflejieHHio 



:= UV ak V dk - \7 dk \7 ak ), 



(505) 



□ 



% p := 2V[ a V J g], = ^4 a ^/ D a d 



EcTecTBeHHbiM o6pa30M npe^nojiaraeTca KOBapnaHTHoe iioctohhctbo cjie- 

flyiOmHX BejIHHHH 

V a r/ 7 fl6 = 0, VaAfof = 0, 



(506) 



V a g a /3 = 0, V a £ a 6 c d = 0. 

TojKflecTBO Phhhh HMeeT bh^ 
Toiyja 

A a p b a A^ d U a b k d c = ^^a^J^V^V^/. 



(507) 



(508) 



OTKy^a c yneTOM (473) 



Ai*, d n a b k d e = 



= -2R a b fk/ ■ foW«V ] rc - r]^rf\ k 5 d ) = 
= rj 7ld rj S rc(Ra b i c k d r - R a b i k k k r 5 d c - §5tf5 d c 5 n H Cl ^R a \^k d ^+ 
= V' ld r] 5 rc{-Ra h i k k k r 5 d c - R b k r k d k 5f) = A^ r l ■ {-R a b i k k k r + i^W), 



C flpyroft CTopoHbi, 



U b kf = -R b i k k k r + R b k r h k . 



(509) 
(510) 
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Ymho^khm o6e nac™ Ha ^r] 1 mmi A^ a a b 

□A mTOl = •nJ nmi As r c l Ra b i c r 5 = rj 7 Tnrni ^ ck T)§ lk R a b i c r 5 = 



= 25 [c m 5 k ] mi Ra b i c r lk = R a b i m r lm ^ + R a b ^ 

r— i b r mm\ n> b m r lm\ _i_ p i mi r ml 



r 



ml 



(511) 



HTaK, nycTb /c a/3 - npocToii H30TponHbiii GnBeKrop, to corjiacHO cjiqj\- 

CTBHK) 1 H3 TpeTbeft TJiaBbl OH HMeGT SeCCJieflOBbffl 06pa3 ka BHfla 

k a b = P'Qa, P a Qa = 0- (512) 



rioflCTaBHM fl512| ) b ( |509D 

P c n a 6 Q rf + Qd^ a b P c = -R a b d k Q k P c + R a b k c Q d P k . (513) 



EcjIH (513) CBepHyTb C npOH3BOJIbHbIM KOBeKTOpOM S c TaKHM, HTO 

S C P C = 0, to 6yn,eT BepHO cjieflyiomee paBeHCTBO 



5 c n a 6 P c = Ra\ c P k S c 



(514) 



PaccMOTpHM Tenepb H30TponHbiH BeKTop r 7 TaKoii, hto oh HMeeT bh^ 

r 7 = \r]\ h r ab := r/\ 6 X a y 6 . (515) 



To H3 (511) cjie^yeT, hto 

X m D„ 6 y mi + Y mi D b X m - X mi D b Y m - Y m D b X mi = 

LL 1 Hi Hi LI 

X m ]~i b miyfe _i_ ~Y mi R b m x k X mi R b m x k Y m R b m ^x k 

(516) 

CBepHeM 3to ypaBHeHHe c Z m TaKHM, hto X m Z m = h Y m Z m ^ 0, to 
c yneTOM (|514} (sto SHanHT, hto Y m ^Z m U b X m = R b k m Z m X k Y m ^) 
nojiyHHM 

-Z m X^U b Y m - Z m Y m U b X m - = 

(517) 
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fljra npoH3BOJibHoro T dl cnHHopbi X m , Y m h Z m Bcer^a mo>kho Bbi6paTb 
T aK, hto X m T m = 0, Y m T m = 0, X m Z m = 0, Y m Z m ^ 0. Aomhoxhm 



(517) Ha ii nojiyniiM 

-Z m X m ^T d n a b Y m - Z m Y m T d n a b X m i = 
= -Z m X^U a \T d Y m ) + Z m X m -Y m U b T d - 
-Z m Y m U a b {X m ^T d ) + Z m Y m X m ^n a b T d = 
= -X m iR a b k m Y k Z m T d - Z m Y m R b k m ^X k T d . 



(518) 



BbiHTeM H3 (518) cjie^yiomHe 2 TcwKflecTBa, nojiyneHHbie 113 (513) 
-Z m X m i\3 a b (T d Y m ) = Z m X m ^Y m R a b d k T k - Z m X m ^T d R a b k m Y k , 



-Z m Y m U b {X m -T d ) = Z m X m -Y m R b d k T k - Z m Y m T d R b k m -X l 



OTKy^a 



Z m Y m X m ^n a b T d = -X m ^Z m Y m R a b /T k , 



b kr 



U b T d = -R a b d k T k . 



(519) 



(520) 



TaKHM o6pa30M 



U a *T d = -R a b d r T ri U a »T a = R a \ a T 



brpd 



b dn~ir 



(521) 



(522) 



(523) 



6.2.4 ^OKa3aTejn>CTBO ,n,H4>4>epeHLi,Haji£>Ht.ix TO>K/],ecTB BnaHKn 

^HcpcpepeHi^HajibHbie TOJK^ecTBa Enamcii iiMeiOT bh^ 

H3 hiix cjie^yeT 

A[p 1 \ c \ h ri a ] aai ^ ' aai Rb c r s = 0. 
CBepHGM ero c 

A^ m n A mcl b r] a] aa iV aai R b c r s = 
A^ m n Ap ac % aa i = r/ 7 aai (r/ a V TOC + r] a hk r? km b c n + \r) a hk r)\ k 5 m n ) = 
= (^25^5^ + ^25^5^5™ + ^25^5^5^) 

(524) 
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= (C^m n S c b ~ 25 m b 5 c n )r la a ^ - 2{2j ]a bn 5 m H c a ^+ 
+2r] a b H m ^6 c n + \ ■ 2r ]a b ^5^5 m n ))V aai R b c r s = 
= {\5 m n 5 c h J] a a ^ - 25j5 c n r la a ^ - 25 m a 5 c a ^ a bn + 25 m ^S c a r] a bn - 
-2b m a -b c n T) ba + 2b m a b c n T) ba - - 5 c a 5 m n r] a b ^ + 4 ai £ m V a ))V aai i4V 

= 2f] a : V aaiRm r 2f] a V mc -Rfr r + 2f] a V C m,Rb r 

2l]a V ' amRb r H - 2f] a 1 V mai -Rfr r ?7q; V ' cai Rb r + 
H~^7a V ' acRb r = 2?7 a 1 V aai -R TO r + 47/q, V cto -R& r 
— 4f] a ba \/ am Rb n r S — 2f] a ba 5 m n V ca Rb C r S = 0. 

CBepHeM 3to ypaBHeHne c 77°^ 

O f aaiV7 n> n s _i_ /i_ bn\j r> c s 

^c-tp v aai- tt m r ~r ^ c tp v cm ll b r 

yj_ feaY7 E> n s o c fear ny/ r> c s 

^ fc £p v am-^b r ^tp u m v ca-^b r — 

= —4Vt p R m n r s + 4^ n V cm i?t c r s — 4S t n V cm Rp c r s — 
—4S7 vm Rt n r s + 4Vf m -R p n r s — 25 m n 'V cp Rt c r s + 2$ m n V c ±R v c r s = (525) 

/IY7 r> n s _i_ r> n s p n s i /i r ny T) c s _ 

— ^vtp±i m r 1 TvimJij, r ^rVpTTj-tL^ r t ™p V cm-^t r 

—AS n X7 Ft c s 9A n T7 R c s _i_ 9A n V7 f? c s 

V crn-L^p r V cp-'-H r T ^<J m V c £i tp r — 

= 12V[t TO i? p ] n r S — 8^[i n V| CTO |i? p ] C r S — 4^ TO n V c [ p i?t] C r S = 0. 

CBepHeM 3to ypaBHeHne c 5 n m 

4^tkRp k r S ~ 4^pkRt k r S + 4V ' C pRt C r S — 

(526) 

—4V c tRp c r s — 8V cp Rt c r s + 8V c tRp c r s = 0. 

nOJiyHHM TOJKfleCTBO. 



CBepHeM (525) c 5, 



4V n p_R m r -\- 4V^ m _R D r -\- 4V cm R 



tm 1 L p r 



c s 
cm- LV p r 



i ey r> c s nvy r> c s _i_ oy n> c s n 

±U v cra^p r " » cp-^m r i ^ V cm-^p r "j 

Vn> c s n 
c(p- rt m) r u - 

Tor^a TO^K^ecTBO BnaHKH npiiMeT bh^ 



c s 
r • 



CBepTKa (527) c <5 s m ^acT 



Vp c m I V7 r> c to n vy r> c m Ivy r> 
cp-^m r |V cm iip r — U, V cm-LLp r — o V rp- 1 ^ 



(527) 



(528) 



(529) 



6.3 ^OKasaTejibCTBO (popMyn, CBa3aHHbix c MeTpHKOH, HH^y- 
U,HpOBaHHOH b ceneHHH KOHyca Kq 



IlycTB sa^aHO ce^eHHe KOHyca Kq 

T 2 + V 2 - W 2 - X 2 - Y 2 - Z 2 = 



(530) 



njiocKOCTBK) V+W=l. CflejiaeM CTepeorpacpiiHecKyio npoeKUHio nojiy- 
neHHoro rHnepSojiOHfla Ha iijiockoctb V=0 



— = — — 1L — 1L — 2 

T X Y Z 



x 2 + y 2 + z 2 - t 2 



2V-1 



T = -t(2V - 1), X = -x(2V - 1), 

Y = -y(2V-l), Z = -z(2V-l), 

dT = -(dt (2V - 1) + 2tdV), dX = -{dx (2V - 1) + 2xdV), 

dY = -{dy {2V - 1) + 2ydV), dZ = -{dz (2V - 1) + 2zdV). 



(531) 



199 



110 



Tor^a 

dS 2 = dT 2 + dV 2 - dW 2 - dX 2 - dY 2 - dZ 2 = 



= \dV = -dW\ = dT 2 - dX 2 - dY 2 - dZ 2 = 
= (dt 2 - dx 2 - dy 2 - dz 2 )(2V - 1) 2 + 
+4(tdt - xdx - ydy - zdz)dV(2V - 1) + 4(t 2 - x 2 - y 2 - z 2 )dV 2 = 
= \tdt — xdx — ydy — zdz = — ^(^zj)! = 

dt 2 -dx 2 -dy 2 -dz 2 
(t 2 —x 2 —y 2 —z 2 ) 2 

(532) 

C^ejiaeM 3aivieHy 

-iX+Y , • UT+Z) • / 1 I x i(Z-T) \ 

Ac — ( dY - 2YdV \ — if dX - 2XdV \ 
" S ~~ \2V-1 {2V-l) 2 > l \2V-\ {2V-1) 2 ^ 

Ac — ( dY - 2YdV \ -L i( dX - 2XdV \ 
" S ~~ \2V-1 (2V-1) 2 ) ^ *V2V-1 (2V-1) 2 ^ 

A, - n( dT - 2Tdv _i_ dZ _ 2ZdV \ 



(2T/-1) 2 1 2V-1 (2F-1) 2 

An - «( d T _ 2TdV _ dZ , 2ZdV \ 
a 'l — L \2V-1 (2V-1) 2 2V-1 (2^-l) 2 ^' 



1 /l rfV 2 ( V 2 1 v2 1 72 _ ^2\ _ rfr 2 -rfx 2 -dr 2 -rfz 2 

1^(2^-1)4 1^ ' "i - - 1 J — (t 2 -X 2 -Y 2 -Z 2 ) 2 ' 

ds 2 := dT 2 - dX 2 - dY 2 - dZ 2 = x 2 + 2/ 2 + z 2 - * 2 = ^ . 

(533) 

IloSTOMy eCTb pe30H IIOJIOJKHTb 

X:=( U ( ), dX := ( d " * V 
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, d_ d_ 



o<; or) 



(534) 



OTKy^a 

RT+x =°- (535) 



6.3.1 ^OKasaTejifaCTBO cpopMyji o nepBOM HHBapnaHTe 

PaccMOTpiiM rpynny flpoGHO-jiHHeiiHbix npeo6pa30BaHHH L 

X= {AX + B){CX + D)~\ S:= i K c^)\ detS = l. (536) 
IlycTb HMeeTca ^Ba nocjieflOBaTejibHbix npeo6pa30BamM 
X = {AX + B)(CX + D)~\ X = (AX + B)(CX + D)~\ (537) 

TO 

x = (Ax + b)(cx + by 1 = 

= (A(AX + B) + 5(CX + D))(C(AX + 5) + D(CX + D))- 1 = 
= ((AA + BC)X + AB + BD)((CA + L>C)X + CB + DDy 1 , 

Mi!)' Mil 

(538) 

flajiee, fljra yHHTapHbix flpoSHO-jiHHeiiHbix npeo6pa30BaHHH HMeGM 

X* + X = X* + X = 0, 

(539) 

= (AX + 5)(CX + D)- 1 + (CX + D)*-\AX + 5)*, 
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= (CX + D)*(AX + B) + {AX + B)*{CX + D) = 
= X*(A*C + C*A)X + X*(A*D + C*B)+ 
+ (B*C + D*A)X + L>*5 + B*D = 
= X* + X. 

OTKy^a 

A*C + C*A = 0, B*D + D*B = 0, A*D + C*B = E, 

S*ES = E, 



E := 

IlycTb 



E 
E 



g I dx\ dx 2 \ g / dx\ dx 2 

M '~ I JL JL J ' '~ 1 g 9 

(9x3 ^4 / \ 9x4 



(540) 



X = yZ _1 , Y = AY + BZ, Z = CY + DZ. (541) 

IIOJIOJKHM 

^ . = f Xi X 2 \ £ _ / Xi X 2 \ 

V x 3 x 4 / ' ' V & 3 £ 4 / ' 



^ _ ( dx\ dx 2 \ ^£ _ ( dx\ dx 2 \ 

\ dx% dx^ J ' y dx% dx^ J ' (542) 
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Tor^a 



dX + dX = d(X + X), 
d(XX) = d 



X\X\ + X\X2 + X2X1 

X%X\ + X3X2 + £4X4 



+ 



dxiXi + dxzx?, dx\X2 + ofo^i \ (543) 

dx%x\ + C/X4X3 0^x3X2 + dx^x^ J 

x\dx\ + X2dx% x\dx.2 + Xidx\ \ 

Xsdxi + £4^x3 X3C/X2 + x^dx^ J 



= (dX) X + X (dX). 

IloSTOMy BepHbl TO^K^eCTBa 

X = AX + B dX = AdX, 

X = X- 1 ^ dX = -X- 1 dX X-\ 
^OKa3aTejibCTBO BToporo TaKOBO 

XX = 1, 

(dX) X + X (dX) = 0, 

(dX) X + X- 1 (dX) = 0, 

dX = -X- 1 (dX) X-\ 
IlosTOMy nojiy^HM i^enoHKy TCWK^ecTB 

x* + x = o, 

-X* = X, 

-(CX + D)*-\AX + Bf = (AX + B)[CX + 
-(^X + Bf = (CX + D)*(AX + £)(CX + 



(544) 



(545) 



(546) 
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^OMHO^KHM 06e HaCTH Ha CdX 

(-X*A* - B*)CdX = (CX + D)*(AX + B)(CX + D)~ l CdX, 

-X*A*C - B*C)dX = (CX + D)*{AX + B)(CX + D)~ l CdX. 

(547) 



Bocnojib3yeMca ( 540 ) 



(X*C*A + - E)dX = (CX + D)*(AX + £)(CX + D)~ 1 CdX, 
(CX + L>)*A/X - (CX + Df(AX + £)(CX + D)- l CdX = dX, 
,4(dX)(CX + D)- 1 - (AX + 5)(CX + D)- l C(dX)(CX + ZTr 1 = 
= (CX + L»)*- 1 (^X)(CX + D)-\ 

(548) 



Hcnojib3ya (541), nojiyniiM 



(d(Ax + 5)) (cx + d)- 1 + (^x + B)d((cx + zrr 1 ) = 

= (cr + Dzy- 1 z*(dx)z(CY + l>z)-\ 4g 

Z* dXZ = Z* dXZ. 
TaKHM o6pa30M nojiyHaeTca nepBbift HHBapnaHT. 

6.3.2 ^OKasaTejibCTBO cpopMyji o btopom HHBa.pHa.HTe 

EtycTb 

X = AX + B, (550) 



HJIH B nOKOMnOHeHTHOH 3anHCH 

X\ = a\X\ + 02X3 + &i, X2 = CL\X2 + 02X4 + 62, 

£3 = 03X1 + 04X3 + 63, £4 = 03X2 + 04X4 + 64. 

Tor^a 

d 9 _i_ _5_ d 9 _i_ _5_ 

dxi ~ ai d Xl " 3 <9£ 3 ' ax 2 — U1 dx 2 ^ a3 di 4 ' 

d _ d 1 „ _d d _ d 1 „ d 

0x3 ^ox\ ^0x3' 0x4 ^0x2 ^0x4' 



(551) 



(552) 
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hjih b coKpameHHoii 3anncH 



W = A T & => & = (det(A) + 0). (553) 

EtycTb Tenepb 

X = X~\ (554) 



HJIH B nOKOMnOHeHTHOH 3anHCH 



X\ = — ^ — x 2 = — , 

1 XIX 4 — X 2 X 3 * X1X4— X 2 X 3 ' 



x 3 = 53 £4 = ^ . 

° X1X4 — X 2 X 3 * X1X4 — X 2 X 3 



(555) 



Tor/ja 

9 x 4 x 4 9_ j x 2 x 4 9_ j x 3 x 4 9_ 

"" "'" ~r f ~_~_\2 »a_ "T 



9xi (xix 4 — x 2 x 3 ) 2 9xi (X1X4— x 2 x 3 ) 2 9x 2 (xix 4 — X2X3) 2 9x 3 (X1X4— x 2 x 3 ) 2 ' 

9 X4X 3 9_ _ X1X4 9_ _ x 3 x 3 9_ _i xix 3 9_ 

8x2 (X1X4— x 2 x 3 ) 2 dx\ (xix 4 — x 2 x 3 ) 2 9x 2 (X1X4— x 2 x 3 ) 2 9x 3 (X1X4— x 2 x 3 ) 2 9x4 ' 



9 x 4 x 2 9_ x 2 x 2 9_ XjX 4 9_ _| xix 2 9_ 



8x3 (X1X4— x 2 x 3 ) 2 dx\ (X1X4— x 2 x 3 ) 2 9x 2 (xix 4 — x 2 x 3 ) 2 9x 3 (X1X4— x 2 x 3 ) 2 9x4 ' 

9 x 2 x 3 9_ _i xix 2 9_ _i xix 3 9_ xjxi 9_ 

8x4 (X1X4— x 2 x 3 ) 2 dxi (X1X4— x 2 x 3 ) 2 9x 2 (xix 4 — x 2 x 3 ) 2 9x 3 (xix 4 — x 2 x 3 ) 2 9x4 ; 

(556) 

hjih b coKpameHHoii 3anncH 

M = ~ X ~ lT M X ~ lT = ~ X dh X - ( 557 ) 

npejj,nojio>KHM, hto det(C) ^ 0, to 

X = {AX + B)(CX + D)- 1 = AC' 1 + {B- AC- l D)(CX + D)~ l . 

(558) 

IlosTOMy 

si? = dicx+D)?- 1 ( B ~ AC 1 = 
= -(CX + D) d{cx d +D)T (CX + D)(B - AC-'D)- 1 = (559) 

= -(CX + D)^ T C-\CX + D)(B - AC- l D)- 1 = 
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= -(CX + D) d ^ T (XC* + C- l DC*)(BC* - AC^DC*)- 1 = 
= (CX + D)-^t(CX + D)*(BC* + AD*)- 1 = 
= (CX + D)g^(CX + D)*. 



OTKyzra 



Z^-^Z*- 1 = Z^^^—Z*- 1 . (560) 
dX T dX T v ; 



(561) 



Ecjih, Tenepb, det(C)=0. IIojiojkhm 

X = X- 1 = (CX + D)(AX + Z" = AY + £Z, 

C = A, det(C) ^ 0. 

Ecjih det(A)^0, to 

1 _d_ 1 Z" 1 —^—Z* 1 

= -(AY + BZ)~ 1 X^X{AY + 5Z)*- 1 = \x* = -x\ = 
= (AY + BZ)-\AY + BZ)(CY + L»Z)- 1 ^x 

x(cy + Dzy-\AY + bzy(ay + 5Z)*- 1 = z-i-^z*- 1 . 

(562) 

Ecjih Bce-TaKH det(A)=0, to mojkho nojio>KHTb 



X = X + L», X = X- X , X = (AX + B)(CX + D)-\ 

(563) 

& = A + DC, det(6) ^ 0. 

OneBHjjHO, hto D Bcer/oa mo>kho Bbi6paTb Tax, hto det(C) ^ 0. IIosto- 
My 

z -Z j^-Z -z ^Z -Z ^z , 

(564) 

HTO H JJ,aCT BTOpOH HHBapHaHT. 
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6.4 ,H,OKa3aTejii>CTBO (J>opMyji naTOH rjiaBbi. 

6.4.1 ^OKa3aTejii>CTBO ycjiOBHii HHTerpHpyeMOCTH 6HTBHCTopHoro ypaB- 

HeHHH 

Ilo onpeflejieHHio 

o a d = l(v ak v dk -v dk v ak ) = 

= \£ak mn {V mn V dk + V md V nk ) = (565) 

— 2 c akmn v v 

IlosTOMy 

U a d X c = R a d r c X r = l -e akmn V m ^ k X c . (566) 
Ecjih \/ a<yh X c ^ = 0, to ycjiOBHH HHTerpHpyeMOCTH stoto ypaBHeHHH 

npHMyT BHfl 

= \e akmn {V m{n V d ^ k X C + yrn(nyc)k X d + ymfcyd) k = (567) 

= \R a ^X l + ±e akmn (V mc V dk + V md V ck )X n = 
£«fcmn(V mc V dfc + V md V cfc )X" = 

_ ( c cdkr 1 (VJ ms X7 _ V7 VZ 7715 ^ 

— fc a/cmnV fc 2^ v v sr v sr v J 

-£ mrdfc i(V sr V sc _ v sc V sr ))X n = 
= 6<^ c £ m r <y^(V sr V sm - V sm V sr )^ n + 
+4V^M(V, sr V 5C " V sc V sr )X" = 

= 2R a ( c flX l + \S a ^RX l 
= \R a ^X l + ^S^RX 1 = \C a c i d X\ (568) 
r^e C a c ; d - aHajior TeH3opa Beiijra. 
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